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Nonlinear Schrödinger equation (NLS)
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Dispersion Nonlinearity

APPLICATIONS: 
Optics 
Hydrodynamics 
Plasma 
Cold atoms 
Galaxies…

Focusing, 
1D cubic 



Nonlinear Schrödinger equation (NLS): 
three-parameter family of solutions 

(arbitrary amplitude and periods) 

Bright 
Soliton

Peregrine
Akhmediev Breather

Kuznetsov-Ma soliton

Dnoidal 
waves

Continous 
waves

Akhmediev & Korneev Theor. Math. Ph. (1986)
Akhmediev et al. Theor. Math. Ph. (1987)
Toenger et al. Sc. Rep. (2015)
Conforti et al. PRA (2020)



From Navier-Stokes eq. to NLS

D~v

dt
= �2~⌦⇥ ~v �

~rP

⇢
+ ~g + ~F

Viscosity 
term

Coriolis 
term

Gravity

- Incompressible fluid: constant density  
- Large Roosby number: Coriolis term can be neglected 
- Viscosity effect neglected
- Constant bathymetry
- No wind forcing 
- Velocity can be expressed in terms of a scalar potential function  
- 1-dimensional propagation
- k A << 1:  weak nonlinearities  
- k H >> 1:   deep-water limit      

A = wave amplitude

z 

x 

wavelength λ = 2π/k

-H

i z +
1

2
 tt + | |2 = 0

<latexit sha1_base64="fxrM0qFT2VT68uJ+VC0tJvvZQoE=">AAACInicbVDLSgMxFM3UVx1fVZdugq0gCGVmNupCKLpxWcE+oK0lk2ba0MyD5I5Qp/MtbvwVNy4UdSX4MabTLrT1QODknHNJ7nEjwRVY1peRW1peWV3Lr5sbm1vbO4XdvboKY0lZjYYilE2XKCZ4wGrAQbBmJBnxXcEa7vBq4jfumVQ8DG5hFLGOT/oB9zgloKVu4bxUMjluR4p3H/AJbnuS0MROEyfNtAQg1fJ4chnfOVkQX1jYLJW6haJVtjLgRWLPSBHNUO0WPtq9kMY+C4AKolTLtiLoJEQCp4KlZjtWLCJ0SPqspWlAfKY6SbZiio+00sNeKPUJAGfq74mE+EqNfFcnfQIDNe9NxP+8VgzeWSfhQRQDC+j0IS8WGEI86Qv3uGQUxEgTQiXXf8V0QHRLoFs1dQn2/MqLpO6Ubats3zjFyuWsjjw6QIfoGNnoFFXQNaqiGqLoET2jV/RmPBkvxrvxOY3mjNnMPvoD4/sHrZGhPg==</latexit><latexit sha1_base64="fxrM0qFT2VT68uJ+VC0tJvvZQoE=">AAACInicbVDLSgMxFM3UVx1fVZdugq0gCGVmNupCKLpxWcE+oK0lk2ba0MyD5I5Qp/MtbvwVNy4UdSX4MabTLrT1QODknHNJ7nEjwRVY1peRW1peWV3Lr5sbm1vbO4XdvboKY0lZjYYilE2XKCZ4wGrAQbBmJBnxXcEa7vBq4jfumVQ8DG5hFLGOT/oB9zgloKVu4bxUMjluR4p3H/AJbnuS0MROEyfNtAQg1fJ4chnfOVkQX1jYLJW6haJVtjLgRWLPSBHNUO0WPtq9kMY+C4AKolTLtiLoJEQCp4KlZjtWLCJ0SPqspWlAfKY6SbZiio+00sNeKPUJAGfq74mE+EqNfFcnfQIDNe9NxP+8VgzeWSfhQRQDC+j0IS8WGEI86Qv3uGQUxEgTQiXXf8V0QHRLoFs1dQn2/MqLpO6Ubats3zjFyuWsjjw6QIfoGNnoFFXQNaqiGqLoET2jV/RmPBkvxrvxOY3mjNnMPvoD4/sHrZGhPg==</latexit><latexit sha1_base64="fxrM0qFT2VT68uJ+VC0tJvvZQoE=">AAACInicbVDLSgMxFM3UVx1fVZdugq0gCGVmNupCKLpxWcE+oK0lk2ba0MyD5I5Qp/MtbvwVNy4UdSX4MabTLrT1QODknHNJ7nEjwRVY1peRW1peWV3Lr5sbm1vbO4XdvboKY0lZjYYilE2XKCZ4wGrAQbBmJBnxXcEa7vBq4jfumVQ8DG5hFLGOT/oB9zgloKVu4bxUMjluR4p3H/AJbnuS0MROEyfNtAQg1fJ4chnfOVkQX1jYLJW6haJVtjLgRWLPSBHNUO0WPtq9kMY+C4AKolTLtiLoJEQCp4KlZjtWLCJ0SPqspWlAfKY6SbZiio+00sNeKPUJAGfq74mE+EqNfFcnfQIDNe9NxP+8VgzeWSfhQRQDC+j0IS8WGEI86Qv3uGQUxEgTQiXXf8V0QHRLoFs1dQn2/MqLpO6Ubats3zjFyuWsjjw6QIfoGNnoFFXQNaqiGqLoET2jV/RmPBkvxrvxOY3mjNnMPvoD4/sHrZGhPg==</latexit><latexit sha1_base64="fxrM0qFT2VT68uJ+VC0tJvvZQoE=">AAACInicbVDLSgMxFM3UVx1fVZdugq0gCGVmNupCKLpxWcE+oK0lk2ba0MyD5I5Qp/MtbvwVNy4UdSX4MabTLrT1QODknHNJ7nEjwRVY1peRW1peWV3Lr5sbm1vbO4XdvboKY0lZjYYilE2XKCZ4wGrAQbBmJBnxXcEa7vBq4jfumVQ8DG5hFLGOT/oB9zgloKVu4bxUMjluR4p3H/AJbnuS0MROEyfNtAQg1fJ4chnfOVkQX1jYLJW6haJVtjLgRWLPSBHNUO0WPtq9kMY+C4AKolTLtiLoJEQCp4KlZjtWLCJ0SPqspWlAfKY6SbZiio+00sNeKPUJAGfq74mE+EqNfFcnfQIDNe9NxP+8VgzeWSfhQRQDC+j0IS8WGEI86Qv3uGQUxEgTQiXXf8V0QHRLoFs1dQn2/MqLpO6Ubats3zjFyuWsjjw6QIfoGNnoFFXQNaqiGqLoET2jV/RmPBkvxrvxOY3mjNnMPvoD4/sHrZGhPg==</latexit>



From Navier-Stokes eq. to NLS

D~v

dt
= �2~⌦⇥ ~v �

~rP

⇢
+ ~g + ~F

Viscosity 
term

Coriolis 
term

Gravity

- Incompressible fluid: constant density  
- Large Roosby number: Coriolis term can be neglected 
- Viscosity effect neglected
- Constant bathymetry
- No wind forcing 
- Velocity can be expressed in terms of a scalar potential function  
- 1-dimensional propagation
- k A << 1:  weak nonlinearities  
- k H >> 1:   deep-water limit      

A = wave amplitude

z 

x 

wavelength λ = 2π/k

-H

i z +
1

2
 tt + | |2 = 0

<latexit sha1_base64="fxrM0qFT2VT68uJ+VC0tJvvZQoE=">AAACInicbVDLSgMxFM3UVx1fVZdugq0gCGVmNupCKLpxWcE+oK0lk2ba0MyD5I5Qp/MtbvwVNy4UdSX4MabTLrT1QODknHNJ7nEjwRVY1peRW1peWV3Lr5sbm1vbO4XdvboKY0lZjYYilE2XKCZ4wGrAQbBmJBnxXcEa7vBq4jfumVQ8DG5hFLGOT/oB9zgloKVu4bxUMjluR4p3H/AJbnuS0MROEyfNtAQg1fJ4chnfOVkQX1jYLJW6haJVtjLgRWLPSBHNUO0WPtq9kMY+C4AKolTLtiLoJEQCp4KlZjtWLCJ0SPqspWlAfKY6SbZiio+00sNeKPUJAGfq74mE+EqNfFcnfQIDNe9NxP+8VgzeWSfhQRQDC+j0IS8WGEI86Qv3uGQUxEgTQiXXf8V0QHRLoFs1dQn2/MqLpO6Ubats3zjFyuWsjjw6QIfoGNnoFFXQNaqiGqLoET2jV/RmPBkvxrvxOY3mjNnMPvoD4/sHrZGhPg==</latexit><latexit sha1_base64="fxrM0qFT2VT68uJ+VC0tJvvZQoE=">AAACInicbVDLSgMxFM3UVx1fVZdugq0gCGVmNupCKLpxWcE+oK0lk2ba0MyD5I5Qp/MtbvwVNy4UdSX4MabTLrT1QODknHNJ7nEjwRVY1peRW1peWV3Lr5sbm1vbO4XdvboKY0lZjYYilE2XKCZ4wGrAQbBmJBnxXcEa7vBq4jfumVQ8DG5hFLGOT/oB9zgloKVu4bxUMjluR4p3H/AJbnuS0MROEyfNtAQg1fJ4chnfOVkQX1jYLJW6haJVtjLgRWLPSBHNUO0WPtq9kMY+C4AKolTLtiLoJEQCp4KlZjtWLCJ0SPqspWlAfKY6SbZiio+00sNeKPUJAGfq74mE+EqNfFcnfQIDNe9NxP+8VgzeWSfhQRQDC+j0IS8WGEI86Qv3uGQUxEgTQiXXf8V0QHRLoFs1dQn2/MqLpO6Ubats3zjFyuWsjjw6QIfoGNnoFFXQNaqiGqLoET2jV/RmPBkvxrvxOY3mjNnMPvoD4/sHrZGhPg==</latexit><latexit sha1_base64="fxrM0qFT2VT68uJ+VC0tJvvZQoE=">AAACInicbVDLSgMxFM3UVx1fVZdugq0gCGVmNupCKLpxWcE+oK0lk2ba0MyD5I5Qp/MtbvwVNy4UdSX4MabTLrT1QODknHNJ7nEjwRVY1peRW1peWV3Lr5sbm1vbO4XdvboKY0lZjYYilE2XKCZ4wGrAQbBmJBnxXcEa7vBq4jfumVQ8DG5hFLGOT/oB9zgloKVu4bxUMjluR4p3H/AJbnuS0MROEyfNtAQg1fJ4chnfOVkQX1jYLJW6haJVtjLgRWLPSBHNUO0WPtq9kMY+C4AKolTLtiLoJEQCp4KlZjtWLCJ0SPqspWlAfKY6SbZiio+00sNeKPUJAGfq74mE+EqNfFcnfQIDNe9NxP+8VgzeWSfhQRQDC+j0IS8WGEI86Qv3uGQUxEgTQiXXf8V0QHRLoFs1dQn2/MqLpO6Ubats3zjFyuWsjjw6QIfoGNnoFFXQNaqiGqLoET2jV/RmPBkvxrvxOY3mjNnMPvoD4/sHrZGhPg==</latexit><latexit sha1_base64="fxrM0qFT2VT68uJ+VC0tJvvZQoE=">AAACInicbVDLSgMxFM3UVx1fVZdugq0gCGVmNupCKLpxWcE+oK0lk2ba0MyD5I5Qp/MtbvwVNy4UdSX4MabTLrT1QODknHNJ7nEjwRVY1peRW1peWV3Lr5sbm1vbO4XdvboKY0lZjYYilE2XKCZ4wGrAQbBmJBnxXcEa7vBq4jfumVQ8DG5hFLGOT/oB9zgloKVu4bxUMjluR4p3H/AJbnuS0MROEyfNtAQg1fJ4chnfOVkQX1jYLJW6haJVtjLgRWLPSBHNUO0WPtq9kMY+C4AKolTLtiLoJEQCp4KlZjtWLCJ0SPqspWlAfKY6SbZiio+00sNeKPUJAGfq74mE+EqNfFcnfQIDNe9NxP+8VgzeWSfhQRQDC+j0IS8WGEI86Qv3uGQUxEgTQiXXf8V0QHRLoFs1dQn2/MqLpO6Ubats3zjFyuWsjjw6QIfoGNnoFFXQNaqiGqLoET2jV/RmPBkvxrvxOY3mjNnMPvoD4/sHrZGhPg==</latexit>



Outline

• Bathymetry effect

- an abrupt bathymetry change can freeze an Akhmediev Breather at max amplitude  
- simplified model with only 3 waves 
- experiment in a water tank

• Wind effect

- change between types of solutions 
- experiment in a water tank with wind turbine



A. Bendahmane et al. Opt. Lett. (2014)

Starting idea:  experiment in an optical fiber with varying dispersion

Dispersion coefficient

Uniform fiber

Dispersion varying fiber Evolution can be 
quasi-stabilized in space at 
maximal compression 

Akhmediev breather



Can we reproduce the stabilization in surface water waves?

Uneven bottom

Dispersion coefficient

Nonlinear coefficient

Group velocity

0 1 2 3 4 5 6 7 8
k h

-1.5
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-0.5

0

0.5

1

1.363
Djordjevic & Redekopp, J. Phys. Oc. (1978)



U = V exp
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Djordjevic & Redekopp J. Phys. Oc. (1978)

Derivation of a NLSE-like equation



Uneven bottom 

Lstep

Δh

before the depth change after the depth change

Δh << Lstep << Lnonlinear

Akhmediev breather Dnoidal



Spectrum

Matching NLS solutions

Akhmediev breather Dnoidal

Gomel et al. PRL (2021)

before the depth change after the depth change



Spectrum

Matching NLS solutions

Gomel et al. PRL (2021)

Akhmediev breather Dnoidal
before the depth change after the depth change



Simplified model: three-wave truncation

V (⇠, ⌧) = A0(⇠) +A1(⇠)e
i⌦⌧ +A�1(⇠)e

�i⌦⌧
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� = �

↵⌦2

�̃E
+ 1

�

<latexit sha1_base64="z89MMAwKP+tnVhj9G3lBdDSJ5S8="></latexit><latexit sha1_base64="z89MMAwKP+tnVhj9G3lBdDSJ5S8="></latexit><latexit sha1_base64="z89MMAwKP+tnVhj9G3lBdDSJ5S8="></latexit><latexit sha1_base64="z89MMAwKP+tnVhj9G3lBdDSJ5S8="></latexit>

⌘ =
|A1|2 + |A�1|2

E
<latexit sha1_base64="GwdKrYkdfEEk95cCG0qApIiv8y8=">AAACFHicbZDLSsNAFIYn9VbjLerSzWArCMWSdKMboSqCywr2Ak0Mk+mkHTq5MDMRSpqHcOOruHGhiFsX7nwbp20W2vrDwDf/OYeZ83sxo0Ka5rdWWFpeWV0rrusbm1vbO8buXktECcekiSMW8Y6HBGE0JE1JJSOdmBMUeIy0veHVpN5+IFzQKLyTo5g4AeqH1KcYSWW5RqVc1m0iETy3fY5wOr5wrfF9DVagovTEytQlS68zqJfLrlEyq+ZUcBGsHEogV8M1vuxehJOAhBIzJETXMmPppIhLihnJdDsRJEZ4iPqkqzBEARFOOl0qg0fK6UE/4uqEEk7d3xMpCoQYBZ7qDJAciPnaxPyv1k2kf+akNIwTSUI8e8hPGJQRnCQEe5QTLNlIAcKcqr9CPEAqHKly1FUI1vzKi9CqVS2zat3WSvXLPI4iOACH4BhY4BTUwQ1ogCbA4BE8g1fwpj1pL9q79jFrLWj5zD74I+3zB8T3m30=</latexit><latexit sha1_base64="GwdKrYkdfEEk95cCG0qApIiv8y8=">AAACFHicbZDLSsNAFIYn9VbjLerSzWArCMWSdKMboSqCywr2Ak0Mk+mkHTq5MDMRSpqHcOOruHGhiFsX7nwbp20W2vrDwDf/OYeZ83sxo0Ka5rdWWFpeWV0rrusbm1vbO8buXktECcekiSMW8Y6HBGE0JE1JJSOdmBMUeIy0veHVpN5+IFzQKLyTo5g4AeqH1KcYSWW5RqVc1m0iETy3fY5wOr5wrfF9DVagovTEytQlS68zqJfLrlEyq+ZUcBGsHEogV8M1vuxehJOAhBIzJETXMmPppIhLihnJdDsRJEZ4iPqkqzBEARFOOl0qg0fK6UE/4uqEEk7d3xMpCoQYBZ7qDJAciPnaxPyv1k2kf+akNIwTSUI8e8hPGJQRnCQEe5QTLNlIAcKcqr9CPEAqHKly1FUI1vzKi9CqVS2zat3WSvXLPI4iOACH4BhY4BTUwQ1ogCbA4BE8g1fwpj1pL9q79jFrLWj5zD74I+3zB8T3m30=</latexit><latexit sha1_base64="GwdKrYkdfEEk95cCG0qApIiv8y8=">AAACFHicbZDLSsNAFIYn9VbjLerSzWArCMWSdKMboSqCywr2Ak0Mk+mkHTq5MDMRSpqHcOOruHGhiFsX7nwbp20W2vrDwDf/OYeZ83sxo0Ka5rdWWFpeWV0rrusbm1vbO8buXktECcekiSMW8Y6HBGE0JE1JJSOdmBMUeIy0veHVpN5+IFzQKLyTo5g4AeqH1KcYSWW5RqVc1m0iETy3fY5wOr5wrfF9DVagovTEytQlS68zqJfLrlEyq+ZUcBGsHEogV8M1vuxehJOAhBIzJETXMmPppIhLihnJdDsRJEZ4iPqkqzBEARFOOl0qg0fK6UE/4uqEEk7d3xMpCoQYBZ7qDJAciPnaxPyv1k2kf+akNIwTSUI8e8hPGJQRnCQEe5QTLNlIAcKcqr9CPEAqHKly1FUI1vzKi9CqVS2zat3WSvXLPI4iOACH4BhY4BTUwQ1ogCbA4BE8g1fwpj1pL9q79jFrLWj5zD74I+3zB8T3m30=</latexit><latexit sha1_base64="GwdKrYkdfEEk95cCG0qApIiv8y8=">AAACFHicbZDLSsNAFIYn9VbjLerSzWArCMWSdKMboSqCywr2Ak0Mk+mkHTq5MDMRSpqHcOOruHGhiFsX7nwbp20W2vrDwDf/OYeZ83sxo0Ka5rdWWFpeWV0rrusbm1vbO8buXktECcekiSMW8Y6HBGE0JE1JJSOdmBMUeIy0veHVpN5+IFzQKLyTo5g4AeqH1KcYSWW5RqVc1m0iETy3fY5wOr5wrfF9DVagovTEytQlS68zqJfLrlEyq+ZUcBGsHEogV8M1vuxehJOAhBIzJETXMmPppIhLihnJdDsRJEZ4iPqkqzBEARFOOl0qg0fK6UE/4uqEEk7d3xMpCoQYBZ7qDJAciPnaxPyv1k2kf+akNIwTSUI8e8hPGJQRnCQEe5QTLNlIAcKcqr9CPEAqHKly1FUI1vzKi9CqVS2zat3WSvXLPI4iOACH4BhY4BTUwQ1ogCbA4BE8g1fwpj1pL9q79jFrLWj5zD74I+3zB8T3m30=</latexit>

 =
�1 + ��1

2
� �0

<latexit sha1_base64="04Hl0Qzncm/5G8nxTztu1yTUm4I=">AAACF3icbVDLSsNAFJ34rPEVdelmsBEEaUi60Y1QdOOygn1AE8JkOmmHTh7MTIQS8hdu/BU3LhRxqzv/xmmahbYeGObMOfdy554gZVRI2/7WVlbX1jc2a1v69s7u3r5xcNgVScYx6eCEJbwfIEEYjUlHUslIP+UERQEjvWByM/N7D4QLmsT3cpoSL0KjmIYUI6kk37BMU3dTQeEVdEOOcO6mY+o75+WVN5yiyJtFo3zZumn6Rt227BJwmTgVqYMKbd/4cocJziISS8yQEAPHTqWXIy4pZqTQ3UyQFOEJGpGBojGKiPDycq8CniplCMOEqxNLWKq/O3IUCTGNAlUZITkWi95M/M8bZDK89HIap5kkMZ4PCjMGZQJnIcEh5QRLNlUEYU7VXyEeIxWPVFHqKgRnceVl0m1ajm05d81667qKowaOwQk4Aw64AC1wC9qgAzB4BM/gFbxpT9qL9q59zEtXtKrnCPyB9vkDE9mdWw==</latexit><latexit sha1_base64="04Hl0Qzncm/5G8nxTztu1yTUm4I=">AAACF3icbVDLSsNAFJ34rPEVdelmsBEEaUi60Y1QdOOygn1AE8JkOmmHTh7MTIQS8hdu/BU3LhRxqzv/xmmahbYeGObMOfdy554gZVRI2/7WVlbX1jc2a1v69s7u3r5xcNgVScYx6eCEJbwfIEEYjUlHUslIP+UERQEjvWByM/N7D4QLmsT3cpoSL0KjmIYUI6kk37BMU3dTQeEVdEOOcO6mY+o75+WVN5yiyJtFo3zZumn6Rt227BJwmTgVqYMKbd/4cocJziISS8yQEAPHTqWXIy4pZqTQ3UyQFOEJGpGBojGKiPDycq8CniplCMOEqxNLWKq/O3IUCTGNAlUZITkWi95M/M8bZDK89HIap5kkMZ4PCjMGZQJnIcEh5QRLNlUEYU7VXyEeIxWPVFHqKgRnceVl0m1ajm05d81667qKowaOwQk4Aw64AC1wC9qgAzB4BM/gFbxpT9qL9q59zEtXtKrnCPyB9vkDE9mdWw==</latexit><latexit sha1_base64="04Hl0Qzncm/5G8nxTztu1yTUm4I=">AAACF3icbVDLSsNAFJ34rPEVdelmsBEEaUi60Y1QdOOygn1AE8JkOmmHTh7MTIQS8hdu/BU3LhRxqzv/xmmahbYeGObMOfdy554gZVRI2/7WVlbX1jc2a1v69s7u3r5xcNgVScYx6eCEJbwfIEEYjUlHUslIP+UERQEjvWByM/N7D4QLmsT3cpoSL0KjmIYUI6kk37BMU3dTQeEVdEOOcO6mY+o75+WVN5yiyJtFo3zZumn6Rt227BJwmTgVqYMKbd/4cocJziISS8yQEAPHTqWXIy4pZqTQ3UyQFOEJGpGBojGKiPDycq8CniplCMOEqxNLWKq/O3IUCTGNAlUZITkWi95M/M8bZDK89HIap5kkMZ4PCjMGZQJnIcEh5QRLNlUEYU7VXyEeIxWPVFHqKgRnceVl0m1ajm05d81667qKowaOwQk4Aw64AC1wC9qgAzB4BM/gFbxpT9qL9q59zEtXtKrnCPyB9vkDE9mdWw==</latexit><latexit sha1_base64="04Hl0Qzncm/5G8nxTztu1yTUm4I=">AAACF3icbVDLSsNAFJ34rPEVdelmsBEEaUi60Y1QdOOygn1AE8JkOmmHTh7MTIQS8hdu/BU3LhRxqzv/xmmahbYeGObMOfdy554gZVRI2/7WVlbX1jc2a1v69s7u3r5xcNgVScYx6eCEJbwfIEEYjUlHUslIP+UERQEjvWByM/N7D4QLmsT3cpoSL0KjmIYUI6kk37BMU3dTQeEVdEOOcO6mY+o75+WVN5yiyJtFo3zZumn6Rt227BJwmTgVqYMKbd/4cocJziISS8yQEAPHTqWXIy4pZqTQ3UyQFOEJGpGBojGKiPDycq8CniplCMOEqxNLWKq/O3IUCTGNAlUZITkWi95M/M8bZDK89HIap5kkMZ4PCjMGZQJnIcEh5QRLNlUEYU7VXyEeIxWPVFHqKgRnceVl0m1ajm05d81667qKowaOwQk4Aw64AC1wC9qgAzB4BM/gFbxpT9qL9q59zEtXtKrnCPyB9vkDE9mdWw==</latexit>

Conversion rate 
to sidebands:

Relative phase:

H( , ⌘) = ⌘(⌘ � 1) cos(2 ) +
3⌘2

4
+ �⌘

<latexit sha1_base64="ctjf3NB1AmaIv58Rw0puWFZB2SA="></latexit><latexit sha1_base64="ctjf3NB1AmaIv58Rw0puWFZB2SA="></latexit><latexit sha1_base64="ctjf3NB1AmaIv58Rw0puWFZB2SA="></latexit><latexit sha1_base64="ctjf3NB1AmaIv58Rw0puWFZB2SA="></latexit>

E = |A0|2 + |A1|2 + |A�1|2
<latexit sha1_base64="RzpA79k6Wyw7dO38PUgN7o7OkJ4=">AAACEXicbZDLSsNAFIYnXmu8RV26GWyEgliSbnQjVEVwWcFeoI1hMp20QycXZiZCSfsKbnwVNy4UcevOnW/jpA2irT8MfPOfc5g5vxczKqRlfWkLi0vLK6uFNX19Y3Nr29jZbYgo4ZjUccQi3vKQIIyGpC6pZKQVc4ICj5GmN7jM6s17wgWNwls5jIkToF5IfYqRVJZrlExTv4JncHTuWqO7CjzKyP6h9Ngeq4tumq5RtMrWRHAe7ByKIFfNNT473QgnAQklZkiItm3F0kkRlxQzMtY7iSAxwgPUI22FIQqIcNLJRmN4qJwu9COuTijhxP09kaJAiGHgqc4Ayb6YrWXmf7V2Iv1TJ6VhnEgS4ulDfsKgjGAWD+xSTrBkQwUIc6r+CnEfcYSlClFXIdizK89Do1K2rbJ9UylWL/I4CmAfHIASsMEJqIJrUAN1gMEDeAIv4FV71J61N+192rqg5TN74I+0j2/di5ik</latexit><latexit sha1_base64="RzpA79k6Wyw7dO38PUgN7o7OkJ4=">AAACEXicbZDLSsNAFIYnXmu8RV26GWyEgliSbnQjVEVwWcFeoI1hMp20QycXZiZCSfsKbnwVNy4UcevOnW/jpA2irT8MfPOfc5g5vxczKqRlfWkLi0vLK6uFNX19Y3Nr29jZbYgo4ZjUccQi3vKQIIyGpC6pZKQVc4ICj5GmN7jM6s17wgWNwls5jIkToF5IfYqRVJZrlExTv4JncHTuWqO7CjzKyP6h9Ngeq4tumq5RtMrWRHAe7ByKIFfNNT473QgnAQklZkiItm3F0kkRlxQzMtY7iSAxwgPUI22FIQqIcNLJRmN4qJwu9COuTijhxP09kaJAiGHgqc4Ayb6YrWXmf7V2Iv1TJ6VhnEgS4ulDfsKgjGAWD+xSTrBkQwUIc6r+CnEfcYSlClFXIdizK89Do1K2rbJ9UylWL/I4CmAfHIASsMEJqIJrUAN1gMEDeAIv4FV71J61N+192rqg5TN74I+0j2/di5ik</latexit><latexit sha1_base64="RzpA79k6Wyw7dO38PUgN7o7OkJ4=">AAACEXicbZDLSsNAFIYnXmu8RV26GWyEgliSbnQjVEVwWcFeoI1hMp20QycXZiZCSfsKbnwVNy4UcevOnW/jpA2irT8MfPOfc5g5vxczKqRlfWkLi0vLK6uFNX19Y3Nr29jZbYgo4ZjUccQi3vKQIIyGpC6pZKQVc4ICj5GmN7jM6s17wgWNwls5jIkToF5IfYqRVJZrlExTv4JncHTuWqO7CjzKyP6h9Ngeq4tumq5RtMrWRHAe7ByKIFfNNT473QgnAQklZkiItm3F0kkRlxQzMtY7iSAxwgPUI22FIQqIcNLJRmN4qJwu9COuTijhxP09kaJAiGHgqc4Ayb6YrWXmf7V2Iv1TJ6VhnEgS4ulDfsKgjGAWD+xSTrBkQwUIc6r+CnEfcYSlClFXIdizK89Do1K2rbJ9UylWL/I4CmAfHIASsMEJqIJrUAN1gMEDeAIv4FV71J61N+192rqg5TN74I+0j2/di5ik</latexit><latexit sha1_base64="RzpA79k6Wyw7dO38PUgN7o7OkJ4=">AAACEXicbZDLSsNAFIYnXmu8RV26GWyEgliSbnQjVEVwWcFeoI1hMp20QycXZiZCSfsKbnwVNy4UcevOnW/jpA2irT8MfPOfc5g5vxczKqRlfWkLi0vLK6uFNX19Y3Nr29jZbYgo4ZjUccQi3vKQIIyGpC6pZKQVc4ICj5GmN7jM6s17wgWNwls5jIkToF5IfYqRVJZrlExTv4JncHTuWqO7CjzKyP6h9Ngeq4tumq5RtMrWRHAe7ByKIFfNNT473QgnAQklZkiItm3F0kkRlxQzMtY7iSAxwgPUI22FIQqIcNLJRmN4qJwu9COuTijhxP09kaJAiGHgqc4Ayb6YrWXmf7V2Iv1TJ6VhnEgS4ulDfsKgjGAWD+xSTrBkQwUIc6r+CnEfcYSlClFXIdizK89Do1K2rbJ9UylWL/I4CmAfHIASsMEJqIJrUAN1gMEDeAIv4FV71J61N+192rqg5TN74I+0j2/di5ik</latexit>

Trillo & Wabnitz Opt. Lett. (1991)
Armaroli, Brunetti, Kasparian PRE (2017)

with: 



Simplified model: three-wave truncation

⌘ =
|A1|2 + |A�1|2

E
<latexit sha1_base64="GwdKrYkdfEEk95cCG0qApIiv8y8=">AAACFHicbZDLSsNAFIYn9VbjLerSzWArCMWSdKMboSqCywr2Ak0Mk+mkHTq5MDMRSpqHcOOruHGhiFsX7nwbp20W2vrDwDf/OYeZ83sxo0Ka5rdWWFpeWV0rrusbm1vbO8buXktECcekiSMW8Y6HBGE0JE1JJSOdmBMUeIy0veHVpN5+IFzQKLyTo5g4AeqH1KcYSWW5RqVc1m0iETy3fY5wOr5wrfF9DVagovTEytQlS68zqJfLrlEyq+ZUcBGsHEogV8M1vuxehJOAhBIzJETXMmPppIhLihnJdDsRJEZ4iPqkqzBEARFOOl0qg0fK6UE/4uqEEk7d3xMpCoQYBZ7qDJAciPnaxPyv1k2kf+akNIwTSUI8e8hPGJQRnCQEe5QTLNlIAcKcqr9CPEAqHKly1FUI1vzKi9CqVS2zat3WSvXLPI4iOACH4BhY4BTUwQ1ogCbA4BE8g1fwpj1pL9q79jFrLWj5zD74I+3zB8T3m30=</latexit><latexit sha1_base64="GwdKrYkdfEEk95cCG0qApIiv8y8=">AAACFHicbZDLSsNAFIYn9VbjLerSzWArCMWSdKMboSqCywr2Ak0Mk+mkHTq5MDMRSpqHcOOruHGhiFsX7nwbp20W2vrDwDf/OYeZ83sxo0Ka5rdWWFpeWV0rrusbm1vbO8buXktECcekiSMW8Y6HBGE0JE1JJSOdmBMUeIy0veHVpN5+IFzQKLyTo5g4AeqH1KcYSWW5RqVc1m0iETy3fY5wOr5wrfF9DVagovTEytQlS68zqJfLrlEyq+ZUcBGsHEogV8M1vuxehJOAhBIzJETXMmPppIhLihnJdDsRJEZ4iPqkqzBEARFOOl0qg0fK6UE/4uqEEk7d3xMpCoQYBZ7qDJAciPnaxPyv1k2kf+akNIwTSUI8e8hPGJQRnCQEe5QTLNlIAcKcqr9CPEAqHKly1FUI1vzKi9CqVS2zat3WSvXLPI4iOACH4BhY4BTUwQ1ogCbA4BE8g1fwpj1pL9q79jFrLWj5zD74I+3zB8T3m30=</latexit><latexit sha1_base64="GwdKrYkdfEEk95cCG0qApIiv8y8=">AAACFHicbZDLSsNAFIYn9VbjLerSzWArCMWSdKMboSqCywr2Ak0Mk+mkHTq5MDMRSpqHcOOruHGhiFsX7nwbp20W2vrDwDf/OYeZ83sxo0Ka5rdWWFpeWV0rrusbm1vbO8buXktECcekiSMW8Y6HBGE0JE1JJSOdmBMUeIy0veHVpN5+IFzQKLyTo5g4AeqH1KcYSWW5RqVc1m0iETy3fY5wOr5wrfF9DVagovTEytQlS68zqJfLrlEyq+ZUcBGsHEogV8M1vuxehJOAhBIzJETXMmPppIhLihnJdDsRJEZ4iPqkqzBEARFOOl0qg0fK6UE/4uqEEk7d3xMpCoQYBZ7qDJAciPnaxPyv1k2kf+akNIwTSUI8e8hPGJQRnCQEe5QTLNlIAcKcqr9CPEAqHKly1FUI1vzKi9CqVS2zat3WSvXLPI4iOACH4BhY4BTUwQ1ogCbA4BE8g1fwpj1pL9q79jFrLWj5zD74I+3zB8T3m30=</latexit><latexit sha1_base64="GwdKrYkdfEEk95cCG0qApIiv8y8=">AAACFHicbZDLSsNAFIYn9VbjLerSzWArCMWSdKMboSqCywr2Ak0Mk+mkHTq5MDMRSpqHcOOruHGhiFsX7nwbp20W2vrDwDf/OYeZ83sxo0Ka5rdWWFpeWV0rrusbm1vbO8buXktECcekiSMW8Y6HBGE0JE1JJSOdmBMUeIy0veHVpN5+IFzQKLyTo5g4AeqH1KcYSWW5RqVc1m0iETy3fY5wOr5wrfF9DVagovTEytQlS68zqJfLrlEyq+ZUcBGsHEogV8M1vuxehJOAhBIzJETXMmPppIhLihnJdDsRJEZ4iPqkqzBEARFOOl0qg0fK6UE/4uqEEk7d3xMpCoQYBZ7qDJAciPnaxPyv1k2kf+akNIwTSUI8e8hPGJQRnCQEe5QTLNlIAcKcqr9CPEAqHKly1FUI1vzKi9CqVS2zat3WSvXLPI4iOACH4BhY4BTUwQ1ogCbA4BE8g1fwpj1pL9q79jFrLWj5zD74I+3zB8T3m30=</latexit>

 =
�1 + ��1

2
� �0

<latexit sha1_base64="04Hl0Qzncm/5G8nxTztu1yTUm4I=">AAACF3icbVDLSsNAFJ34rPEVdelmsBEEaUi60Y1QdOOygn1AE8JkOmmHTh7MTIQS8hdu/BU3LhRxqzv/xmmahbYeGObMOfdy554gZVRI2/7WVlbX1jc2a1v69s7u3r5xcNgVScYx6eCEJbwfIEEYjUlHUslIP+UERQEjvWByM/N7D4QLmsT3cpoSL0KjmIYUI6kk37BMU3dTQeEVdEOOcO6mY+o75+WVN5yiyJtFo3zZumn6Rt227BJwmTgVqYMKbd/4cocJziISS8yQEAPHTqWXIy4pZqTQ3UyQFOEJGpGBojGKiPDycq8CniplCMOEqxNLWKq/O3IUCTGNAlUZITkWi95M/M8bZDK89HIap5kkMZ4PCjMGZQJnIcEh5QRLNlUEYU7VXyEeIxWPVFHqKgRnceVl0m1ajm05d81667qKowaOwQk4Aw64AC1wC9qgAzB4BM/gFbxpT9qL9q59zEtXtKrnCPyB9vkDE9mdWw==</latexit><latexit sha1_base64="04Hl0Qzncm/5G8nxTztu1yTUm4I=">AAACF3icbVDLSsNAFJ34rPEVdelmsBEEaUi60Y1QdOOygn1AE8JkOmmHTh7MTIQS8hdu/BU3LhRxqzv/xmmahbYeGObMOfdy554gZVRI2/7WVlbX1jc2a1v69s7u3r5xcNgVScYx6eCEJbwfIEEYjUlHUslIP+UERQEjvWByM/N7D4QLmsT3cpoSL0KjmIYUI6kk37BMU3dTQeEVdEOOcO6mY+o75+WVN5yiyJtFo3zZumn6Rt227BJwmTgVqYMKbd/4cocJziISS8yQEAPHTqWXIy4pZqTQ3UyQFOEJGpGBojGKiPDycq8CniplCMOEqxNLWKq/O3IUCTGNAlUZITkWi95M/M8bZDK89HIap5kkMZ4PCjMGZQJnIcEh5QRLNlUEYU7VXyEeIxWPVFHqKgRnceVl0m1ajm05d81667qKowaOwQk4Aw64AC1wC9qgAzB4BM/gFbxpT9qL9q59zEtXtKrnCPyB9vkDE9mdWw==</latexit><latexit sha1_base64="04Hl0Qzncm/5G8nxTztu1yTUm4I=">AAACF3icbVDLSsNAFJ34rPEVdelmsBEEaUi60Y1QdOOygn1AE8JkOmmHTh7MTIQS8hdu/BU3LhRxqzv/xmmahbYeGObMOfdy554gZVRI2/7WVlbX1jc2a1v69s7u3r5xcNgVScYx6eCEJbwfIEEYjUlHUslIP+UERQEjvWByM/N7D4QLmsT3cpoSL0KjmIYUI6kk37BMU3dTQeEVdEOOcO6mY+o75+WVN5yiyJtFo3zZumn6Rt227BJwmTgVqYMKbd/4cocJziISS8yQEAPHTqWXIy4pZqTQ3UyQFOEJGpGBojGKiPDycq8CniplCMOEqxNLWKq/O3IUCTGNAlUZITkWi95M/M8bZDK89HIap5kkMZ4PCjMGZQJnIcEh5QRLNlUEYU7VXyEeIxWPVFHqKgRnceVl0m1ajm05d81667qKowaOwQk4Aw64AC1wC9qgAzB4BM/gFbxpT9qL9q59zEtXtKrnCPyB9vkDE9mdWw==</latexit><latexit sha1_base64="04Hl0Qzncm/5G8nxTztu1yTUm4I=">AAACF3icbVDLSsNAFJ34rPEVdelmsBEEaUi60Y1QdOOygn1AE8JkOmmHTh7MTIQS8hdu/BU3LhRxqzv/xmmahbYeGObMOfdy554gZVRI2/7WVlbX1jc2a1v69s7u3r5xcNgVScYx6eCEJbwfIEEYjUlHUslIP+UERQEjvWByM/N7D4QLmsT3cpoSL0KjmIYUI6kk37BMU3dTQeEVdEOOcO6mY+o75+WVN5yiyJtFo3zZumn6Rt227BJwmTgVqYMKbd/4cocJziISS8yQEAPHTqWXIy4pZqTQ3UyQFOEJGpGBojGKiPDycq8CniplCMOEqxNLWKq/O3IUCTGNAlUZITkWi95M/M8bZDK89HIap5kkMZ4PCjMGZQJnIcEh5QRLNlUEYU7VXyEeIxWPVFHqKgRnceVl0m1ajm05d81667qKowaOwQk4Aw64AC1wC9qgAzB4BM/gFbxpT9qL9q59zEtXtKrnCPyB9vkDE9mdWw==</latexit>

Conversion rate 
to sidebands:

Relative phase:
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Trillo & Wabnitz Opt. Lett. (1991)
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Simplified model: three-wave truncation
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Outside the separatrix: 
P2 orbits

Separatrix: Akhmediev Breather

Inside the separatrix: P1 orbits

Trillo & Wabnitz Opt. Lett. (1991)
Armaroli, Brunetti, Kasparian PRE (2017)
Eeltink et al. Nonlin. Dyn. (2020)



SEPARATRIX: 
AKHMEDIEV BREATHER

CENTERS:
DNOIDAL

H

Simplified model: three-wave truncation

Trillo & Wabnitz Opt. Lett. (1991)
Armaroli, Brunetti, Kasparian PRE (2017)



Phase space evolution

Matching condition between AB and dnoidal detuning: ⌦dn = 2(⌦AB � 1)
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Gomel et al. PRL (2021)



Phase space evolution
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⌦dn = 2(⌦AB � 1)
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Experiments in the water tank at The University of Sydney 
by Alexis Gomel & Amin Chabchoub

30 m

Absorbing 
beach

Piston-type 
wave maker

• Water wave flume with artificial floor setup
• 8 wave gauges 
• Water depth varied from h = 32.4 cm to 55.2 cm 
• Δh << Lstep << Lnonlinear to prevent spurious reflections 



Experiments in the water tank

Gomel et al. PRL (2021)

with step without step



Experiments in Sydney vs numerical simulations 

Gomel et al. PRL (2021)

Evolution in 3-wave phase space

without step

with step
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Experiments in the wind-wave facility at 
IRPHE/PYTHEAS (Luminy) Aix Marseille University
by Debbie Eeltink, Huber Branger & Christopher Luneau 

Eeltink et al. Nonlin. Dyn. (2020)



Wind effect: separatrix crossing

SIMULATION EXPERIMENT

WIND OFF: 
outside the separatrix

P2 orbit

Eeltink et al. Nonlin. Dyn. (2020)



Wind effect: separatrix crossing

SIMULATION EXPERIMENT

WIND ON: 
inside the separatrix 

P1 orbit

Eeltink et al. Nonlin. Dyn. (2020)



Conclusions

1. Phase space manipolation: 
bathymetry is changed to obtain a shift toward a stable state

2.     The experiment is described sufficiently well by the NLS framework:
- dissipation & high-order terms are small in one recurrence cycle
- reflections can be controlled by choosing a mild slope 
𝛥h << Lstep << Lnonlinear

3.    Separatrix crossing: example of wind forcing

4.    Main physical processes are described by NLS and three-wave approximation: 
integrable equation, construction of whole families of solutions, 
many possibilities for matching  

5.   The same procedure can be applied to other systems 
(for example KdV, see Binder, Vanden-Broeck & Dias, Chaos (2005)) 
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