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When geometry affects quantum fluctuations

Casimir (1948) 
Ruser (2007)

Bertlmann (2001)

Gravitational anomalies  
of relativistic field theories 

Anomalous vacuum fluctuations 
induced by geometrical confinement

Casimir effect
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Massless relativistic particles in materials

vacuum fluctuations ↔ massless relativistic particles 

D=1+1

Luttinger liquid

Quantum wires Nanotubes

ϵF

ϵk

k

H(k) = σz k

Graphene
D=2+1

H(k) = σx kx + σy ky

D=3+1
Dirac and Weyl 
semimetals     

H(k) = σx kx + σy ky + σz kz



Luttinger Trick (1964)
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J.M.Luttinger

6



Luttinger Trick (1964)
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J.M.Luttinger



… based on the Tolman-Ehrenfest theorem
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P. EhrenfestR.C. Tolman

Inhomogeneous equilibrium temperature 


 ,    T(x) = T0
g00(x0)
g00(x)

T0 = T (x0)
Curved spacetime  

 ds2 = g00(x)v2
F dt2 − dx2

Thermal equilibrium in a curved spacetime (here in D=1+1)



… based on the Tolman-Ehrenfest theorem
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= +
Inhomogeneous   T(x)

Curved Spacetime  

 ds2 = ( T0

T(x) )
2

v2
F dt2 − dx2

Equilibrium, Jε = 0

 T(x)  T(x)  T(x) = T0

R.C Tolman and P. Ehrenfest (1930)

Inhomogeneous  T(x)

Flat Spacetime 


  ds2 = v2
F dt2 − dx2

Out of Equilibrium, Jε ≠ 0

Jε Jε

Curved spacetime  

 ds2 = ( T0

T(x) )
2

v2
F dt2 − dx2

Out of Equilibrium, Jε ≠ 0
Homogeneous   T0



… based on the Tolman-Ehrenfest theorem
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 T(x)  T(x) = T0

Jε Jε

J. Luttinger, (1964)

Inhomogeneous  T(x)

Flat Spacetime 


  ds2 = v2
F dt2 − dx2

Out of Equilibrium, Jε ≠ 0

Curved spacetime  

 ds2 = ( T0

T(x) )
2

v2
F dt2 − dx2

Out of Equilibrium, Jε ≠ 0
Homogeneous   T0

∂x ϕ(x) = −
∂xT(x)
T(x)

 ds2 = e2ϕ(x)v2
F dt2 − dx2

with gravitational potential ϕ(x)

e2ϕ(x) = ( T0

T(x) )
2

Luttinger metric gμν = (e2ϕ(x) 0
0 1)

Luttinger equivalence
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Anomaly and vacuum fluctuationsAnomaly and vacuum fluctuations

Conformal/Weyl symmetry

Lorentz invariance

Diffeomorphism invariance

Anomaly: in a quantum theory is a symmetry of the action, 
but not of the measure

➡signals anomalous quantum fluctuations

➡Conservation law spoiled by quantum fluctuations

Symmetries of the Hamiltonian / action

Relativistic quantum theory in a curved spacetime : 
gravitational anomalies: anomalous vacuum fluctuations

Bertlmann, Anomalies in Quantum Field 
Theory (2001)
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Anomalous equilibrium temperature

ε(x)
ε + P = Cw γ1D T2

mε − P = Cw ϵ(1)
q

 v−1
F Jε = vFΠ = Cg γ1D T2

m

Jε,+

Jε,−
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via thermodynamics (Stefan-Boltzman law): 
energy density  and pressure ε P

via transport (current): 

energy current  and momentum Jε Π

ϵ(1)
q =

ℏvF

48π
ℛCurvature of spacetime  sets new energy scales:ℛ ϵ(2)

q = ϵ(1)
q −

1
f1(x) ∫

x

0
ϵ(1)

q ∂x f1

Anomalous eq. Temperature 
γ1DT2

m(x) = γ1D T2
TE(x)+ ϵ(2)

q (x)
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 Classical  diverges at the horizon T2
TE =

T2
H

f

gμν = (f(x) 0
0 −1/f(x))Hawking radiation and Black-hole atmosphere

Christensen et al. (1977) 
Robinson et al. (2005) 
M.Eune et al. (2017)
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f(x) = 1 −
xH

x
f′ (x+

H) = 2κc−2
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 Classical  diverges at the horizon T2
TE =

T2
H

f

gμν = (f(x) 0
0 −1/f(x))Hawking radiation and Black-hole atmosphere

 Anomalous eq. Temperature 

 

with new energy scale:


  diverges at the horizon

γ1DT2
m(x) = γ1DT2

TE(x) + ϵ(2)
q

ϵ(2)
q =

ℏc
48π

f′ ′ − (f′ )2

2f

Christensen et al. (1977) 
Robinson et al. (2005) 
M.Eune et al. (2017)

 both divergences cancel 
provided  kBTH =

ℏ
2πc

κ

f′ (x+
H) = 2κc−2f(x) = 1 −

xH

x
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Asymptotic outgoing energy current: 
 : Hawking RadiationJε,+ (x → ∞) =

π
12ℏ

T2
H

Outgoing energy current / Temperature
 : Nothing exits the black-holeJε (x → xH) = 0
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Giddings (2016)

Hawking radiation and Black-hole atmosphere
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In the close atmosphere (quantum troposphere)


 : Analog of the Casimir effectε (xH) = − P (xH) =
ℏc
48π

f′ ′ (xH)
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Hawking radiation and Black-hole atmosphere



 T(x)

Imposing externally a temperature profile :

Modified Gibbs measure 


  with 


T(x)

ρ =
e−βH

Tr(e−βH)
βH = ∫ dx β(x)h(x)

x

T
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Inhomogeneous 
T(x)

Flat 
Space

Homogeneous 
T0

Curved space

gμν

 T(x) = T0

Extended Luttinger 
equivalence

Out-of-equilibrium states by an inhomogeneous T

Local temperature  
kBT(x) ≠ β−1(x)
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Out-of-equilibrium states by an inhomogeneous T
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Out-of-equilibrium states by an inhomogeneous T

T(x)

β0/β(x)

ϵ

P

T2(x)

δ = 1μm, ΔT = 20mK, T0 = 100mK, vF = 106

x x



ε/ε0

2 « heat waves » of energy propagating 
at a velocity 


Profile : signature of 
anomalous fluctuations

±vF
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Ti
m

e

Quench dynamics

Energy density

vF = 106m/s,
T0 = 100mK, ΔT = 20mK, δ = 1μm



Conclusion

21
Anomalous Luttinger relation for energy transport: From black hole's atmosphere to thermal quenches 
B. Bermond, M. Chernodub, A. Grushin, D. Carpentier,  arXiv:2206.08784 

(Gravitational anomalies) 

Anomalous vacuum fluctuations 
induced by spacetime curvature 

Thermal transport in a laboratory Black body radiation 
close to a blackhole 

Jε

Experimental signatures ?


Induced by acceleration instead of curvature (Unruh effect) ?


Extension to D=3+1 ? 


