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Optimal control of Bose-Einstein 
Condensates in an optical lattice

Bose-Einstein Condensate in a modulated 1D optical lattice

𝑘𝑘𝐿𝐿 = 2𝜋𝜋
𝑑𝑑

, 𝐸𝐸𝐿𝐿 = ℏ2𝑘𝑘𝐿𝐿
2

2𝑚𝑚

ℓ : plane waves ∝ 𝑒𝑒𝑖𝑖ℓ𝑘𝑘𝐿𝐿𝑥𝑥
𝑐𝑐ℓ ∈ ℂ and ∑ℓ 𝑐𝑐ℓ 2 = 1
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Gradient Ascent algorithm to maximise 𝑯𝑯𝑷𝑷 ∶

𝜹𝜹𝝋𝝋𝒊𝒊 = 𝝐𝝐
𝝏𝝏𝑯𝑯𝑷𝑷(𝒊𝒊)
𝝏𝝏𝝋𝝋𝒊𝒊

For 1 iteration,
step i

Correction factor > 0

(1) Initialize all {𝜑𝜑𝑖𝑖}

(2) Using  𝓗𝓗 {𝜑𝜑𝑖𝑖} , evolve :
Ψ(0) → 𝛹𝛹(𝑡𝑡𝑜𝑜𝑜𝑜)
𝑝𝑝(𝑡𝑡𝑜𝑜𝑜𝑜) → p(0)

(3) Calculate corrections {𝛿𝛿𝜑𝜑𝑖𝑖} for all 𝑖𝑖.

(4) Calculate new fidelity 𝐹𝐹. 
Loop until 𝐹𝐹 is maximized
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Control in phase space [3]• Control field : phase 𝜑𝜑 𝑡𝑡
• Precise calibration of depth 𝑠𝑠

Control of momentum distribution

e.g. create all 128 equal-weights
superpositions of 7 central orders

𝑭𝑭 = 𝚿𝚿(𝐭𝐭𝒐𝒐𝒐𝒐) 𝚿𝚿𝑻𝑻
𝟐𝟐

Optimal field maximizes Pontryagin’s Hamiltonian :

𝑡𝑡𝑜𝑜𝑜𝑜 = 𝑁𝑁Δ𝑡𝑡

𝑑𝑑 = 532 𝑛𝑛𝑛𝑛

𝒔𝒔𝒔𝒔𝑳𝑳

Quantum optimal control (QOC)

Experimental system
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Measurement :
Momentum distribution 𝑐𝑐ℓ 2

after time-of-flight (TOF)

Spatial periodicity of the wavefunction ↔ discrete distribution in momentum space

Protocol and first experiments [2]

Application to quantum simulation  [3]
Enhancement of dynamical tunneling signal

𝜑𝜑 : piecewise constant 𝜑𝜑𝑖𝑖
over N time steps Δt

Full quantum state reconstruction [3]

Fidelity 𝑭𝑭 = 𝜳𝜳𝑻𝑻 �𝝆𝝆𝑴𝑴𝑳𝑳 𝜳𝜳𝑻𝑻 Purity 𝜸𝜸 = tr(�𝝆𝝆𝑴𝑴𝑳𝑳𝟐𝟐 )

𝑯𝑯𝑷𝑷(𝒕𝒕) = 𝑹𝑹𝑹𝑹 ⟨𝒑𝒑(𝒕𝒕)|�̇�𝚿(𝒕𝒕)⟩

𝚿𝚿 = �
ℓ

𝒐𝒐ℓ ℓ

𝓗𝓗 𝒙𝒙,𝒑𝒑, 𝒕𝒕 =
𝒑𝒑𝟐𝟐

𝟐𝟐𝟐𝟐
+ 𝑽𝑽 𝒙𝒙, 𝒕𝒕 =

𝒑𝒑𝟐𝟐

𝟐𝟐𝟐𝟐
−
𝒔𝒔 𝒔𝒔𝑳𝑳
𝟐𝟐

𝐜𝐜𝐜𝐜𝐬𝐬 𝒌𝒌𝑳𝑳𝒙𝒙 + 𝝋𝝋 𝒕𝒕

−𝜑𝜑 𝑡𝑡 /𝑘𝑘𝐿𝐿
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𝑉𝑉 𝑥𝑥, 𝑡𝑡 = −
𝑠𝑠 𝐸𝐸𝐿𝐿

2
1 + 𝜀𝜀cos 2𝜋𝜋𝑡𝑡/𝑇𝑇 cos 𝑘𝑘𝐿𝐿𝑥𝑥 + 𝜑𝜑 𝑡𝑡
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Stroboscopic phase space

Classical trajectories :
chaotic or regular
A particle observed every 2𝑇𝑇
stays on a regular island

Quantum particles undergo dynamical tunneling [4]

Outlook

• Quantum sensing :

Amplitude-modulated lattice

Gaussian states ⟩|𝑔𝑔(𝑥𝑥0,𝑝𝑝0) centered in (𝑥𝑥0, 𝑝𝑝0) :

⟩|𝑔𝑔(𝑥𝑥0,𝑝𝑝0) = 𝒩𝒩�
ℓ

𝑒𝑒−𝑖𝑖ℓ𝑥𝑥0 𝑒𝑒− ℓ−𝑝𝑝0 2/ 𝑠𝑠 ⟩|ℓ

𝐻𝐻 �𝜌𝜌 𝑥𝑥0,𝑝𝑝0 =
1

2𝜋𝜋
𝑔𝑔(𝑥𝑥0,𝑝𝑝0) �𝜌𝜌 𝑔𝑔(𝑥𝑥0, 𝑝𝑝0)

1/𝜉𝜉 = 0.44
𝐹𝐹 = 0.99
𝛾𝛾 = 1

1/𝜉𝜉 = 0.62
𝐹𝐹 = 0.96
𝛾𝛾 = 1

1/𝜉𝜉 = 1.65
𝐹𝐹 = 0.98
𝛾𝛾 = 1

1/𝜉𝜉 = 2.75
𝐹𝐹 = 0.93
𝛾𝛾 = 0.92

1/𝜉𝜉 = 4.34
𝐹𝐹 = 0.75
𝛾𝛾 = 0.72

Squeezing 𝜉𝜉 at depth 𝑠𝑠 equivalent 
to ground state at depth 𝑠𝑠eff = 𝑠𝑠/𝜉𝜉4

𝑠𝑠 = 5.62 ± 0.25
𝒔𝒔𝑹𝑹𝒆𝒆𝒆𝒆 = 𝟐𝟐𝟐𝟐𝟐𝟐𝟐𝟐

Maximum likelihood algorithm
Iteratively find density matrix �ρML
maximizing likelihood

ℒ �𝜌𝜌 = ∏𝑗𝑗 𝜋𝜋𝑗𝑗𝑓𝑓𝑗𝑗

𝑓𝑓𝑗𝑗 = measured frequencies

𝜋𝜋𝑗𝑗 = theoretical probabilities

Schrödinger equation  : 𝒊𝒊ℏ|�̇�𝚿⟩ = 𝓗𝓗 𝝋𝝋 𝒕𝒕 |𝚿𝚿⟩

Discretization of the field : 

Pontryagin’s Maximum Principle (PMP) :  

Goal : find the control field 𝝋𝝋 𝒕𝒕 maximising the fidelity 𝑭𝑭 to a target 𝜳𝜳𝑻𝑻

loading control TOF

time
0 𝒕𝒕𝑶𝑶𝑶𝑶

Use measurements of free evolution
in static lattice after preparation

|𝑝𝑝⟩ = adjoint state : - obeys the Schrödinger equation 
- final condition 𝑝𝑝(𝑡𝑡𝑜𝑜𝑜𝑜) = 𝜕𝜕𝐹𝐹

𝜕𝜕⟨𝛹𝛹(𝑡𝑡𝑜𝑜𝑜𝑜)|

Lattice cell

Phase space (s=4)

𝑔𝑔 0,0 ≃
ground

state
Husimi quasi-distribution :

Prepare and reconstruct squeezed states
Gaussian states with Δ𝑥𝑥 = 𝜉𝜉Δ𝑥𝑥ground

Reach non trivial states
faster than adiabatic protocol

𝑡𝑡𝑂𝑂𝑂𝑂 < 2𝑇𝑇0, 𝑇𝑇0 ∼ trap period

𝐻𝐻 𝑔𝑔 0,0
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Measurement

Rotation in phase-space
exchange 𝑥𝑥 ↔ 𝑝𝑝

‟loading the islandʺ is key (initial state)

Initial state = 
shifted ground state

Initial state = 
optimal Floquet superposition

• Extension to the optimization of a 
unitary transform/Floquet operator

Maximize separation of states for 
close values of a parameter
e.g. magnetic field gradient 𝜆𝜆

One approach : optimize Fisher 
information, quantum (QFI) or 
classical (CFI)

Quantum optimal control is a framework under which the controlled dynamics of
a quantum system can be made to satisfy a number of constraints. It is a
promising direction for quantum simulation – for state and dynamics
engineering, or for characterization or sensing of quantum systems [1].
We perform optimal control of the quantum state of a Bose-Einstein condensate
of 87Rb atoms in a one-dimensional optical lattice. We prepare a broad range of
quantum state that we fully characterize. This enables further use of optimal
control for quantum simulation and sensing with cold atoms on a lattice.

𝚿𝚿 𝒙𝒙 𝟐𝟐
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