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Introduction

Credits: ESO/L. Calçada

Neutron Stars are astrophysical objects of extreme interest in the new multimessenger era 
of astronomy

✦Magnetic Fields up to                    on the surface, 

✦Central densities up to several times        , 

✦ Strongly asymmetric matter (                 )

≈ 1015G

ρ0

ρp ≪ ρn
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Introduction

Credits:G.W.Newton,Nature Physics, 9:396–397, July 2013.

Credits:Credits: IGCSE Chemistry 2017

Credits:E.A.Cornell et al., H. Lenske & M. Dhar, F.Cain 

Credits:Credits: G.W.Newton,Nature Physics, 9:396–397, July 2013.

The interior of a NS is considered to be divided into 3 main layers

✦Outer Crust 

✦ Inner Crust 

✦Core
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Theoretical Framework

In our work we use two different Relativistic Mean Field (RMF) models in order to describe stellar 
matter (npe). In this approximation, the interaction between nucleons is mediated by mesons.

ℒ = ∑
i=p,n

ℒi + ℒe + ℒσ + ℒω + ℒρ + ℒnl + ℒA

Nucleons Mesons + self-interactions

Electrons EM Field

We always consider                                  and we define                    , with

In our study we use the NL3 and NL3  ωρ models, which only differ for the value of the slope of the
symmetry energy L, namely   L = 118MeV and L = 55MeV

Aμ = (0,0,Bx,0) B* = B/Bc Bc = 4.414 ⋅ 1013G.

.
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Theoretical Framework

In order to describe the heavy clusters inside the IC of the star, we use two different models:

๏Coexisting Phases (CP) Model 

๏Compressible Liquid Drop (CLD) Model

In both models we consider our system as a mixture of two phases, 
a denser (liquid) one and a less dense (gas) phase. Each one of the 
two phases has to fulfill its own set of meson Euler-Lagrange 
equations, and they have to fulfill some equilibrium conditions.

Also, in both models the each cluster is considered to be in the center 
of a Wiegner-Seitz(WS) cell.

Credits: Tatsumi, Toshitaka and Tomoki, Endo and Chiba, 
Satoshi, (2006)
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In this model the equilibrium between the two phases is imposed through the relations:

μI
p = μII

p

μI
n = μII

n

PI = PII

After the equilibrium conditions are imposed, we include corrections to the energy density so that its final 
equation is

ℰ = fℰI + (1 − f )ℰII + ℰCoul + ℰsurf + ℰe .
Where

fraction of liquid phase 

energy density of phase I 

energy density of electrons

f =
ℰi =
ℰe =

ℰCoul = 2αe2πΦR2
d (ρI

p − ρII
p )

2

ℰsurf =
σαD
Rd

Theoretical Framework
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In this case the Coulomb and Surface corrections come into play already before the minimization, so that the   
equilibrium conditions become

μI
n = μII

n

PI = PII + ℰsurf[ 3
2α

∂α
∂f

+
1

2Φ
∂Φ
∂f

−
((1 − f )ρI

p + fρII
p )

(1 − f )f(ρI
p − ρII

p ) ]

μI
p = μII

p −
ℰsurf

f(1 − f )(ρI
p − ρII

p )

Theoretical Framework
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Results

Our first result shows the main difference between the CP calculation, 
used in previous studies, and the CLD calculation used in our work.
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Fig.1 Difference between the energy of homogeneous and 
inhomogeneous matter, in the CP (top) and CLD (bottom) 
calculations.

RED BLUE

The energy per baryon of 
homogeneous matter is 

higher

Clusters are favored 
(stable solution)

The energy per baryon of 
inhomogeneous matter is 

higher

Homogeneous matter is 
favored.                   

(metastable solution)

In the CP model, metastable solutions are present, while they 
are almost completely absent in the CLD calculation
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In the case of the NL3 model, we observed that, due 
to the presence of the B field, the crust-core 
transition density (orange line in the plots) gets 
shifted to higher values with respect to the B=0 
case (green line in the plots).

As already observed in previous studies, the new region of 
inhomogeneity in in good agreement with the results of a 
dynamical spinodal calculation (light blue lines in the plots). 

Moreover, in the new region, the baryon and proton 
density of the liquid (blue in the plots) and gas (red in 
the plots) phases, become very similar.

Fig.2 Baryon density of liquid (blue) and gas (red) phase for the NL3 model.

Fig.3 Proton density of liquid (blue) and gas (red) phase for the NL3 model.



The previous result, however, appears to be 
model dependent, since in the NL3       model, 
the role of the field appear to be the one of 
decreasing the crust-core transition density, and 
the new region of inhomogeneity does not 
appear

Model Dependency
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Fig.4 Cluster geometries for the NL3 (top) and NL3 
(bottom) models.
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Fig.5 Highest occupied Landau level for the NL3 (top) and NL3$
\omega\rho$ (bottom) models.

Protons in the liquid phase (blue) occupy the same level as 
they would in homogeneous matter (green), but the one in the 
gas phase (red) occupy a lower level.

Inhomogeneity is favored

Protons in the liquid phase (blue) occupy an higher level with 
respect to the one they would occupy in homogeneous 
matter (green).

Homogeneous matter is favored
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Conclusions

In our work we studied how a strong magnetic field affects the structure of the inner crust of a 
neutron star. In the study we used two different RMF models and the CLD calculation for the 
clusters.

From our work we can extract the following conclusions:
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Conclusions

In our work we studied how a strong magnetic field affects the structure of the inner crust of a 
neutron star. In the study we used two different RMF models and the CLD calculation for the 
clusters.

From our work we can extract the following conclusions:

✦ The CLD calculation tends to eliminate metastable solutions that are present in the CP calculation, 

✦ In the NL3 model, an extended inhomogeneous region appears, in which the densities of the two 
phases become much closer to each other, 

✦ This extended region does not appear in the model with low slope of the symmetry energy. This should 
be caused by the different occupation of the Landau levels in the two models.
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Backup

ℒ = ∑
i=p,n

ℒi + ℒe + ℒσ + ℒω + ℒρ + ℒnl + ℒA

ℒe = ψ̄e[γμ(i∂μ + eAμ) − me]ψe ℒA = −
1
4

FμνFμν

ℒi = ψ̄i[γμiDμ − M*]ψi

iDμ = i∂μ − gωVμ −
gρ

2
τ ⋅ bμ −

1 + τ3

2
eAμ

M* = M − gσϕ
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Backup

ℒ = ∑
i=p,n

ℒi + ℒe + ℒσ + ℒω + ℒρ + ℒnl + ℒA

ℒσ =
1
2 (∂μϕ∂μϕ − m2

σϕ2 −
1
3

κϕ3 −
1
12

λϕ4) ℒω = −
1
4

ΩμνΩμν +
1
2

m2
ωVμVμ +

ξ
4!

g4
ω(VμVμ)2

ℒρ = −
1
4

Bμν ⋅ Bμν +
1
2

m2
ρbμ ⋅ bμ ℒnl = Λωρg2

ωg2
ρVμVμbμ ⋅ bμ

Iso-Scalar / Scalar Iso-Scalar / Vector

Iso-Vector / Vector Present only in the NL3         modelωρ
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Backup

The scalar and vector densities for the nucleons are given by :

ρs,p =
qpBM*

2π2

νp
max

∑
ν=0

gs ln
kp

F,ν + Ep
F

M*2 + 2νqpB

ρs,n =
M*
2π2 [En

Fkn
F − M*2 ln

kn
F + En

F

M*
ρn =

kn
F

3

3π2

ρp =
qpB
2π2

νp
max

∑
ν=0

gsk
p
F,ν

Where kp
F,ν = Ep2

F − M*2 − 2νqpB kn
F = En2

F − M*2νp
max =

Ep2
F − M*2

2qpB
, ,



RMF densities and energy density

L. Scurto CGSFP2023               04/07/23 23

Backup

The energy density is given by :

ℰ = ℰf + ℰp + ℰn
Where 

ℰf =
m2

ω

2
V2

0 +
ξg4

v

8
V4

0 +
m2

ρ

2
b2

0 +
m2

σ

2
ϕ2

0 +
κ
6

ϕ3
0 +

λ
24

ϕ4
0 + 3λωρg2

ρg2
ωV2

0b2
0

ℰp =
qpB
4π2

νmax

∑
ν=0

gs[kp
F,νE

p
F + (M*2 + 2νqpB) ⋅ ln

kp
F,ν + Ep

F

M*2 + 2νqpB ]

ℰn =
1

4π2 [kn
FEn3

F −
1
2

M*(M*kn
FEn

F + M*3 ln
kn

F + En
F

M* )]



Pasta Phases Calculation Details

L. Scurto CGSFP2023               04/07/23 24

Backup

Starting from ℰ = fℰI + (1 − f )ℰII + ℰCoul + ℰsurf + ℰe .

With ℰCoul = 2αe2πΦR2
d (ρI

p − ρII
p )

2
ℰsurf =

σαD
Rd

Minimizing with respect to the radius of clusters we get  

ℰCoul =
2α
42/3

(e2πΦ)1/3[σD(ρI
p − ρII

p )]2/3

ℰsurf = 2ℰCoul

Rd =
σD

4πe2Φ (ρI
p − ρII

p )
2

1/3
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Backup

Φ = ( 2 − Dα1−2/D

D − 2
+ α) 1

D + 2
, D = 1,3

Φ =
α − 1 − ln α

D + 2
, D = 2

α = f

Other definitions:

α = 1 − f

{
{ Drops, Rods, Slabs

Tubes, Bubbles
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Backup
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