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Variational formulation of inverse problems

m Linear forward model

y=Hs+n

Integral operator

Problem: recover s from noisy measurements y

m Reconstruction as an optimization problem

Stee = arg min |ly — Hs|l; + A|Ls|lp . p=1,2

. v
data consistency  regularization



Linear inverse problems (20th century theory)

m Dealing with ill-posed problems: Tikhonov regularization

R(s) = ||Ls||3: regularization (or smoothness) functional

L: regularization operator (i.e., Gradient)

minR(s) subjectto ||y — Hs|3 < o?
. Andrey N. Tikhonov (1906-1993)

m Equivalent variational problem

s* = argmin |y — Hs|3 + A||Ls||3
—_—— ~——

data consistency  regularization

Formal linear solution: s = (H'H + A\LL)"'HTy =R, -y

Interpretation: “filtered” backprojection

Learning as a (linear) inverse problem

but an infinite-dimensional one ...

Given the data points (., ym) € RV *L find f : RY = R st f(xp,) Rymform=1,...,.M

m Introduce smoothness or regularization constraint (Poggio-Girosi 1990)
R(f) = |fll3 = ILfI3, :/ |Lf(z)|>da: regularization functional
RN
M

mingey R(f) subjectto Z Ym — f(@m)]? < 02

m=1

m Regularized least-squares fit (theory of RKHS)

(& ) ) = kernel estimator
frus = argmin (> Jym — f(@n)[* + M| f115 i
fen \ 2 (Wahba 1990; Schélkopf 2001)
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Il. Continuous-domain theory of sparsity
L, splines gTV optimality of splines for inverse problems

(Fisher-Jerome 1975) (U.-Fageot-Ward, SIAM Review 2017)



Splines are analog, but intrinsically sparse

L{-}: differential operator (translation-invariant)

¢: Dirac distribution

Definition

The function s : R — R (possibly of slow growth) is a nonuniform L-spline with knots {x; } xcs

=

Ls:Zaké(-—wk) =w :

kesS

spline’s innovation

d
L=—
K dSC
ag l
Tk Th+1

Spline theory: (Schultz-Varga, 1967)

Spline synthesis: example

L=D=—

dx

Null space: Np =span{p1}, pi(z)=1

pp(x) = D71{6}(x) = 1, (x): Heaviside function

o

+ s(x) =bipr(x) + Zak]l+(x — k)
k

_Llf

T

%




Spline synthesis: generalization

L: spline-admissible operator (LSI)
Finite-dimensional null space: Ny, = span{p, }2°,

Green’s function of L: pr,(x) = L~ 1{6}(x)

Spline’s innovation: w;(x) = Z ard(x — x))
k

= s(w) = ZGkPL(iL’ —xp) + Z bypn ()
k

n=1 \
A

Requires specification of boundary conditions

A\ 4

Tk

Proper continuous counterpart of El(Zd)

S(R9): Schwartz’s space of smooth and rapidly decaying test functions on R?

S’(R%): Schwartz’s space of tempered distributions

Johann Radon (1887-1956)
m Space of real-valued bounded Radon measures on R¢

M(RY) = (C’o(Rd))’ _ {w e S'RY : |wl|am = ES(RS)l'lﬁ) “ :1(w,<p> < oo},

where w : ¢ — (w, @) = fRd o(r)w(r)dr

m Basic inclusions
2 Vie LiRY : flm=1flleyesy = Li(RY) € M(RY)

= §(- — zg) € M(R?) with ||6(- — o) ||m = 1 for any xp € R?




Representer theorem for gTV regularization

= L: spline-admissible operator with null space N1, = span{p,, {fgl

= gTV semi-norm: [|L{s}|r = supy, <1 (L{s}, #) ML(Rd) = {f IS Sl(Rd) SLfllam < OO}
= Measurement functionals h,,, : My, (RY) — R  (weak#-continuous)

(P1) arg min <Z|ym—hm,f|2+ALf||M)

fEML(RY)

Convex loss function: F : RM x RM — R v My —=RM with v(f) = (b1, f),..., (har, f))

(P1)  arg mlr(le)( (3. v(f)) + AILfllm)

Representer theorem for gTV-regularization

The extreme points of (P1’) are non-uniform L-spline of the form
Kinots No

fspline(m) = Z aka(m - mk) + Z bnpn(m)

k=1 n=1
with PL such that L{PL} == (S, Kknots S M — NO; and ||Lfspline||./\/l = ”aHZl'

(U.-Fageot-Ward, SIAM Review 2017)

Special case: Supervised learning with TV regularization

seMp

fsphne =arg min > (R) (Z ‘ym - mm ’2 + )\HDQfHM>

m Sampling functionals: v, = (- — ), m=1,--- M

m Regularization that favors “sparse” 2nd derivatives: TV (s) = [|D2s||

m Generic form of the solution )

Ko
Sspline(x) = bl + b2£L' + Zak(:c — Tk)_|_

ya k=1

no penalty Tk

A\ 4

with Ky < M and free parameters b, by and (ax, 7)1,



Other spline-admissible operators

m L =D" (pure derivatives)

= polynomial splines of degree (n — 1)

(Schoenberg 1946)

mL=D"+a, D" ' +---4+aol (ordinary differential operator) (Dahmen-Micchelli 1987)

= exponential splines

= Fractional derivatives: L =D <2 (jw)?
=- fractional splines
= Fractional Laplacian: (—A)?  «Zs ||

= polyharmonic splines

m Elliptical differential operators; e.g, L = (—A + al)”

= Sobolev splines

(U.-Blu 2000)

(Duchon 1977)

(Ward-U. 2014)

Recovery with sparsity constraints: discretization

m Constrained optimization formulation

Auxiliary innovation variable: u = Ls

1
Ssparse = aI'g rélﬂlé}] <2||y - HSH% + )‘”qu) SUbjeCt tou=Ls
s

m Augmented Lagrangian method

Quadratic penalty term: & |Ls — ul|3

Lagrange multipler vector: o

1 1%
La(s,u,a) = 5 ly — Hs|3 + A k] + a”(Ls —u) + §||LS —ulf3

(Ramani-Fessler, IEEE TMI2011)



Discretization: compatible with CS paradigm

1
Ssparse = arg min <|y — Hs|% + )\|u||1> subjectto u = Ls
seRK \ 2
1 1%
Lals.u0) = & lly B2+ A Y [[ul] + a7 (Ls — w) + 2 Ls ]

ADMM algorithm

Fork=0,...,K Linear step

gh+l — (HTH + NLTL)—l (Zo + zk“)

with  zF* = L7 (pu* — oF)

Proximal step = pointwise non-linearity

uktl = prox., (Ls* 1 + iak"'l; %)

Example: ISMRM reconstruction challenge

Ls regularization (Laplacian) TV regularization

M. Guerquin-Kern, M. Haberlin, K.P. Pruessmann, M. Unser, IEEE Trans. Medical Imaging, 2011.
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Discretization: compatible with CS paradigm

1
Ssparse = arg min <|y — Hs|% + )\|u||1> subjectto u = Ls
seRK \ 2
1 2 M
Lals.ue) = & lly B2+ A Y [[ul] + a7 (Ls — w) + 2 Ls ]

ADMM algorithm

Fork=0,...,K Linear step

st = (HTH + pL7L) " (2 + 2°1)

with  zF* = L7 (pu* — oF)
& j ot = ab + (Lt — u¥)

Proximal step = pointwise non-linearity

uF ! = prox | (Ls*+! + iak“; %)




Identification of convolution operators

Normal matrix: A = H'H  (symmetric)

Generic linear solver: s = (A + \L’L)'H”y =R, -y

m Recognizing structured matrices
= L: convolution matrix = L”L: symmetric convolution matrix
= L, A: convolution matrices = (A + ALTL) : symmetric convolution matrix

= Applicable to

- deconvolution microscopy (Wiener filter)
- parallel rays computer tomography (FBP)
- MR, including non-uniform sampling of k-space

m Justification for use of convolution neural nets (CNN) (see Theorem 1, Jin et al., IEEE TIP 2017)

Connection with deep neural networks
Unrolled lterative Shrinkage Thresholding Algorithm (ISTA) (Gregor-LeCun 2010)

LISTA : learning-based ISTA
p
o o £
v v v
X, > 1-1TH‘H ~@->M—> I-ITH'H 4@"M’ RN 1-1TH'H 4@—>+ X,

(€)

ISTA with sparsifying transformation

p
l 1 ¢ l T e ¢
] Do » ] (0 o
N 4

J
FBPConvNet structures (b) /
I/
o\ /o ™
y oo T v ' YT
xofwa@»»--»;@»».w;@» x.
g J
(c) | k
a a
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Recent advent of Deep ConvNets
(Jin et al. 2016; Adler-Oktem 2017; Chen et al. 2017; ...)

m CT reconstruction based on Deep ConvNets

= Input: Sparse view FBP reconstruction
(Jinetal., IEEE TIP 2017)
= Training: Set of 500 high-quality full-view CT reconstructions

= Architecture: U-Net with skip connection ‘ Skip connection
1 64 64 64 « # of channels 12864 64 1 1
U-net
NRK NN NNCcH
spatial dimension :512x 512
64" 128128 36128 128
| 256 x 256 I |

128" 256 256 512256 256| > 3x3conv.+BN
1 TN
128x128 ¥ 2x2max pooling

o W ] e
X X 3 up-conv 2.
512¢ 1024 1024 +BN +pReLU
32x 32\ - — — - 1x1conv.
X-ray computer Dose reduction by 7: 143 views
tomography data
FBP TV

Ground truth SNR 24.06 SNR 29.64

Reconstructed from
from 1000 views

W MAYO CLINIC
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X-ray computer Dose reduction by 7: 143 views
tomography data

FBP TV FBPConvNet
Ground truth SNR 24.06 SNR 29.64 SNR 35.38

Reconstructed from

from 1000 views (Jin et al, IEEE Trans. Im Proc., 2017) $IEEE
W MAYO CLINIC 2019 Best Paper Award
X-ray computer Dose reduction by 20: 50 views
tomography data
FBP TV FBPConvNet

Ground truth SNR 13.43 SNR 24.89 SNR 28.53

Reconstructed from
from 1000 views

W MAYO CLINIC

(Jin-McCann-Froustey-Unser, IEEE Trans. Im Proc., 2017)
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25

Continuous-PieceWise Linear (CPWL) functions

A\ 4

Tk Tk+1

m 1D: Non-uniform spline de degree 1
Partition: R = U?:o Py with P, = [T, Tk41), 7o = —00 < 71 < +++ < T < Tk41 = +00.

The function fpiine : R — R is a piecewise-linear spline with knots 7, ..., 7x if
w (i) forz € Py : foptine(®) = fi(z) = axx + by, with (ag, br) € R2, k=0,..., K
= (2%) fspline is continuous R — R
K

o foptine(®) =bo + b1z + > ar(z — 1) with by, by € R, (@) € RE.
k=1

26



Quest for the best linear interpolator

arg min Df(z)|?dz st. Tm) = Ym, m=1,..., M
e min [ IDf@) flem) =y

15) Q (de Boor 1966)
I /

arg  min ||D?fllm st f(@m) =Ym, m=1,.... M

FEBV)(R)
(Unser JMLR 2019; Lemma 2)

Finding the (unique?) sparsest fit (Debarre arXiv 2020)

CPWL functions in high dimensions

m Multidimensional generalization y
Partition of domain into a finite number of non-overlapping convex polytopes; i.e.,
RN = Ui, Py with u(Py, N Py,) = 0forall ky # ky
The function fepwr, : RY — R is continuous piecewise-linear with partition P;, ..., Px
w (i) forz € Py : fopwi(®) = fu(z) = alz + by withay, e RN by e R,k =1,..., K

= (41) fopwr is continuous RY — R

The vector-valued function fcpwr, = (f1,- .., far) : RY — RM isa CPWL
if each component function f,,, : RN — R is CPWL.

27
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Deep ReLU neural networks are splines

§

5}

\J

fiaeep(®) = (6o froop_10---0020 fyo0i0 f)(x)

7

e
_*Y

m Enabling property
Composition f5 o f; of two CPWL functions with compatible domain and range is CPWL.

m Each linear layer f,(x) = Wyx + by is (trivially) CPWL (Montufar NIPS 2014)
m Each scalar neuron activation, o, ¢(z) = ReLU(z), is CPWL (Strang SIAM News 2018)
= o, = (014,...,0n,,) (pointwise nonlinearity) is CPWL

m The whole feedforward network f e, : RV0 — RVZ is CPWL

m The CPWL also remains valid for more complicated neuronal responses
as long as they are CPWL; that is, linear splines.

Limit behaviour of univariate shallow RelLU neural nets

K neurons
m Shallow univariate ReLU neural network with skip connection
K Ko
fo(x) =co+ 1z + ka(wkm —bg)+ =co+crx+ Z ak(x — Tk) +
k=1 k=1

m Standard training with weight decay

M K
. 2 A
(NN-1) : arge_(mmb o E |ym — fg(xm)| + 3 E |Uk|2 + \wk|2
VW) st k=1

Theorem
Forany K > Ky (with Ko < M), the solution of (DNN-1) is achieved by the sparse adaptive spline:

o _ & 2
fsphne = arg fEBrgl(g(R) (Z |ym xm | +)\HD f”M

Arguments for the proof: (Savarese 2019; Parhi-Nowak 2020)
m Scale invariance of ReLU architecture: Forany v > 0, the map (vi, wg) +—
(v, wi /) does not affect fq.
m At the optimum of (NN-1), |wy| = |vg|, fork=1,..., K and
TV (fg) = i, ar| with az, = vy |wy|.

29
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Deep neural nets with free-form activations

m Layers: ¢{=1,...,L

» Deep structure descriptor: (Ng, N1, -+, Np)
= Neuron or node index: (n,¢), n=1,---,Ng

= Activation function: ¢ : R - R (RelLU)

= Linear step: RVe-1 — RN
frixe f(x) =W+ by

= Nonlinear step: RM¢ — RVe

or:x— op(x) = (U",g(:pl), .. .,UNi,g(xN/))

Zne = Un.f(WZ‘[Ze—l + bn,[)

nodes

ficep(x) = (00 froop_10---0030 fyo0i0 f;)(x)

SN

Joint learning / training ?

Constraining activation functions

m Regularization functional
= Should not penalize simple solutions (e.g., identity or linear scaling)
= Should impose diffentiability (for DNN to be trainable via backpropagation)

= Should favor simplest CPWL solutions; i.e., with “sparse 2nd derivatives”
m Second total-variation of 0 : R — R
A
TV® (o) £ |D%0||p = SUD e 5(R): |l <1(D?T, ©)

m Native space for (M(R), D?)

BVP(R) = {f:R -5 R: |Df||m < oo}

31

32



Representer theorem justifying deep spline networks

Theorem (TV(2)—optimality of deep spline networks) (Unser, JMLR 2019)
= neural network f : RVo — RNz with deep structure (No, Ny, ..., Nr)
xz—f(x)=(ocpolLo0o_10--0ly00;04;)(x)
= normalized linear transformations €, : RVe-1 — RN¢, ¢z — U, with weights
U, = [uu cee uN[,l]T € RNexNe-1 gych that Hun,f” =1

= free-form activations oy = (01,¢,...,0n,¢) : RV = RN with 01 ,...,0n, 0 € BV (R)

Given a series data points (€, y,,) m = 1,..., M, we then define the training problem

M

N L N
D B f(@n) 1Y Re(U)+AY > Tv<2>(on.k>> (1)
=1

arg min
(Ue),(00,c€BVA(R)) \ 7= =1 =1

= E: RN x RVt — R*: arbitrary convex error function

» Ry : RNexNeei 5 R+ convex cost

If solution of (1) exists, then it is achieved by a deep spline network with activations of the form

Kne
On () = b1,ne + ban ez + Z ,n, o (T — Thyn,e) 4
k=1
with adaptive parameters K,y < M — 2,71 .0, TK, s ne € R,and by 0,02 00, Q1m0 - -5 0K, gm0 € R

Outcome of representer theorem

Each neuron (fixed index (n, ¢)) is characterized by
e its number 0 < K, , of knots (ideally, much smaller than M);
e the location {73 = Tkm,g}f:"f of these knots (ReLU biases);

e the expansion coefficients by, ¢ = (b1,.¢,b2.n.¢) € R?,

@no = (1np,---,aKn0) € RE.

These parameters (including the number of knots) are data-dependent and
adjusted automatically during training.

m Link with /; minimization techniques

Kn,[

TV {oue} = D lannel = llanelh
k=1

33
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Deep spline networks: Discussion ReLU(:21) = (2 — 1)

m Global optimality achieved with spline activations ‘ /
+ T
m Justification of popular schemes / Backward compatibility o
m Standard RelLU networks (K¢ =1, b, =0) (Glorot ICAIS 2011)

(LeCun-Bengio-Hinton Nature 2015)

m Linear regression: A — oo = K, ;=0

m State-of-the-art Parametric ReLU networks (Kne=1) (He et al. CVPR 2015)
1 ReLU + linear term (per neuron)

m Adaptive-piecewise linear (APL) networks (Kne=50r7, b,,=0) (Agostinellietal. 2015)

35

CONCLUSION: The return of the spline

= Continuous-domain formulation of compressed sensing
gTV regularization = global optimizer is a L-spline
Sparsifying effect: few adaptive knots
Discretization consistent with standard paradigm: #1-minimization

= Splines and machine learning

Traditional kernel methods are closely related to splines
(with one knot/kernel per data point)

Sparse variants offer promising perspectives
Deep ReLU neural nets are high-dimensional piecewise-linear splines

Approximation properties of shallow networks are fully explained by spline theory

Free-form activations with TV-regularization = Deep splines

36
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