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Bottom	line	up	front:	Heavy	Flavor	is	an	
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It	provides	tremendous	theory	
advancement	opportunities.		
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Heavy	flavor	in	elementary	collisions	
and	hadronization	



Change	the	order	a	little	bit	and	discuss	this	first	

B.		Webber	(1999)	

T.		Sjostrand	(2015)	





M.	Bowers	(1981)	

Heavy	flavor	specific	
	

Another	heavy	flavor	FF	parametrization		
-	Lund-Bowers	

Evolution	generates	gluon	
fragmentation	component	to	HF	

Evolution softens HQ fragmentation functions	



Significant	enhancement	of	the	gluon	fragmentation	
component	at	small	and	intermediate	z	

	

D.	Anderle	et	al.	(2017)	
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Using	a	new	formalism	of	semi-inclusive	
fragmenting	jet	functions	

	

Z.	Kang	et	al.	(2016)	



Z.	Kang	et	al	.	(2016)	

•  Perform	and	NLO	calculation	

•  A	very	large	contribution	of	
gluon	FF	to	heavy	flavor		
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When	pT	>	mc,	mb	

Kniehl	et	al	.	(2008)	





Hard	

Jet	

light jet: Kang et al 2016, Dai et al 2016

heavy flavor jet: Dai et al 2018


Semi-inclusive	jet	function		

Aversa et al 1989, Jager et al 2002


Hard scattering kernel 


Aversa et al 1990

Jager et al 2004

Mukherjee et al 2012 

Kaufmann et al 2016 

….


“small-cone approximation”

•  Jet	production	is	one	of	the	cornerstone	processes	of	QCD.	Light	jets	have	been	
studied	for	a	long	time.		Recent	advances	for	heavy	jets	(e.g.	b)	based	in	SCET	

Scales	in	
the	EFT	



The SiJFs Evolve according to DGLAP-like equations

The integrated perturbative 
kernel at the jet typical scale

The	integrated	parton	fragmentation	
function	from	parton	l	to	parton	Q	

•  Recent	advances	are	based	in	SCET	–	precision	theory	for	small	
radius	jets	and	heavy	flavor	jets	based	on	semi-inclusive	jet	
functions	

Resums		ln	pTR/m	
	

Resums		ln	μ/pTR	
	

L.	Dai	et	al.	(2016)	(2018)	C.	Bauer	et	al.	(2013)	



  Data are consistent with the theoretical predictions 

  For the ratio b-jets to inclusive jets the difference between NLO+LL 
and NLO can be traced also to the differences in the inclusive jet cross 
section 

H.	Li	et	al.	(2019)	



Heavy	flavor	in	nuclei	–	energy	loss	
and	in-medium	showers	



¡  Accomplished	for	light	partons.	I	will	
discuss	how	to	do	it	for	heavy	quarks	

¡  Factorization,	with	modified	J	(jet),	
B	(beam),	S	(soft)	functions		

Ovanesyan	et	al.		(2011)	

Idilbi	et	al.		(2008)	

M.	Gyulassy	et	al.		(1993)	

B.	Zakharov		(1995)	

R.	Baier	et	al.		(1997)	

M.	Gyulassy	et	al.		(2000)	

X.	Guo	et	al.	(2001)	

P.	Arnold	et	al.	(2003)	

Energy	loss	approach	
	

EFT	approach	
	

Z.	Kang	et	al.		(2016)	

M.	Djordjevic		et	al.		(2003)	



Z.	Kang	et	al	.	(2016)	

¡  You	see	the	dead	cone	effects	

¡  You	also	see	that	it	depends	on	the	
process	–	it	not	simply	x2m2	
everywhere:			x2m2,	(1-x)2m2,	m2	

SCETM,G	–	for	massive	quarks	with	Glauber	gluon	interactions	

The		process	is	not	written	Q	to	gQ	

Dokshitzer	et	al.	(2001)	

Feynman	rules	depend	on	the	scaling	of	m.	The	key	choice	is		m/p+	~λ		

I.	Rothstein	(2003)	 A.	Leibovich	et	al.	(2003)	

With	the	field	scaling	in	the	covariant	gauge	for	the	Glauber	field	there	is	no	
room	for	interplay	with	mass	in	the	LO	Lagrangian				

Result:		SCETM,G	=SCETM	✕	SCETG			



Z.	Kang	et	al	.	(2016)	

¡  Full	massive	in-
medium	
splitting	
functions		now	
available	

¡  Can	be	
evaluated	
numerically	

Kinematic	variables	

New	physics	–	many-
body	quantum	
coherence	effects	



17	

In-medium	parton	showers	are	softer	and	
broader	than	the	ones	in	the	vacuum.	
There	is	even	more	soft	gluon	emission	–	
medium	induced	scaling	violations,	
enhancement	of	soft	branching		

B.	Yoon	et	al	.	(2019)	C.	Shen	et	al	.	(2014)	
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Importance	of	gluon	fragmentation	into	HF	
	

Full	in-medium	parton	showers	require	
different	techniques	–	higher	order	and	
resumed	calculations	

	

Z.	Kang	et	al	.	(2016)	



Large	systems	and	
applications	of	in-medium	
evolution	

W.	Ke	et	al.	(2022)	

Theoretical	results	agree	with	existing	light	
hadron	and	D	meson	measurements	at	
RHIC	and	LHC.	True	for	both	central	and	
peripheral	collisions	
	
There	is	tension	with	the	B	meson	
production	(or	non-prompt	J/psi).		
Combination	with	the	May	be	dissociation?			

	



	

Long	Range	Plan	recommendations	
	
•  We	recommend	a	high-energy	high-luminosity	polarized	

Electron-Ion	Collider	(EIC)	as	the	highest	priority	for	new	
facility	construction	following	the	completion	of	Facility	for	
Rare	Isotope	Beams	(FRIB)	

D.	Geesaman	et	al,	2015	

CD-0	and	site	
selection	
announced	
Jan.	2020	

Electron-Ion	Collider	(EIC)	-	the	next-generation	high	energy	nuclear	physics	facility	in	the	US	and	the	world.	Collides	
electrons	and	protons/nuclei	a	high	energy,	high	luminosity	and	high	collision	frequency.		EIC	project	$2.2B	–	
accelerator,	IR,	and	one	detector	

CD-1	approval	
in	Jul.	2021	

CD-2	expected	
in	Jan.	2024	

	

EIC	Science	
	

…				CD-4	expected	in	Jul.	2031	

•  The	non-linear	physics	of	strong	color	fields	–	
gluon	saturation	

•  The	internal	landscape	of	nucleons	and	the	
origin	of	mass	

One	slide	on	the	EIC		



Ideas	to	parametrize	nFFs	assuming	universality.		
Effect	of	10	fb-1	EIC	data			

•  The space-time picture of hadronization is unknown, but critical 
for e+A  

•  Competing physics explanations of HERMES hadron suppression 
data based on energy loss and absorption 

R	.	Sassot	et	al.	(2009)	

A.	Accardi	et	al.	(2009)	

P	.	Zurita		et	al.	(2021)	

Light hadron measurements cannot differentiate 
between competing mechanisms	

X.	Wang	et	al.	(2002)	 B.	Kopeliovich	et	al.	(2003)	



Help	constrain	the	transport	properties	
of	nuclear	matter:		

Heavy	flavor	can	be	produced	at	the	EIC.		It	will	
differentiate	between	energy	loss	and	
absorption	models.	Allows	to	develop	e+A	
theory	further.		

The evolution equations are given by standard Altarelli-Parisi equations:
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The complete medium-induced splitting functions look like:

P
(1)
i (z,Q) = P

vac
i (z) [1 + gi(x,Q,L, µ)] , (48)

where the individual terms with all the plus prescriptions and virtual pieces are summarized in
sections 2, 3. These evolution equations have to be solved with initial conditions for parton densities
for quarks, anti-quarks and gluons to equal �(1� z) at some infrared scale ⇠ fewGeV. The resulting
so-called PDF’s at the hard scattering scale Q = pT look like fi/j(z, pT ), and have an intuitive
interpretation: probability of the parton i to be found in the parton j at the momentum transfer
scale Q = pT . For example fg/q(z, pT ) is the solution for the gluon density from the evolution
equations with the initial conditions fq(z, µIR) = �(1� z), fq̄(z, µIR) = fg(z, µIR) = 0, and so forth.

As a result of solving the A-P evolution equations we get the full LL series resummed by:
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where i = q, q̄, g. It is straightforward to check, that by plugging in the lowest order solutions of
the evolution equations, into the equations above, we reproduce Eq. (42), a nice sanity check. In
addition, the equation above when combined properly with the evolution equations contains all the
leading order logarithms resummed. This should be more relevant for the LHC phenomenology where
the energies are higher than RHIC.

TODO: Check if there are additional factors from reversing A-P equations and the

cross section formulas from initial state to the final state.

The soft gluon approximation

The coupled Altarelli-Parisi evolution equations Eq. (45)-Eq. (47) simplify tremendously for x ⌘

1� z ! 0. In this small x approximation the equations decouple and reduce to describe the e↵ect of
leading patrons that shower soft gluons.

To see this we present the small x approximation of medium-induced splitting functions:
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¡  AA	and	eA	collisions	are	very	different.	Due	to	the	LPM	
effect	the	“energy	loss”	decreases	rapidly.	The	kinematics	
to	look	for	in-medium	interactions	/	effects	on	
hadronization	very	different				

•  Jets	at	any	rapidity	roughly	in	the	
co-moving	plasma	frame	(Only~	
transverse	motion	at	any	rapidity)	

•  Largest	effects	at	midrapidity	
•  Higher	C.M.	energies	correspond	to	

larger	plasma	densities	

•  Jets	are	on	the	nuclear	rest	frame.	
Longitudinal	momentum	matters	

•  Largest	effects	are	at	forward	
rapidities	

•  Smaller	C.M.	energies	(larger	only	
increase	the	rapidity	gap)		
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Light	pions	show	the	largest	nuclear	suppression	
at	the	EIC.	However,	to	differentiate	models	of	
hadronization	heavy	flavor	mesons	are	necessary	

Z.	Liu	et	al	.	(2020)	
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Effects	are	the	largest	
at	forward	rapidities	
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Integrated	over	z	

Differential	in	z	

EIC	theory	will	provide	clear	new	insights	into	hadronization	from	light+heavy	flavor	



modified	for	nuclear		

The	short-distance	hard	part	
remains	the	same		

Encodes	the	effects	when	the	jet	
evolving	in	the	QCD	medium		

CNM	effects	

Let us now focus on the jet function and final-state modification in the QGP 

The jet function receives medium contributions from 
collisional energy loss and in-medium branching 
processes  

  Medium	induced	
corrections	to	the	LO	jet	
function	   Medium	induced	corrections	

to	the	NLO	jet	function	

Vacuum	jet	function:	

Medium	corrections:	



	
	

The	semi-inclusive	jet	function	theory	can	
be	generalized	to	heavy	jet	production	in	
matter.	Medium	corrections	to	the	NLO	jet	
function	are	written	in	terms	of	integrals	
over	splitting	functions.		

After	summing	over	all	diagrams	

H.	Li	et	al.	(2018)	 Z.	Liu	et	al.	(2021)	

  Slightly less dependence on the centrality when compared to the well-known light jet 
modification 

  Theoretical results agree well with the data for both the inclusive cross sections and the 
nuclear modification factors
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zg	=	

rg	=	ΔR12	

pT1	

pT2	
Related	to	the	modification	of	jet	cross	
sections	is	the	modification	of	jet	substructure.	
Example	-	Soft	dropped	momentum	sharing	
distributions		

Provides	access	to	the	
splitting	functions	

	
Z.	Liu	et	al.	(2021)	

A.	Larkoski	et	al.	(2014)	
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	 Z.	Liu	et	al.	(2021)	
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§  Effectively	eliminates	initial-state	effects	
§  Final-state	interactions	can	be	almost	a	

factor	of	2	for	small	radii.	Remarkable	as	it	
approaches	magnitudes	observed	in	heavy	
ion	collisions	(QGP)	

A	key	question	–	will	benefit	both	nPDF	extraction	
and	understanding	hadronization	/	nuclear	matter	
transport	properties		-	how	to	separate	initial-state	
and	final-state	effects?	
Leveraging	the	vacuum	and	in-medium	shower	
differences.	Define	the	ratio	of	modifications	for	2	
radii	(it	is	a	double	ratio)	
	 𝑅𝑅= ​𝑅↓𝑒𝐴 (𝑅)/	 ​𝑅↓𝑒𝐴 (𝑅=0.8)	 Results	are	similar	for	b-jets	
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Quarkonia	



Explores all regimes of 
QCD


Perturbative !

Non-Perturbative !
QCD without the 
heavy flavor !

ultra-soft!

Ultra-soft!

typical momentum if heavy  quark:

typical kinetic energy if heavy  quark:


+ heavy - soft interactions 

at NLO


Bodwin	et	al.	(1995)	

Cho	et	al.	(1996)	
•  Non-Relativistic QCD (NRQCD) -a particular 
type of effective theory (EFT) 

•   NRQCD factorization formula. Short distance cross sections (perturbatively 
calculable) and long distance matrix elements (fit to data, scaling relations)  

pNRQCD
 vNRQCD
N.	Brambilla	et	al.	(2000)	 M.	Luke	et	al.	(2000)	



3
1	

	

¡  Charmonium	states	
Scales	in	the	problem	

	 	 	 	 		

Time evolution

c
c Quarkonia

	

¡  Take	a	closer	look	at	the	NRQCD	
Lagrangian	below		

	

	

soft	~	λ	

ultrasoft	~	λ2	

	

¡  Soft	gluons	are	included	
explicitly	

	

	

¡  Ultrasoft	gluons	included	in	
covariant	derivatives		

	

	

-  Double	soft	gluon	emission	

-  Heavy	quark-antiquark	potential	

-				(can	also	be	interaction	with	soft	
						particles)	

	
	 	 	 	 		



	

¡  At	the	level	of	the	Lagrangian	

-	Energy	component	must	always	be	
suppressed		
-	Glauber	gluons		-	transverse	to	the	
direction	of	propagation	contribution		
-	Coulomb	gluons		-	isotropic	momentum	
distribution	

	 	 	 	 	 	
	 	 		
	

+	ψ	←→	χ	

	

¡  Calculated	the	leading	power	and	next	to	leading	power	
contributions	3	different	ways	

Background	field	
method	

Perform	a	shift	in	the	gluon	field	in	the	NRQCD	Lagrangian	then	perform	the	
power-counting	

Hybrid	method	 From	the	full	QCD	diagrams	for	single	effective	Glauber/Coulomb	gluon	
perform	the	corresponding	power-counting,		read	the	Feynman	rules	

	

Matching	method	 Full	QCD	diagrams	describing	the	forward	scattering	of	incoming	heavy	
quark	and	a	light	quark	or	a	gluon.	We	also	derive	the	tree	level	expressions	
of	the	effective	fields	in	terms	of	the	QCD	ingredients	
	
	



	

¡  Perform	the	label	momentum	representation	and	field	
substitution	(u.s.	->	u.s.	+	Glauber)	

Example	for	a	collinear	
source	(note	results	depend	
on	the	type	of	source)	
		
Substitute,	expand	and	
collect	terms	up	to	order	λ3		

	 	 	 	 	 	
		
	

	

¡  Results:	
depend	on	
the	type	of	
the	source	of	
scattering	in	
the	medium		

Leading	
medium	
corrections	

Sub-leading	
medium	
corrections	



	

¡  Looking	at	t-channel	scattering	we	can	also	extract	the	form	of	the	Glauber/
Coulomb	fields	in	terms	of	QCD	ingredients	(and	recover	Lagrangian)	

Glauber	field	for	collinear	source	

Coulomb	field	for	soft	source	

	

¡  Note	that	for	the	gluon	the	last	2	diagrams	are	necessary	for	gauge	
invariance	but	the	first	diagram	the	leading	forward	scattering		contribution	

¡  In	the	medium	the	momentum	exchange	can	get	dressed	~	Debye	screening	

Y.	Makris	et	al.	(2019)	

Glauber	field	for	collinear	source	

Coulomb	field	for	soft	source	



	

¡  Typical	time	for	the	onset	of	
interactions	–	take	it	to	be	O(1	fm)	

Perform	full	feed	down	
	

§  Dissociation	time	–	incudes	thermal	
wavefunction	effect	and	collisional	
broadening	

S.	Aronson	et	al.	(2017)	

Dissociation	
time	

	

Adil	et	al.	(2006)	 Sharma	et	al.	(2012)	

Following	feeddown	
contributions	taken,	others	small	

	 	 	 	 	 	 	
	 		
	

Incorporated	in	rate	equations	



	

¡  In	calculating	the	min	bias	results	we	
found	that	the	result	is	dominated	by	
the	first	few	centrality	bins	

S.	Aronson	et	al.	(2017)	

Uncertainties	are	related	to	the	onset	of	the	
interactions		
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§  Dissociation	from	collisional	interactions	in	cold	nuclear	matter	is	large.		For	the		
very	weakly	bound	states	the	QGP	suppression	is	larger		but	the	CNM	one	is	still	a	
factor	of	5	-10.		For	the	tightly	bound	states	suppression	is	comparable	–	
sometimes	slightly	smaller,	sometimes	slightly	larger.		

For	full	EIC	predictions	we	need	to	explore	feed	down	corrections,	combine	with	prompt	state	
cross	sections,	and	explore	the	effect	of	the	interaction	onset.				

	

I.	Olivant	et	al.	(2021)	
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¡  Flavor	production,		charm	&	beauty,	has	motivated	important	
developments	in	QCD.	Still,	many	open	theoretical	questions	remain	–	
form	the	flavor	number	schemes,	to	the	relevant	EFTs	in	multi-scale	
problems,	to	the	non-perturbative	hadronization	into	charm	and	beauty	
mesons.	These	must	be	resolved	to	fully	utilize	the	EIC	capabilities	and	
we	view	this	as	an	opportunity	

	
¡  There	are	tremendous	intellectual	communalities	in	heavy	flavor	theory	

applied	to		hadronic,	heavy	ion,	and	DIS	reactions.	It	is	a	natural	point	of	
convergence	for	the	broad	QCD	community	in	the	US	and	beyond.	Now	
is	an	opportune	time	for	a	focused	theory	effort	and	investment	to	
answer	the	most	pressing	HF	puzzles	and	lay	the	groundwork	for	the		EIC	

	
¡  At	the	EIC,	heavy	flavor	will	provide	unique	probes	of	hadronization,	

energy	loss	and	the	transport	properties	of	cold	nuclear	matter,	the	TMD	
stricture	of	nucleons/nuclei,	small-x	saturation	physics,	parton	
distributions		

¡  Heavy	flavor	theory,	both	open	and	quarkonia,	is	a	key	component	of	the	
the	EIC	theory	initiative	that	we	propose.	We	emphasize	the	need	for	
analytic	advancements	and	precision	phenomenology			

	
	



	
	

Two	types	of	nuclear	effect	play	a	role	
	

-  Initial-state	effects	parametrized	in	nuclear	
parton	distribution	functions	or	nPDFs	

-  Final-state	effects	from	the	interaction	of	the	jet	
and	the	nuclear	medium	–	in-medium	parton	
showers	and	jet	energy	loss	

H.	Li	et	al.	(2020)	
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How	to	separate	them?	Define	the	ratio	of	
modifications	for	2	radii	(it	is	a	double	ratio)	
	

𝑅𝑅= ​𝑅↓𝑒𝐴 (𝑅)/	 ​𝑅↓𝑒𝐴 (𝑅=1)	

§  Jet	energy	loss	effects	are	larger	at	
smaller	C.M.	energies		

§  Remarkably,	effects	can	be	almost	a	
factor	of	2!	



LO! NLO!

LO! NLO! NLO! NNLO!

(single) Parton 
fragmentation 
process!

Singlet	contribution	
	 	 	 	 	 	 	
	 		
	

Octet	contribution	
	 	 	 	 	 	 	
	 		
	

Only	a	subset	of	contributions	survive,	now	
interpretable	as	parton	fragmentation	in	quarkonia	

S.	Fleming	et	al.	(2012)	 M.	Baumgart	et	al.	(2014)	 Y.	Ma	et	al.	(2014)	



	
	

The	semi-inclusive	jet	function	theory	can	
be	generalized	to	heavy	jet	production	in	
matter.	Medium	corrections	to	the	NLO	jet	
function	are	written	in	terms	of	integrals	
over	splitting	functions.		

After	summing	over	all	diagrams	

H.	Li	et	al.	(2018)	

Z.	Liu	et	al.	(2021)	

Two	types	of	nuclear	effect	play	a	role	
	

-  Initial-state	effects	parametrized	in	nuclear	
parton	distribution	functions	or	nPDFs	

-  Final-state	effects	from	the	interaction	of	
the	jet	and	the	nuclear	medium	–	in-
medium	parton	showers	and	jet	energy	loss	

Observable:	



	
	

•  Modification	of	both	c-
jets	and	b-jets	
substructure	in	e+A	is	
relatively	small	

•  It	is	dominated	by	
limited	phase	space			
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zg	=	

rg	=	ΔR12	

pT1	

pT2	
Related	to	the	modification	of	jet	cross	
sections	is	the	modification	of	jet	substructure.	
Example	-	Soft	dropped	momentum	sharing	
distributions		

Provides	access	to	the	
splitting	functions	

	

Realistic	example	

Z.	Liu	et	al.	(2021)	

A.	Larkoski	et	al.	(2014)	



…and their distortion 

•  Heavy meson acoplanarity 

•  Distortion of the light cone 
wave function (meson decay) 

2 2
2

surv. (* ( , ), )f iP L dxd k x kx k
λ

ψ
µ

ξ ψ⊥ ⊥⊥

⎛ ⎞
= Δ⎜ ⎟

⎝ ⎠
ΔΔ∫

Adil	et	al.	(2006)	

	

¡  Momentum	transfers	q	follow	
Glauber	gluons	scaling	

	

¡  Resum	in	impact	parameter	space,	make	
Gaussian	approximation	

	

¡  Reduced	transition	probability	



QGP	

Hadron	gas	

§  Co-mover	dissociation	model–	
phenomenological	cross	section	to	break	up	
quarkonia	in	a	co-moving	hadron	gas.			

E.	Ferreiro	(2014)	

§  Another	radiative	energy	loss	approach	
–	Radiation	off	of	a	heavy	quark.	The	
Bertsch-Gunion	spectrum	is	integrated	
from	M	to	the	cumulative	broadening	
scale.	It	is	suppressed	by	MT	at	high	pT.		

F.	Arleo	et	al.	(2012)	



•  Perform LO NRQCD fit. Color singlet matrix elements can the related to the 
square of the wavefunction at the origin and its derivatives    

Sharma	et	al.	(2012)	

•  Octet elements determined by fit to data   

•   Approximate scaling with 
velocity and mass  
•   Note that excited states 
such as χ have different 
expansion and different 
LDMEs 



•   Limit of applicability pT > 3-5 GeV. Same is true for other fixed order 
calculations, e.g. NLO   

Sharma	et	al.	(2012)	
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•   Note, NLO fits exist mostly quarkonia by several groups, also include 
photoproduction. Tensions still remain with quarkonium polarization  

Butenchoen			et	al.	(2012)	



…and their distortion 

Heavy meson acoplanarity & distortion of 
the light cone wave function (meson decay) 
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Adil	et	al.	(2006)	

	

¡  Resum	in	impact	parameter	space,	
make	Gaussian	approximation	

Momentum	space	picture	–	may	be	counter	
intuitive	(note	that	broadening	in	configuration	
space	is	narrowing	in	momentum	space)			

•  Initial	wavefunction	~	vacuum	

•  Collisional	broadening	

•  Thermal	narrowing	S. Aronson et al. (2017)

Sharma	et	al.	(2012)	



S.	Aronson	et	al.	(2017)	

We	wee	differences	in	suppression	of	Upsilon(2S)	
and	Upsilon(3S).	Latest	measurements	don’t	seem	
to	see	that	(quite	puzzling)	
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¡  Good	description	of	the	relative	
suppression	of		excited	to	ground	
states	

	

¡  Good	separation	the	
suppression	of	the	ground	and	
excited			
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