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Variational Quantum Algorithms
Example: the Variational Quantum Eigensolver

• Objective: Finding the ground state of a given -spins Hamiltonian


        with   

N

Ĥ = ∑
α

wα
̂Pα

̂Pα ∈ {1̂, X̂, ̂Y, ̂Z}
⊗N

• Variational state 


,|ϕθ⟩ = Û (θ) |0⟩⊗N

• Parameterized unitary


 ,     Û (θ) =
M

∏
i=1

(e−i θi
2 P̂i) Ŵi

̂Pi ∈ {X̂, ̂Y, ̂Z}
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Variational Quantum Algorithms
Training of the ansatz

• Minimization of the energy


 E (θ) = ⟨ϕθ | Ĥ |ϕθ⟩ , θ* = argmin E (θ)
• Initialisation: random choice   θ0 ∼ ℙ (dθ0)
• Gradient descent 

               ,  

       

θk+1 θk − η∇θE (θk)
∂iE (θ) =

1
2 (E (θ +

π
2

ei) − E (θ −
π
2

ei)) Gradient descent in the energy landscape
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The Barren Plateaus phenomenon

McClean et al., “Barren plateaus in quantum neural network training landscapes’’, Nat. Commun. (2018)
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Trainability and Barren Plateaus
The Barren Plateaus phenomenon

• Exponential vanishing of the energy gradient:

𝔼θ [∂iE (θ)2] ∼ 𝒪 ( 1
2N ) ⟹ ℙ ( ∂iE (θ) ≥ ϵ) ≤ 𝒪 ( ϵ2

2N )
• Ansatz difficult to train!

      ∇E (θ) ≃ 0 ⟹ θk+1 ≃ θk

• Multiple origins:  
  Noise, expressivity, entanglement, global cost functions …

McClean et al., “Barren plateaus in quantum neural network training landscapes’’, Nat. Commun. (2018)

Flat energy landscape
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Trainability and Barren Plateaus
How to estimate the trainability ?

• Avoiding barren plateaus: Specific ansatz architectures and initialization methods

• Estimating the average gradient amplitude


   𝔼 [∂iE (θ)2] ≃
1
K

K

∑
j=1

∂iE (θj)
2

• Classical simulation complexity  
           Too costly!

∼ 𝒪 (2N)
⟹
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Interlude: Clifford circuits

• Clifford gates: gates mapping Pauli operators to Pauli operators


,   with  Û ∈ CN ⟺ Û† ̂PÛ = P̂′￼
̂P, P̂′￼ ∈ {1̂, X̂, ̂Y, ̂Z}

⊗N

• Example: X, Y and Z rotations with   θ ∈ {−
π
2

, 0,
π
2

, π}
• Classical simulation of Clifford circuits: 

        complexity ∼ 𝒪 (Np)

Bloch sphere
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Using Clifford circuits to estimate averages
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Aaronson and Gottesman, “Improved simulation of stabiliser circuits”, PRA (2004)
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Efficient estimation of the trainability
Using Clifford circuits to estimate averages

• Under some conditions, sampling Clifford angles is enough to estimate average 
quantities: 


• One can estimate the trainability with a complexity ∼ 𝒪 (NpMq)

Clifford circuits
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Efficient estimation of the trainability
Physical intuition: decoherence

|ϕ⟩ = R̂Z (θ) |+⟩ =
1

2
( |0⟩ + eiθ |1⟩)

|ϕj⟩ = R̂Z (θj) |+⟩ , j = 1, … , K

̂ρ =
1
K

K

∑
j=1

|ϕj⟩⟨ϕj |

1

2
( |0⟩ + |1⟩) ̂ρ ≃

1
2 ( |0⟩⟨0 | + |1⟩⟨1 |)
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Perspectives

• The method can be used to evaluate many average quantities

• Limited to independent rotations and fixed Clifford gates

• Current investigations:  
  Optimisation of the circuit architecture using reinforcement learning methods
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Thank you !

“Efficient estimation of trainability for Variational Quantum Circuits’’,

V. Heyraud, Z. Li, K. Donatella, A. Le Boité, and C. Ciuti, arXiv:2302.04649

Paper available on arXiv !


