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The nuclear many-body problem is…

Introduction

a huge problem!

- The nuclear interaction is problematic

- The quantum A-body system is problematic

We rely on models!
personal note: even in the ab initio world
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2. Gogny  EDFs 3. Summary and Outlook

Let us assume that we know the nuclear interaction. Exact nuclear wave functions 
and energies cannot be obtained in general because of:

a) the exploding dimensionality of the many-body Hilbert space

b) the huge amount of two-, three- (eventually, N-) body matrix 
elements that are impossible to store

Most widely used solutions to attack these problems:

• Valence-space (Shell Model) calculations with 
phenomenological (or normal-ordered, SRG evolved) two-body 
Hamiltonians 

• Approximate methods (variational) with phenomenological 
interactions (or energy density functionals) 

Introduction
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  Effective nucleon-nucleon interaction: 
Gogny force (D1S/D1M)

V (1, 2) =
2�

i=1

e�(⌥r1�⌥r2)
2/µ2

i (Wi + BiP
⇥ �HiP

⇤ �MiP
⇥P ⇤ )

+iW0(⇥1 + ⇥2)⌥k ⇥ �(⌥r1 � ⌥r2)⌥k

+t3(1 + x0P
⇥)�(�r1 � �r2)⇥� ((�r1 + �r2)/2)

+VCoulomb(⌅r1,⌅r2) 2-body potential

Density dependent ter
m

Introduction

  Other alternatives: Skyrme, relativistic Lagrangians, BCPM, …
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• Initial intrinsic states: PN-VAP

E [�] = h�|Ĥ2b|�i+ "
N,Z
DD (�)� �N h�|N̂ |�i � �Zh�|Ẑ|�i � �q20h�|Q̂20|�i � �q30h�|Q̂30|�i

axial quadrupole term!!axial octupole  
term!!

• Intermediate Parity, Particle Number and Angular Momentum Projected states

|I;NZ;⇧;�2,�3i =
2I + 1

2

Z ⇡

0
dI⇤00(�)e

�i�Ĵy P̂N P̂Z P̂⇧|�id�

• Final GCM states |I;NZ;⇧;�i =
X

�2�3

f I;NZ;⇧;�
�2�3

|I;NZ;⇧;�2,�3i

X

�0
2�

0
3

⇣
H

I;NZ;⇧
�2�3,�0

2�
0
3
� EI;NZ;⇧;�

N
I;NZ;⇧
�2�3,�0

2�
0
3

⌘
f I;NZ;⇧;�
�0
2�

0
3

= 0

N I;NZ;⇧
�2�3,�0

2�
0
3
= hI;NZ;⇧;�2,�3|I;NZ;⇧;�0

2,�
0
3i

H
I;NZ;⇧
�2�3,�0

2�
0
3
= hI;NZ;⇧;�2,�3|Ĥ2b|I;NZ;⇧;�0

2,�
0
3i+ "

I;NZ;⇧
DD (�(�2,�3),�(�

0
2,�

0
3))

PGCM with axial quadrupole+octupole
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Example: 144Ba axial calculations
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correlations between matrix elements. In most cases, the
uncertainty was primarily limited by the lack of statistics
in the measured yields due to the low radioactive beam
intensity.
As anticipated, the extracted E1 matrix elements did not

display much sensitivity to the data; as mentioned above,
the dipole strength was known to be small from earlier
work [7–9] and, in fact, the only observed γ rays from E1
decays in the present measurement came from the 3− and
5− states. Moreover, the relative sign between the intrinsic
E1 and E3 moments was found to also be insensitive to the
data. On the other hand, a number of new E2 and E3matrix
elements were well determined from the data (Table I).
The most significant result obtained here is the ground-

state E3matrix element jh3−1 ∥M̂E3∥0þ1 ij; it is determined to

be 0.65ðþ14
−20 Þ eb

3=2 and reflects the amplitude of octupole

deformation present in the ground state [1]. This value
corresponds to a BðE3; 3− → 0þÞ reduced transition prob-

ability of 48ðþ21
−29 Þ W:u:, which is essentially the same

as the value of 48ðþ25
−34 Þ W:u: reported recently for 144Ba

[15]. This new result supports the long-standing prediction
that 146Ba is indeed one of the isotopes with strong octupole
collectivity [24].
The persistence of this strong collectivity between

144Ba88 and 146Ba90 confirms that the drastic reduction
in electric dipole moment between the two isotopes is not
the result of quenched octupole strength, as suggested by

the high-spin behavior of 146Ba. The sudden band align-
ments in 146Ba pointed out in Ref. [9] are then most likely
the result of a crossing between yrast and yrare bands
predicted in this mass region sometime ago [28,29]. It
should be noted that alternative explanations have also been
proposed. These include a transition to a more reflection-
symmetric shape at moderate spin [30], and a description
in terms of a condensate of rotationally aligned octupole
phonons [31,32]. Concerning the latter, however, it should
be mentioned that while the interleaved sequences of
opposite parity are consistent with the proposed picture,
the absence of strong E1 linking transitions associated with
multioctupole phonon excitations at higher spins is not.
Over the past three decades, extensive theoretical efforts

have been devoted to understanding the variation of the E1
transition strengths observed in nuclei near 146Ba and 224Ra
[33–41]. It is generally believed that the observations are
the result of the relation between octupole collectivity and
the nonuniform distribution of protons and neutrons. This
was first shown within the framework of a macroscopic-
microscopic approach where the experimental E1 transition
strengths could be described [33,37]. Early self-consistent
Hartree-Fock-Bogoliubov (HFB) calculations with the
Gogny interaction were also able to reproduce the very
low values of the dipole moment D0 in 224Ra and 146Ba
[36,38]. However, all of these models predicted that the
nuclei under study are reflection asymmetric, and argued
that this is at the core of the observed variations. Thus, the
recently measured strong octupole collectivity in 144Ba [15]
and 146Ba (Table I) provides an important validation of this
interpretation.
More recently, microscopic self-consistent methods have

been improved by including beyond-mean-field correla-
tions. These developments provide an explanation of the
microscopic origin of octupole collectivity and study the
impact of octupole correlations on both ground-state
properties and electromagnetic transitions. To explore in
146Ba this phenomenon of a strong octupole collectivity
accompanied by a much reduced electric dipole moment,
a theoretical model based on mean field HFB intrinsic
wave functions has been used with a symmetry-conserving
configuration-mixing method (SCCM). The model
assumes that only the axially symmetric quadrupole
(Q20) and octupole (Q30) degrees of freedom are relevant
(collectively referred to as Q). A set of constrained HFB
states jQi, subsequently projected onto good angular
momentum, parity, and particle number (the corresponding
states are denoted as jΦJ;πðQÞi) is used as a variational
subspace. Linear combinations of the above states jΨJ;π

σ i ¼P
Qf

J;π
σ ðQÞjΦJ;πðQÞi are used in the spirit of the generator

coordinate method (GCM) to obtain the low-lying collec-
tive spectrum (see Ref. [23] for a recent account and an
application to 144Ba). The interaction generating the intrin-
sic states is the well-known Gogny D1S force [42]. The

TABLE I. The experimental jhIπf∥M̂λ∥Iπi ij matrix elements
(e · bλ=2) based on the GOSIA fit along with new symmetry-
conserving configuration-mixing calculations (see text and
Ref. [23] for details).

Iπi → Iπf Eλ Experimental SCCM

0þ → 1− E1
0.000223

!
10
−8

"
a 0.00474

1− → 3− E2 1.2(5) 1.6
0þ → 2þ E2 1.17(2) a 1.14
2þ → 4þ E2 1.97(14) 1.90
4þ → 6þ E2

2.35
!þ20
−24

" 2.43

6þ → 8þ E2
2.17

!þ65
−33

" 2.90

0þ → 3− E3
0.65

!þ14
−20

" 0.54

2þ → 5− E3
1.01

!þ61
−20

" 0.87

4þ → 7− E3
1.25

!þ85
−34

" 1.11

6þ → 9− E3
1.5

! þ8
−12

"

aPrimarily determined by previous lifetime and/or branching ratio
data [10].

PRL 118, 152504 (2017) P HY S I CA L R EV I EW LE T T ER S
week ending

14 APRIL 2017

152504-3

Results: Transition probabilities.

B. Bucher et al., PRL 118, 152504 (2017). 

4

most the same spacing between the levels. Including on
the same footing axial quadrupole and octupole degrees
of freedom (Fig. 3(c)) we observe a stretching of the pos-
itive parity band and a negative parity band similar to
the one obtained with �3 as the collective coordinate.
Nevertheless, the absolute energies of the yrast states
obtained in the 2D-GCM calculations are significantly
the lowest among the three SCCM calculations, showing
that the 2D-GCM calculation is better from the varia-
tional point of view. In particular, ground state energies
calculated with 1D-GCM-�2, 1D-GCM-�3 and 2D-GCM-
(�2,�3) are �1185.931, �1186.709 and �1187.547 MeV,
respectively.

Comparing the theoretical results with the experimen-
tal data we observe first that only the 2D-GCM calcu-
lations can reproduce the relative position of the exper-
imental levels (Fig. 3(d)). For instance, in the 1D-GCM
results, the 1� state is below the 4+ state in Fig.3(a)
and the 7� is above the 8+ in Fig. 3(b). Additionally,
although the 2+ and 4+ energies are reasonably well
reproduced by these two 1D-calculations, these bands
have a stronger rotational character than the experimen-
tal one and the agreement with the experiment is lost
for larger values of J+. Finally, the experimental neg-
ative parity band is more compressed than those ob-
tained with the present calculations and the energy of
the band head state is well reproduced both by the 1D-
GCM-�3 and 2D-GCM-(�2,�3) calculations. It is impor-
tant to point out that a fully quantitative agreement with
the experimental data cannot be expected within the
present framework because neither triaxial (K-mixing)
nor time-reversal symmetry breaking (cranking) intrin-
sic wave functions are considered. As a consequence, the
ground state is better explored variationally than the ex-
cited states and gains more correlation energy producing
the stretching of the spectrum. Including triaxial crank-
ing intrinsic states would thus produce a compression of
the calculated spectrum, and a better quantitative agree-
ment with the experiments [28, 29, 32]. However, these
major improvements of the SCCM method are out of the
scope of the present work.

The main advantage of the wave functions projected
to good angular momentum is that they allow a pre-
cise calculation of electromagnetic transition strengths
without assuming the validity of the rotational approxi-
mation often used to relate intrinsic multipole moments
with those transition strengths. The rotational approx-
imation is valid in the strong deformation limit, which
is not reached for many of the relevant configurations
in the present calculation. This might lead to substan-
tial qualitative deviations in the evaluation of transition
strengths [37]. In table I we compare our SCCM re-
sults (1D and 2D) for the absolute value of the transition
strengths |hJ⇡

i ||E�||J⇡
f i| for selected transitions with the

available experimental data. We observe first that the
results with 1D and 2D calculations are rather similar
for this nucleus. In addition, for the positive parity ro-
tational band, the in-band E2 transitions follow rather

J⇡
i ! J⇡

f E� GCM �2 GCM �3 GCM �2 � �3 Exp

0+ ! 2+ E2 1.148 1.121 1.023 1.042+17
�22

2+ ! 4+ E2 1.865 1.803 1.845 1.860+86
�81

4+ ! 6+ E2 2.371 2.287 2.360 1.78+12
�10

6+ ! 8+ E2 2.800 2.696 2.793 2.04+35
�23

0+ ! 1� E1 0.007 0.006 0.008

1� ! 2+ E1 0.005 0.009 0.006

0+ ! 3� E3 0.450 0.477 0.460 0.65+17
�23

1� ! 4+ E3 0.599 0.635 0.695

2+ ! 5� E3 0.708 0.745 0.810 < 1.2

3� ! 6+ E3 0.804 0.865 0.810

4+ ! 7� E3 0.887 0.945 1.031 < 1.6

TABLE I. Absolute values of the transition matrix elements
|hJ⇡

i ||E�||J⇡
f i| (in eb�/2) for several transitions of interest.

The experimental values are taken from [29].

well the rotational behavior and agree very well with ex-
perimental data for the two lowest transitions. At higher
spins, the experimental data deviate from the rotational
behavior probably due to the quenching of pairing cor-
relations that our calculations cannot reproduce. For a
proper theoretical description we would need to carry out
proper variation after projection (VAP) calculations that
would lead to cranking type intrinsic states, a feat that is
out of reach with the present computational capabilities.
Nevertheless, for transitions to the ground state, the ef-
fect of including cranking terms is expected to be small
as they are related to changes in the intrinsic deforma-
tions. For the 0+ ! 3� transition, the theoretical pre-
diction is smaller than the experimental value but within
the error bars. Our result, expressed in Weisskopf units
is B(E3, 3� ! 0+) = 25 W.u. which is a bit too low
as compared to the experimental value of 48+25

�34W.u. [3].
However, our result agrees well with systematic in the
region [38]. On the other hand, the E1 transitions are
rather small, as a consequence of the small dipole mo-
ment of the intrinsic states in this nucleus [35].
In Fig. 4 the square of the collective amplitudes in

Eq. 5 are plotted for the lowest lying states of each an-
gular momentum and parity. The amplitudes must be
even (odd) functions under the �3 ! ��3 reflection for
even (odd) J values. In the latter case, this implies that
the amplitudes must vanish along the �3 = 0 line. As a
consequence of this restriction the negative parity ampli-
tudes are shifted towards larger octupole moments. In
Fig. 4 we also observe that the members of the same
band, which are strongly connected by electromagnetic
transitions, share a similar structure of their collective
wave functions, which is evident in the negative parity
band. In the positive parity band we see an evolution of
the intrinsic state with increasing spin that is associated
to the stabilization of the octupole deformation in this
case [13]. As a consequence, the collective amplitudes for
J � 4+ peak at values of �3 6= 0.
To summarize, we have carried out state-of-the-art cal-

144Ba
146Ba

R. Bernard, L. M. Robledo, T. R. R., PRC 93, 054316  (2016) 

PGCM with axial quadrupole+octupole
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➡ Good qualitative reproduction of the trends in 
the excitation energies for positive and negative 
parity bands

➡ Increase of collectivity when increasing the 
number of neutrons

➡ Sharper transition from spherical to deformed 
nuclei in theory than in the experiments

R. Lica et al., Phys. Rev. C (2018)
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FIG. 10. Systematic comparison of experimental (filled sym-
bols) and theoretical (open symbols) energy spectra in the
Ba isotopic chain. Positive-parity states are grouped in panel
(a) while the negative-parity ones in panel (b). Levels in
142�148Ba are taken from literature [9].

�3=0 axis. The distributions are all peaked at values of
�3 di↵erent from zero and not larger than ⇠0.2. 142Ba
being almost spherical, the rest of the nuclei show a defi-
nite quadrupole deformation, which becomes more stable
at increasing number of neutrons, with a �2 parameter
around 0.3 in 150Ba. We observe that the ground state
CWF are peaked at the minimum of their corresponding
potential well given in Fig.9 (a)-(e). In each panel the
iso-surface of the spatial density (0.08 fm�3) is shown, in
order to better visualise the shape of the isotopes. These
densities are computed with the HFB wave functions that
correspond to the maximum of each CWF, indicated by
the arrows. Pear-shapes are clearly seen, 142Ba being
more spherical and 150Ba more quadrupole deformed. To
analyse more quantitatively these results, the mean val-
ues and fluctuations of the ground state quadrupole and
octupole deformations are shown in Tab. III. Here we ob-
serve that the spreading in the �3direction is larger than
in the quadrupole. Therefore, SCCM calculations pre-
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FIG. 11. Filled symbols show B(E2 : 2+ ! 0+) in Ba isotopic
chain. They are extracted from the measured lifetimes in the
case of 148�150Ba and from Ref. [12, 13, 27] in the lighter iso-
topes. The experimental data points are compared to results
obtained from the calculations, shown with open symbols.

Isotope �2 ��2 �3 ��3

142Ba 0.05 0.11 0.10 0.07
144Ba 0.17 0.10 0.13 0.09
146Ba 0.20 0.07 0.14 0.09
148Ba 0.24 0.06 0.15 0.09
150Ba 0.28 0.06 0.14 0.09

TABLE III. Mean values and fluctuations of the axial
quadrupole (�2) and octupole (�3) deformation parameters
calculated for the SCCM ground states given in Fig. 9 (f)-(j).

dict both well-established quadrupole and soft octupole
deformation in 144�150Ba ground states.
These results are consistent with the small excitation

energies for the 3� states in 142�150Ba and the large
B(E3) values obtained experimentally for 144�146Ba iso-
topes [33].

V. CONCLUSIONS

This paper reports on the first measurement of the �
decay of 150Cs ! 150Ba and presents an extension of the
partial level scheme for the 148Cs !148Ba decay. They
were measured at ISOLDE using the IDS set-up which
allowed also to extract the lifetime for the 2+1 level in
both daughter nuclei, using fast-timing techniques.
The level schemes for the two decays have been ex-

tracted from ��� coincidences, and spins and parities
have been proposed based on their decay pattern, � feed-
ing and systematics. Low spin positive- and negative-
parity states have been e↵ectively populated in both nu-
clei, confirming an interplay between GT and ↵ transi-
tions.
A systematic evaluation of the low-lying levels in the

Ba isotopic chain has been presented: the lowering in the
excitation energy for the yrast band levels, with a paral-
lel increasing of the B(E2:2+ ! 0+) transition probabil-
ity, confirms an evolution towards increasing quadrupole

PGCM with axial quadrupole+octupole
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 (M. Anguiano et al., Nucl. Phys. A 683, 227 (2001))
• Initial intrinsic states: PN-VAP

EN,Z [�] =
⇥�|Ĥ2bP̂N P̂Z |�⇤
⇥�|P̂N P̂Z |�⇤

+ ⇥N,Z
DD (�) � �q20⇥�|Q̂20|�⇤ � �q22⇥�|Q̂22|�⇤

|IM ;NZ⇤� =
�

K�⇥

f I;NZ,⇤
K�⇥ |IMK;NZ;�⇥�• Final GCM states

⇤

K���⇥�

�
HI;NZ

K�⇥K���⇥� � EI;NZ;⇤N I;NZ
K�⇥K���⇥�

⇥
f I;NZ;⇤

K���⇥� = 0

N I;NZ
K�⇥K���⇥� � ⌅IMK;NZ;�⇥|IMK �;NZ;��⇥�⇧

HI;NZ
K�⇥K���⇥� � ⌅IMK;NZ;�⇥|Ĥ2b|IMK �;NZ;��⇥�⇧ + ⇤IKK�;NZ

DD [�(�, ⇥),��(��, ⇥�)]

• Intermediate Particle Number and Angular Momentum Projected states

|IMK;NZ;�⇥� = 2I + 1

8⇤2

Z
DI⇤

MK(⇥)R̂(⇥)P̂N P̂Z |�(�, ⇥)�d⇥

M. Anguiano, J. L. Egido, and L. M. Robledo, Nucl. Phys. A 696, 467 (2001).

PGCM with triaxial quadrupole
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h�|Ĥ2bP̂
N
P̂

Z |�i
h�|P̂N P̂Z |�i

+ "
N,Z
DD (�)� �q20h�|Q̂20|�i � �q22h�|Q̂22|�i�EN,Z

⇥
�̄(�, �)

⇤����
�̄=�

= 0

Example: Multiple shape coexistence in 80Zr

PN-VAP energy surfaces



1. Introduction 2.2. Triaxial2.1. Axial

ISOL-France Workshop IV | March 2022 | Nuclear structure observables calculated with Gogny energy density functionals | Tomás R. Rodríguez

2.3. Cranking

8 mm

pág. 17

Se muestran en esta página las reducciones 
máximas recomendadas para la marca UAM  
a fin de conservar la legibilidad necesaria.

Reducciones máximas de la marca

Manual Técnico de Identidad Visual Corporativa de la UAM

2. Gogny  EDFs 3. Summary and Outlook

0

10

20

30

40

50

60

�

�2

0 0.2 0.4 0.6 0.8
 

5

7

5

7

5

PN-VAP

0 1 2 3 4 5 6 7 8 9 10

MeV

E
N,Z [�] =

h�|Ĥ2bP̂
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• Up to five minima in the 
potential energy surface. 
• Absolute minimum 
corresponds to spherical 
configuration (N=40 spherical 
gap) 
• Other minima related to the 
filling in and emptying of g9/2, 
p1/2, f5/2 and d5/2 orbits.
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• Five minima are closer in energy whenever the 
rotational invariance is restored. 

• Absolute minima corresponds to deformed 
configuration β2~0.55 

• Barriers between the minima are less than 1 MeV. 
Mixing?
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Configuration mixing within the framework of the 
Generator Coordinate Method (GCM). K and 
deformation mixing
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-Several rotational bands and gamma bands partners associated to the 
different minima of the potential energy surfaces. 

- Axial ground state rotational band in agreement with the experimental 
levels  
(relevance of beyond-mean-field effects). 

- Two triaxial rotational bands. 

- Four excited 0+ minima within a range of  ~2.25 MeV ⇒ MULTISHAPE 
COEXISTENCE

Multiple shape coexistence in 80Zr

Collective wave functions
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Multiple shape coexistence in 80Zr
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T. R. R., J. L. Egido, Phys. Lett. B 705, 255 (2011)
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‣ Shape evolution in cadmium isotopes

➡  Slightly prolate deformed 
minima are found along the 
whole isotopic chain.  

➡  Deformation is larger (and 
almost constant) in the mid-shell 
and smaller when approaching 
to the magic neutron numbers 
(N = 50, 82). 

➡  A depression at β2~0.35, γ~20 
is found in 110-118Cd.

M. Siciliano et al., Physical Review C 104, 034320 (2021)
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➡  Slightly prolate deformed 

ground state collective wave 
functions are found after 
performing PGCM. 

➡  Deformation is larger (and 
almost constant) in the mid-shell 
and smaller when approaching 
to the magic neutron numbers 
(N = 50, 82).

M. Siciliano et al., Physical Review C 104, 034320 (2021)
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‣ Shape evolution in cadmium isotopes
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➡  Slightly prolate deformed 21+ 
collective wave functions are 
found after performing PGCM. 

➡  Similar to the 01+ collective 
wave functions except for 114Cd.

M. Siciliano et al., Physical Review C 104, 034320 (2021)

2+
1

‣ Shape evolution in cadmium isotopes

Collective wave functions
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➡  Slightly prolate deformed 41+ 
collective wave functions are 
found after performing PGCM 
except for 112-116Cd.

M. Siciliano et al., Physical Review C 104, 034320 (2021)
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‣ Shape evolution in 
cadmium isotopes

‣ Shape evolution in cadmium isotopes
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PGCM with triaxial quadrupole
LIFETIME MEASUREMENTS IN THE EVEN-EVEN … PHYSICAL REVIEW C 104, 034320 (2021)

FIG. 8. Reduced transition probabilities (a) B(E2; 2+
1 → 0+

g.s.)
and (b) B(E2; 4+

1 → 2+
1 ), and (c) 2+

1 and 4+
1 excitation energy

systematics for even-mass Cd isotopes. The experimental results
[55,56,58,60,61,63–67,75–82] are compared with the recent large-
scale shell-model (LSSM) calculations of Ref. [16] (blue open
pentagons) and the present SCCM predictions (red open circles and
squares). The results of this work (black open squares) are obtained
by adopting the weighted average of the DCM and DDCM lifetimes,
reported in Table I.

the excitation energy of the 2+
1 states slightly decreases. This

pattern was reproduced, for the first time by the previous axial
calculations [85] and a better agreement is found with the
present ones.

In Fig. 8 the experimental B(E2; 2+
1 → 0+

g.s.) and
B(E2; 4+

1 → 2+
1 ) strengths are compared to the theoretical

results of SCCM, together with the predictions of Ref. [16] for
the neutron-deficient isotopes. An unusual behavior is found
for 114Cd, where prolate and triaxial-prolate configurations
cross for Jπ = 4+ and their corresponding 2+ states show
a mild mixing between these shapes. The overall effect of
this mixing is the decrease (increase) of the 4+ energy of the
triaxial-prolate (prolate) configuration. Moreover, the overlap
between the yrast 4+ and 2+ states is smaller but is found at
larger β2 values than their neighbors, producing a net increase

of the B(E2; 4+
1 → 2+

1 ) reduced transition probability. Except
for this single case, the calculated strengths of the 2+

1 → 0+
g.s.

and 4+
1 → 2+

1 transitions well reproduce the trend of the ex-
perimental results, slightly overestimating the β2 deformation.
This slight overestimation is a plausible explanation for the
almost perfect reproduction of the 2+

1 excitation energies in
100–110Cd. The theoretical values, indeed, should be larger than
the experimental ones for a SCCM method without cranking
terms.

The collective wave functions (CWF), i.e., the weights of
the intrinsic quadrupole deformations in each nuclear state,
are presented for the 2+

1 and 4+
1 excited states in Figs. 9 and

10, respectively. For all 0+
1 states (not shown), the SCCM

calculations predict a well-defined prolate minimum with
deformation β2 = 0.2, which slightly decreases for N ! 76
due to the proximity of the neutron shell closure. A nonzero
deformation of the ground states in the Cd nuclei was also
deduced from the LSSM calculations of Zuker [16], and its
origin was attributed to the pseudo-SU(3) symmetry, due to
the evident quadrupole dominance in the nuclear interaction.
These results are consistent also with former studies that
interpreted these nuclei as deformed rotors [86,87]. Similar
behavior is predicted for the 2+

1 and 4+
1 states, except for the

110–118Cd nuclei presenting a second triaxial-prolate minimum
in the PES of Fig. 7. For those nuclei, the CWFs of the 2+

1
and 4+

1 states are spread in both β2 and γ . This suggests that
they constitute perfect candidates for shape coexistence, as
investigated for 110,112Cd in the recent work of Garrett et al.
[31,32].

As the ground-state bands are expected to present the
features of prolate-deformed rotors, the intrinsic quadrupole
moments and, consequently, the β2 deformation parameters
can be extracted from the measured lifetimes of the 2+

1 and
4+

1 states, as discussed in detail in Ref. [88, Sec. IV]. As-
suming an axially symmetric rotational model and adopting
the weighted average of the values reported in Table I, the
deduced average β2 parameters are 0.14 and 0.17 for 102Cd
and for the even-mass 104−108Cd, respectively. These results
are in agreement with the constant deformation predicted by
the SCCM calculations, even though the theoretical predic-
tions slightly overestimate its magnitude. For 106Cd another
estimation of the (β2, γ ) quadrupole-deformation parameters
of the 0+

g.s. state can be obtained by adopting the so-called
“quadrupole sum rules” method [89,90]. As discussed in
Ref. [90, Sec. IV A], this model-independent approach per-
mits one to extract the value of 〈β2

2 〉, by calculating the
lowest-order shape invariant 〈Q2〉 from the B(E2; 2+

i → 0+
g.s.)

reduced transition probabilities. The resulting lower-order in-
variant is 〈Q2〉 = 0.419 (8) e2b2 and, assuming β2 ≈

√
〈β2

2 〉,
the quadrupole deformation strength is β2 = 0.175 (2). The
2+

1 and 2+
2 excited states were considered in the sum rules,

while higher-lying states are expected to contribute to the
value of β2 by less than 1% [90–93]. With the same procedure,
the next-order shape invariant 〈Q3 cos(3δ)〉 can be calculated,
leading to an estimation of the triaxiality. Assuming the diag-
onal E2 matrix elements of Ref. [61, Table I] and considering
the lifetimes measured in this work (the sign of the non-
diagonal matrix elements has been chosen consistently with

034320-9

M. Siciliano et al., Physical Review C 104, 034320 (2021)

‣ Shape evolution in cadmium isotopes

➡  Qualitative good agreement between theory and experiment 
for excitation energies and transition probabilities in the 
whole isotopic chain. 

➡  2+, 4+ excitation energies are stretched (lack of cranking 
components) although some 2+ energies are on top of the 
experimental data, meaning that the deformation could be 
overestimated. 

➡  B(E2) are systematically larger than the experimental data 
(deformation overestimated). 

➡  126-128Cd lowering of the 2+ is well-reproduced contrary to 
most of the shell model calculations that predict a parabolic 
trend. 

➡  Poor reproduction of excitation energies at the magic 
numbers (problems to describe pure spherical single-particle 
excitations)
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of the previously published data [12,13],
as outlined in Ref. [8], yields lifetimes for the 2287,
2706, and 2927 keV levels of τ ¼ 395þ30

−24 , τ ¼ 221þ68
−44 ,

and τ ¼ 245þ500
−110 fs, respectively—the latter two deter-

mined for the first time. The extracted BðE2; 4þ5 → 2þ4 Þ
of 55% 14 W:u: indicates a large collective enhancement.
Similarly, collective enhancements are observed for the
decays of the 2927 keV 5þ level to lower-lying 3þ, 4þ, and
6þ states. Also shown in Fig. 1 is a spectrum of γ rays in
coincidence with the 1253 keV γ ray from the 1871 keV 0þ4
state in 112Cd. The inset displays the 360 keV γ-ray peak
that is assigned as the 2þ6 → 0þ4 transition and a very small
peak from a 285 keV γ ray that is assigned as the 2þ5 → 0þ4
transition. The branching extracted for the latter is
7.9ð33Þ × 10−4, yielding BðE2; 2þ5 → 0þ4 Þ ¼ 34ð15Þ W:u:
with the lifetime from Ref. [14]. Further analysis of
the γ − γ coincidence data reveals a transition from the
2711 keV 4þ state to the 2156 keV 2þ level; its branching is
deduced to be 0.059%0.008, resulting in BðE2;4þ6 →2þ5 Þ¼
77%30W:u: Further examples of coincidence spectra, and
tables of the results, are found in Ref. [6].
The assignment of the levels into bands, as shown in

Figs. 2 and 3, is generally based on the presence of an
enhanced E2 transition or a large relative BðE2Þ value.
Exceptions to this practice are some of the levels associated
with the intruder γ band. (Herein, we follow the convention
of using the label of γ for the 2þ, 3þ, 4þ, etc. ordering of
states, independent of its exact nature as γ vibrational or
nonaxial rotational.) In 110Cd, a sequence formed by the
2287 − 2þ, 2566 − 3þ, 2706 − 4þ, 3008 − 5þ (first
observed in Ref. [15]), and 3240 keV − 6þ states was
observed, with an enhanced 4þ → 2þ transition and a large
6þ → 4þ branch. This sequence of levels is a candidate for
the γ band based on the intruder 0þ2 configuration, expected
if the 0þ2 level is indeed a deformed shape-coexisting state.
In 112Cd, the 2þ and 3þ levels at 2231 and 2403 keV are
considered as intruder γ band candidates; there is insuffi-
cient knowledge of higher spin levels to make suggested
assignments. From the sensitivity achieved with the 112Ag
decay, the 0þ3 band in 112Cd has been extended to spin 4,
and the 0þ4 band has been located based on enhanced
4þ → 2þ and 2þ → 0þ BðE2Þ values (see Ref. [6]).
The collective states are compared to the results of BMF

calculations using the symmetry conserving configuration
mixing method with the Gogny D1S energy density func-
tional, as described in Ref. [16] and outlined in Ref. [6].
This is the first application of this method to the midshell
nuclei in the Z ¼ 50 region that have previously been
described as good spherical vibrators (see, e.g., Ref. [17]).
The BMF effects are taken into account through the exact
angular-momentum and particle-number restoration and
include the possibility of axial and nonaxial shape mixing.
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FIG. 2. The partial experimental level scheme deduced for
110Cd (top) and from the BMF calculation (bottom) showing the
collective, low-lying, positive-parity bands with their in-band and
bandhead decays. The transitions are labeled by BðE2Þ values in
W.u. with uncertainties in parentheses; square brackets indicate
relative values. Quantities in bold italic are newly determined.
Upper limits result from lower limits for the level lifetimes, or
unknown E2=M1 mixing ratios, and the values given assume E2
multipolarity. Also shown are the collective wave function
distributions for the bandheads, plotted in the β − γ plane, with
a color scheme of red for the maximum and blue for the minimum
contribution. The average particle-hole occupation numbers
extracted for protons (π) and neutrons (ν) for the 0þ states are
indicated.
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The occupation numbers are computed in a similar fashion
as in Ref. [18] using the 0s, 0p, 1s0d, 1p0f, and 0g9=2
orbits as the reference to define the particle-hole structure
for both protons and neutrons.
Rather than focus on the details, we concentrate on the

overall gross features of the calculations. Considering that
the calculations have no free parameters, there is remark-
able similarity between the observed and predicted bands
shown in Figs. 2 and 3. For both nuclei, four low-lying
collective 0þ states are predicted with distinct shapes: the
prolate ground state band with β ≈ 0.20, a triaxial-
deformed 0þ2 band with β ≈ 0.4 and γ ≈ 20°, an oblate
0þ3 band with β ≈ 0.30, and a prolate 0þ4 band with
β ≈ 0.25. Two γ bands are also predicted, the lowest-lying

of which has β ≈ 0.20 (similar to the ground state) and
triaxial, and the second band has a deformation nearly
identical to that of the 0þ2 state. The γ bands strongly mix in
the calculations, resulting in enhanced E2 transitions
between the band members. There is also strong mixing
of the spin 4 and 6 states of the 0þ bands with states in other
bands, especially those in close proximity, resulting in a
fragmentation of the E2 decay strength. The 0þ2 states have
enhanced E2 transitions to the 2þ1 states (predicted, 16 and
40 W.u.; observed, <40 and 51" 14 in 110Cd and 112Cd,
respectively), the 0þ3 bandheads have enhanced decays to
the 2þ bandheads of the γ bands (predicted 97 and
108 W.u., observed <1680 and 81" 7 W:u:, respectively),
and the 0þ4 states have enhanced decays to the 2þ member
of the 0þ2 band (23 and 25 W.u. predicted, and exper-
imentally these E2 transitions are favored by approximately
2 orders of magnitude versus other possible E2 transitions).
The predicted energies of the states, as given in Figs. 2 and

3, are generally overestimated; this feature, however, is quite
common in BMF calculations. The ratios of the 4þ to 2þ

energies are 2.63 and 2.38 in 110;112Cd, respectively, whereas
experimentally they appear slightly closer to the vibrational
limit of 2.0 with values of 2.34 and 2.29. The in-bandBðE2Þ
values are also generally greater than observed, suggesting
that the calculated deformation may be slightly too large, as
also reflected in the quadrupole moments of the 2þ1 states;
the observed spectroscopic moments are −0.40ð3Þ and
−0.38ð3Þ eb for 110;112Cd, respectively, and the correspond-
ing predicted values are −0.60 and −0.57 eb.
A remarkable aspect of the present calculations is that

they do not support spherical vibrational interpretations for
the excited states of 110;112Cd; the low-lying states are
predicted to possess significant deformation and none of
the states have vibrational wave functions. Detailed inves-
tigations of the Cd isotopes have revealed systematic
discrepancies that are problematic to reconcile with their
long-standing view as spherical vibrational systems
[4,17,19]. Recently, the spherical vibrational interpretation
was resurrected by considering terms in the Hamiltonian
that mix phonon states, introducing a partial dynamical
symmetry that preserves the typical spherical vibrator
pattern for some states while allowing for departures for
others [20]. In this model, the mixing with shape-coexisting
intruder states remains weak, as reflected in the data [8].
The effect of the phonon mixing essentially interchanges
the positions of the low-spin N þ 1 and N phonon states.
The 0þ3 and 0þ4 states, which would normally be members
of the two- and three-phonon multiplets, respectively,
interchange their characters, as do the 2þ members of
the three- and four-phonon multiplets. The present BMF
calculations suggest an alternative explanation to the “Cd
problem” [20], and the observation of enhanced BðE2Þ
values supports their interpretation as rotational structures
associated with the excited 0þ states.
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‣ Shape coexistence in 
stable cadmium isotopes

➡  Qualitative good agreement 
between theory and experiment 
for excitation energies and 
transition probabilities. 

➡  Prolate slightly deformed 
ground state bands are 
predicted. 

➡  Different bands correspond to 
different shapes. 

➡  Different bands corresponds to 
different spherical shell 
occupancies

PGCM with triaxial quadrupole

Experiment

Theory
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FIG. 15. (a) Potential energy surfaces computed within the PN-
VAP (dotted line) and angular momentum projection (solid line)
approximation, and single-particle energies for (b) protons and
(c) neutrons, as a function of the axial quadrupole deformation (thick
dash-dotted lines represent the Fermi energies). Shaded areas mark
the position of the minima in the PES. Calculations were performed
with the Gogny D1S interaction for 110Cd.

!J = 1. The collective wave functions of the band heads are
represented in Fig. 16, and a more detailed evolution of the
deformation within a given band is shown in Fig. 17. It should
be noted that the maxima of the collective wave functions

FIG. 16. Excitation energies (in keV) and B(E2) values (in W.u.)
computed with the SCCM method for (a) 110Cd and (b) 112Cd. Insets:
Collective wave functions in the (β2, γ ) plane for the band heads and
the particle-hole structure for these states.

are related to the minima of the PES shown, for example,
in Fig. 15(a). Hence, the ground state has its maximum
probability distribution at a prolate deformation (β2 ≈ 0.20),

044302-12

 The spherical HFB wave function defines the 
spherical (“shell model like”) orbits.

n̂↵ =
X

m↵

a†n↵l↵j↵mj↵
an↵l↵j↵mj↵

We can compute the number of particles occupying 
these spherical orbits in the full PGCM state

nI;NZ;�
↵ = hI;NZ;�|n̂↵|I;NZ;�i

110Cd

Spherical HF occupation numbers
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!J = 1. The collective wave functions of the band heads are
represented in Fig. 16, and a more detailed evolution of the
deformation within a given band is shown in Fig. 17. It should
be noted that the maxima of the collective wave functions
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are related to the minima of the PES shown, for example,
in Fig. 15(a). Hence, the ground state has its maximum
probability distribution at a prolate deformation (β2 ≈ 0.20),
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PGCM with triaxial quadrupole

A. Ortiz-Cortes et al., in preparation

‣ Even-even palladium isotopes 96-118Pd

J.-P. DELAROCHE et al. PHYSICAL REVIEW C 81, 014303 (2010)
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FIG. 5. Distribution of rigidity parameters, namely 〈β〉/δβ in (a) and 〈γ 〉/δγ in (b).

right-hand panel of Fig. 4, we see essentially all the nuclei
become deformed, with deformation broadly distributed in
the range 0.05 ! 〈β〉 ! 0.4. The corresponding distribution
of axial asymmetries 〈γ 〉 in the lower left-hand panel shows
that axial symmetry disappears in the 5DCH wave functions,
with average asymmetries going up to 30◦.

Additional information about shape fluctuations is provided
by the variances in the deformation parameters, Eq. (16).
In principle, the value γ = 30◦ could arise from a potential
energy surface that is very soft in the γ coordinate or from
one that has a strong triaxial minimum. Figure 5 shows
the distribution of rigidity measures 〈β〉/δβ and 〈γ 〉/δγ for
β and γ , respectively. The β rigidity goes to very high
values, 〈β〉/δβ ∼ 10 in the deformed actinides. We will find
that such high values are present when the nucleus has a
well-developed rotational spectrum. However, the γ rigidity
is much smaller and is never more than ∼3. Without a clear
peaking at very large values, it will be problematic to char-
acterize the nuclei in terms of the simple models for triaxial
shapes.

B. Radii

We now examine the predicted charge radii, which we com-
pare with the tabulated experimental data from Refs. [38,39].
The mean-square charge radii r2

c are calculated as [40]

r2
c = 1

Z

∫
r2d3rnp(r) + r2

p + N

Z
r2
n − r2

c.m., (17)

where np(r) is the point-proton density and r2
p = 0.63 fm2

and r2
n = −0.12 fm2 are the rms proton and neutron charge

radii, respectively. The center-of-mass correction is computed
as r2

c.m. = 3h̄2/2mωA fm2 (see Eq. (4.3) in Ref. [40]), with
ω = 1.85 + 35.5/A1/3 MeV. We show in Fig. 6 the comparison
of calculated and experimental charge radii, plotted as the
relative error

ε = r th
c

/
rexp
c − 1. (18)

The upper and lower panels show the HFB and the
CHFB+5DCH results, respectively, with lines connecting

nuclei in isotopic chains. We see that the theory is remarkably
accurate at the HFB level, and the CHFB+5DCH hardly
changes the predictions. Among the heaviest nuclei, we find
that the U isotopes are reproduced very well. The theory seems
to be high for the Cm isotopes, but it should be noted that these
radii were based on systematics in the absence of any direct
measurement [41].

Nucleus-to-nucleus variations in radii can be attributed to
deformation changes [42] as well as other nuclear structure
effects [43–45]. The effects of deformation can be easily seen
in individual isotopic chains. An example is the Sr isotopic
chain, shown in Fig. 7. Experimentally, one sees a slight
decrease in the radius from N = 40 to the N = 50 magic
number, followed by a much steeper increase in radii as more
neutrons are added. The HFB minima are spherical below
N = 50 and deformations increase to very large values at the
heaviest isotopes in the figure. That results in almost monotone
increase in radius from the lightest to the heaviest isotopes.

Turning to the CHFB+5DCH results, we find that the main
effect is in the lighter nuclei, and it is to increase the charge
radius. This is to be expected, since deformations increase
the radius and the average deformations are systematically
larger in the CHFB+5DCH. The largest increase, by 4%,
is in the nucleus 30Si. Here the HFB minimum is spherical,
while the CHFB+5DCH ground state has a mean deformation
〈β〉 = 0.48. Returning to the Sr isotopic chain, the correlations
associated with the CHFB+5DCH bring the theory in very
good overall agreement with data. This comes about from two
effects. In the very light isotopes, the CHFB+5DCH predicts
large deformations instead of the spherical shape of the HFB
minimum, increasing the radii. On the other end of the isotopic
chain the nuclei are also deformed, but the average deformation
in the CHFB+5DCH wave functions (〈β〉 ∼ 0.3 − 0.35) is
less than in the HFB minima (β ∼ 0.45).

Table II shows the performance of the theory, using
as a quantitative measure the rms dispersion σ about the
mean ε̄, σ = 〈(ε − ε̄)2〉1/2. Both HFB and the CHFB+5DCH
treatments, suitably renormalized, are accurate to 0.6%. For
a comparison, the two-parameter “finite surface” model [38]
taking rc = r0A

1/3 + r1A
−1/3 fm is shown in the third row of

the table. Here the error is about twice as large.

014303-8
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 (M. Anguiano et al., Nucl. Phys. A 683, 227 (2001))

• Initial intrinsic states: PN-VAP

E
N,Z [�] =

h�|Ĥ2bP̂
N
P̂

Z |�i
h�|P̂N P̂Z |�i

� "
N,Z
DD (�)� �q20h�|Q̂20|�i � �q22h�|Q̂22|�i � !h�|Ĵx|�i

• Intermediate Particle Number and Angular Momentum Projected states

|IMK;NZ;��;!i = 2I + 1

8⇡2

Z
DI⇤

KK0(⌦)R̂(⌦)P̂N P̂Z |�(�, �,!)id⌦

• Final GCM states |IM ;NZ;�i =
X

K��!

f I;NZ;�
K��! |IMK;NZ;��;!i

X

K0�0�0!0

⇣
H

I;NZ
K��!;K0�0�0!0 � EI;NZ;�

N
I;NZ
K��!;K0�0�0!0

⌘
f I;NZ;�
K0�0�0!0 = 0

cranking term!!

Ic=0 Ic=2 Ic=4

PGCM with triaxial quadrupole+cranking
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Example: 44S isotope 

➡ Large transition probability from 2+ → 0+ suggests the erosion of N=28 shell closure  
(T. Glasmacher et al., Phys. Lett. B 395, 163 (1997)). 

➡ Low-lying 02+ state suggests shape coexistence in this nucleus  
(S. Grévy et al., Eur. Phys. J. A 25, 111 (2005), C. Force et al., Phys. Rev. Lett. 105, 102501 (2010)). 

➡ Very low 41+ →  21+ transition suggests a K=4 isomeric state in the low-lying spectrum  
(D. Santiago-Gonzalez et al., Phys. Rev. C 83, 061305 (2011)). 

➡ Shell Model calculations suggest that 41+ is an isomeric state with K=4 dominance  
(Y. Utsuno et al., Phys. Rev. Lett. 114, 032501 (2015)). 

➡ Isomeric character of the 41+ is confirmed experimentally  
(J.J. Parker IV et al., Phys. Rev. Lett. 118, 052501 (2017)).

PGCM with triaxial quadrupole+cranking
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2

50 ps [15]) of the 4+1 state. This state and its associated
band was not found in our earlier calculations [20]. Thus,
the calculations we present here are a good benchmark
for our new theory.

The nuclear w.f.s of the new approach have the form

|�I�
M i =

X

{⇠}

f
I�
{⇠}|IM ;NZ; {⇠}i (1)

where {⇠} is the set of parameters {�, �;!;K} and
|IM ;NZ; {⇠}i = P

Z
P

N
P

I
MK |�(�, �,!)i. These states

are eigenstates of the symmetry operators. We suppress
the labels N,Z hereafter to simplify the notation. The
operators P

Z
, P

N and P
I
MK are projector operators as-

sociated with the particle number and the angular mo-
mentum, respectively, see [4], and � = 1, 2, ... labels the
states for a given value of the angular momentum I. The
coe�cients f I�

{⇠} of the linear combination are found by a
minimization of the energy in the Hilbert space spanned
by the linearly dependent w.f.s |IM ; {⇠}i. One obtains
the Hill-Wheeler equation

X

{⇠}

⇣
H

I
{⇠},{⇠0} � E

I�
N

I
{⇠},{⇠0}

⌘
f
I�
{⇠0} = 0. (2)

Here we have introduced the norm overlaps N
I
{⇠},{⇠0} =

hIM ; {⇠}|IM ; {⇠0}i and the Hamiltonian overlap defined
by a similar expression. Eq. 2 is solved by standard tech-
niques [3–5]: First, the norm matrix is diagonalized, its
eigenvalues nI

k and eigenvectors uI
k({⇠}) provide the ba-

sis of the so-called natural states. The diagonalization of
the Hamiltonian in this basis gives the eigenvalues EI� of
Eq. 2 and the eigenvectors gI�k . In addition, the collective
w.f.s pI�(�, �,!) =

P
k,K g

I�
k u

I
k({⇠}) are orthogonal and

|p
I�(�, �,!)|2 can be interpreted as a probability ampli-

tude. In the (�, �) plane the probability amplitude is
defined by

|P
I�(�, �)|2 =

X

!

|p
I�(�, �,!)|2. (3)

The HFB w.f.s |�(�, �,!)i of Eq. 1 are determined by
minimizing the energy functional

E[�] =
h�|HP

Z
P

N
|�i

h�|PZPN |�i
� h�|!Ĵx � �q0Q̂20 � �q2Q̂22|�i,

(4)
where Q̂2µ and Ĵx are quadrupole moment and the x-
component of the angular momentum operators respec-
tively, �q0 and �q2 the Lagrange multipliers determined

by the constraints h�|Q̂20|�i = q20 and h�|Q̂22|�i = q22,
while ! is kept constant during the minimization process.
(�, �) are defined by � =

p
20⇡(q220 + 2q222)/3r

2
0A

5/3 and
� = arctan(

p
2q22/q20) with r0 = 1.2 fm and the mass

number A. That means, the HFB w.f.s are determined in
the PN variation after projection (VAP) approach [26].
Interestingly the incorporation of ! in the GCM Ansatz
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FIG. 1: (Color online) Potential energy surfaces in the (�, �)
plane for two angular frequencies and three angular momenta
for the nucleus 44S. The energy origin has been set at the
energy minimum. The white dashed contours correspond to
0.25, 0.50 and 0.75 MeV, the unlabeled black contours start
at 4 in steps of 2 MeV until 10 MeV. The units are: h̄! in
MeV, I in h̄ and � in degrees.

of Eq. 1 is a generalization of the double projection
method of Peierls and Thouless [27, 28] for the case of
rotations. This method is known to provide the exact
translational mass in the case of translations. We there-
fore expect that the moments of inertia of our bands will
be close to the ones of the AM-VAP providing the sought
after spectrum compression. In the numerical applica-
tions the finite range density-dependent Gogny interac-
tion with the D1S parametrization [29] is used together
with a configuration space of eight harmonic oscillator
shells, large enough for realistic predictions for 44S. Con-
cerning the generator coordinates we take three values of
the angular frequency, namely, h̄! = 0.0, 0.75 and 1.25
MeV, a discussion on this convergence will be given in
Ref. [30]. For each h̄! value we take 70 points in the (�, �)
plane, defined by 0  �  0.7 and �60�  �  120� -
see Fig. 1(c). We have to consider this larger � interval
instead of the usual 0�  �  60� because, due to the
term �!Ĵx in Eq. 4, the HFB w.f. |�i is not time re-
versal invariant [11]. We notice that rotations close to
� = �60� and � = 120� are non-collective and can excite
single particle degrees of freedom.

The GCM states -Eq. 1- recover the broken symmetries
in the HFB approach and mixes di↵erent configurations
(�, �,!), but one can also make a simplified Ansatz just
fixing a given (�, �,!) value and mixing only in K as to
recover the symmetries, see for example Ref. [4]. In this
case one can calculate the PN-AM projected energy in
each point of the (�, �) plane and plot potential energy
surfaces (PESs) for di↵erent h̄! values. In Fig. 1 we have
represented these energies for h̄! = 0.0 and 0.75 MeV
and for I = 0, 2 and 4 h̄. For h̄! = 0.0 MeV (Fig. 1(a)-

• For =0.00, we find the symmetry in 
the three sextants. 

• For =0.75, a neutron aligned two-
quasiparticle is obtained near =90º 
(f7/2-p3/2 nature, Kx = 4). 

• Both collective and single-particle 
degrees of freedom can be included 
within this framework.

J.L. Egido, M. Borrajo, T.R.R., PRL 116, 052502 (2016)

PN-VAP and PN-AM- projected energies
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FIG. 2: Spectrum of 44S, showing the B(E2) transition prob-
abilities in e2fm4. The thick arrows represent the E0 tran-
sition with its corresponding value for ⇢2. The experimental
data [16, 17] are shown as thick dashed lines. Only experi-
mental states with safe spin assignment are included.

recover the symmetries, see for example Ref. [6]. In this
case one can calculate the PN-AM projected energy in
each point of the (�, �) plane and plot potential energy
surfaces (PESs) for di↵erent h̄! values. In Fig. 1 we have
represented these energies for h̄! = 0.0 and 0.75 MeV
and for I = 0, 2 and 4 h̄. For h̄! = 0.0 MeV (Fig. 1(a)-
(b)) we observe the mentioned symmetry, i.e., the three
sextants are equivalent and can be obtained by reflexions
around the axis � = 0� and � = 60�. For I = 0 h̄ we find
a nucleus with � ⇡ 0.30 and very soft in �, with a slight
minimum at � ⇡ 30�. For I = 2 h̄ the lowest contours
shifted towards the prolate and oblate shapes and some-
what larger � values, and for I = 4 h̄, not shown here,
the energy minimum close to the oblate shapes weakens
about 1 MeV as compared with the prolate one. The
e↵ect of the angular frequency on the PESs can be seen
in Fig. 1(d)-(f). We first observe that now the three sex-
tants are not equivalent anymore. For I = 0 h̄ the PES
looks similar to the case h̄! = 0 MeV with the excep-
tion of the wedge around � = 90�. For I = 2 h̄ there
are two minima at � ⇡ ±10� and at � ⇡ ±45� and the
wedge is still present. For I = 4h̄ and larger I-values the
wedge disappears. The reason for this behavior is sim-
ple: For the (�, �) values inside the wedge, the HFB w.f.
presents a neutron two-quasiparticle state with aligned
AM, h�|Ĵx|�i ⇡ 4h̄, making it costly to project to AM
values smaller than 4h̄. However, this is not the case
for I = 4h̄, Fig. 1(f), and we find three almost degener-
ated minima, two around � ⇡ ±10� and � = 0.35 and a
third one around � = 90� and � = 0.26. The minima at
� ⇡ 90� and � ⇡ �45� will play an important role in the

0

0

0
0

-60

-30

0

30

60
90

120

�

�

.0
.2

.4
.6

.0

.2

.4

.6

0

00

-60

-30

0

30

60
90

120

�

�

.0
.2

.4
.6

.0

.2

.4

.6
0

0
0

-60

-30

0

30

60
90

120

�

�

.0
.2

.4
.6

.0

.2

.4

.6

0

0
0

0

-60

-30

0

30

60
90

120

�

�

.0
.2

.4
.6

.0

.2

.4

.6
0

0
0

0

-60

-30

0

30

60
90

120

�

�

.0
.2

.4
.6

.0

.2

.4

.6
0

0

00

-60

-30

0

30

60
90

120

�

�

.0
.2

.4
.6

.0

.2

.4

.6

0+1 0+2 2+3

2+1 2+2 4+2

FIG. 3: (Color online) Collective w.f.s in the (�, �) plane for
the indicated states. The contour levels are separated by 0.01.
The contour labelled 0 sets the scale origin, the maximum is
indicated by a black dot.

interpretation of the collective w.f.s.

The solution of Eq. 2 provides the energy levels and the
w.f.s. The transition probabilities [6, 32] and the shapes
of the w.f.s allow to order the energy levels into bands
as shown in Fig. 2. The lowest levels provide the ground
band, a band based on the 0+2 level, two pseudo-�-bands
based on the 2+3 and 2+4 states, a band based on the 4+2
level and a last one based on the 6+2 state. For the phys-
ical interpretation of these bands we show in Fig. 3 the
collective w.f.s, see Eq. 3, of representative states. The
minima of Fig. 1 represent the relevant configurations
and play a relevant role in the shape of the collective
w.f.s. The high-I members of a band with a w.f. look-
ing similar to the band head are not plotted. The 0+1
state presents a very extended w.f. with contributions
from many configurations and a maximum in the area
0�  �  60� and 0.15  �  0.3. It resembles the PES
of Fig. 1(a)-(b). The higher AM members of the band
become prolate as can be seen in the w.f. of the 2+1 state.
The 0+2 state, band head of the first excited band, is soft
in the � direction and peaks at a prolate shape. The
higher AM members of the band, however, are oblate, see
for example the 2+2 state in Fig. 3. The second excited
band, based on the 2+3 state presents a triaxial-oblate
shape with the maximum at � = 0.32 and � = �45�. The
third, fourth and fifth excited bands, with the 4+2 , 2

+
4 and

6+2 states as band heads, have maxima at � ⇡ 0.28�0.36
and � ⇡ 90� � 100�, cf. the minimum at this point of
Fig. 1(f). Since the w.f.s of these three states look rather
similar we only display the one of the 4+2 state. The w.f.
of the 4+2 state strongly peaks at the maximum indicating
a less collective character. If we analyze the composition
of the HFB w.f. at the maximum we find that it corre-
sponds to an aligned state with contributions from the
⌫f7/2 and ⌫p3/2 orbitals. The band starting at this level
has been assigned in Ref. [24] as a K = 4 band. In the
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FIG. 2: Spectrum of 44S, showing the B(E2) transition prob-
abilities in e2fm4. The thick arrows represent the E0 tran-
sition with its corresponding value for ⇢2. The experimental
data [14, 15] are shown as thick dashed lines. Only experi-
mental states with safe spin assignment are included.

(b)) we observe the mentioned symmetry, i.e., the three
sextants are equivalent and can be obtained by reflexions
around the axis � = 0� and � = 60�. For I = 0 h̄ we find
a nucleus with � ⇡ 0.30 and very soft in �, with a slight
minimum at � ⇡ 30�. For I = 2 h̄ the lowest contours
shifted towards the prolate and oblate shapes and some-
what larger � values, and for I = 4 h̄, not shown here,
the energy minimum close to the oblate shapes weakens
about 1 MeV as compared with the prolate one. The
e↵ect of the angular frequency on the PESs can be seen
in Fig. 1(d)-(f). We first observe that now the three sex-
tants are not equivalent anymore. For I = 0 h̄ the PES
looks similar to the case h̄! = 0 MeV with the excep-
tion of the wedge around � = 90�. For I = 2 h̄ there
are two minima at � ⇡ ±10� and at � ⇡ ±45� and the
wedge is still present. For I = 4h̄ and larger I-values the
wedge disappears. The reason for this behavior is sim-
ple: For the (�, �) values inside the wedge, the HFB w.f.
presents a neutron two-quasiparticle state with aligned
AM, h�|Ĵx|�i ⇡ 4h̄, making it costly to project to AM
values smaller than 4h̄. However, this is not the case
for I = 4h̄, Fig. 1(f), and we find three almost degener-
ated minima, two around � ⇡ ±10� and � = 0.35 and a
third one around � = 90� and � = 0.26. The minima at
� ⇡ 90� and � ⇡ �45� will play an important role in the
interpretation of the collective w.f.s.

The solution of Eq. 2 provides the energy levels and
the w.f.s. The transition probabilities [4, 30] and the
shapes of the w.f.s allow to order the energy levels into
bands as shown in Fig. 2. The lowest levels provide the
ground band, a band based on the 0+2 level, two pseudo-
�-bands based on the 2+3 and 2+4 states, a band based

0

0

0
0

-60

-30

0

30

60
90

120

�

�

.0
.2

.4
.6

.0

.2

.4

.6

0

00

-60

-30

0

30

60
90

120

�

�

.0
.2

.4
.6

.0

.2

.4

.6
0

0
0

-60

-30

0

30

60
90

120

�

�

.0
.2

.4
.6

.0

.2

.4

.6

0

0
0

0

-60

-30

0

30

60
90

120

�

�

.0
.2

.4
.6

.0

.2

.4

.6
0

0
0

0

-60

-30

0

30

60
90

120

�

�

.0
.2

.4
.6

.0

.2

.4

.6
0

0

00

-60

-30

0

30

60
90

120

�

�

.0
.2

.4
.6

.0

.2

.4

.6

0+1 0+2 2+3

2+1 2+2 4+2

FIG. 3: (Color online) Collective w.f.s in the (�, �) plane for
the indicated states. The contour levels are separated by 0.01.
The contour labelled 0 sets the scale origin, the maximum is
indicated by a black dot.

on the 4+2 level and a last one based on the 6+2 state.
For the physical interpretation of these bands we show
in Fig. 3 the collective w.f.s, see Eq. 3, of representative
states. The minima of Fig. 1 represent the relevant con-
figurations and play a relevant role in the shape of the
collective w.f.s. The high-I members of a band with a
w.f. looking similar to the band head are not plotted.
The 0+1 state presents a very extended w.f. with contri-
butions from many configurations and a maximum in the
area 0�  �  60� and 0.15  �  0.3. It resembles the
PES of Fig. 1(a)-(b). The higher AM members of the
band become prolate as can be seen in the w.f. of the
2+1 state. The 0+2 state, band head of the first excited
band, is soft in the � direction and peaks at a prolate
shape. The higher AM members of the band, however,
are oblate, see for example the 2+2 state in Fig. 3. The
second excited band, based on the 2+3 state presents a
triaxial-oblate shape with the maximum at � = 0.32 and
� = �45�. The third, fourth and fifth excited bands,
with the 4+2 , 2

+
4 and 6+2 states as band heads, have max-

ima at � ⇡ 0.28 � 0.36 and � ⇡ 90� � 100�, cf. the
minimum at this point of Fig. 1(f). Since the w.f.s of
these three states look rather similar we only display the
one of the 4+2 state. The w.f. of the 4+2 state strongly
peaks at the maximum indicating a less collective char-
acter. If we analyze the composition of the HFB w.f. at
the maximum we find that it corresponds to an aligned
state with contributions from the ⌫f7/2 and ⌫p3/2 or-
bitals. The band starting at this level has been assigned
in Ref. [22] as a K = 4 band. In the present calcula-
tions, with explicit breaking of the time reversal symme-
try, the K quantum number looses relevance. However,
in some cases, through the cranking mechanism, one has
alignment along the x�axis which can be used instead
to characterize bands. If we express the w.f. in the basis
|IKXi, with KX the projection of the angular momen-

Collective wave functions

Spectrum

PGCM with triaxial quadrupole+cranking

J.L. Egido, M. Borrajo, T.R.R., PRL 116, 052502 (2016)
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frequency dependence [20].

tum along the intrinsic x-axis, we obtain that the w.f. of
this state is predominantly KX = 4, in agreement with
the interpretation of Ref. [22]. The band based on the
6+2 level, is very similar to the one of the 4+2 state. In
the basis |IKXi the component with KX = 6 amounts
to 76%. The spherical configurations, not shown here,
appear at several MeV of excitation energy, the lowest
ones corresponding to the 0+3 , 2

+
6 , 4

+
8 , and 6+8 states, a

clear indication of the erosion of the N = 28 shell clo-
sure. The spectroscopic quadrupole moments of the band
heads are : Qspec(2

+
1 ) = �14.4 efm2, Qspec(2

+
2 ) = 6.5

efm2, Qspec(4
+
2 ) = 26.9 efm2, Qspec(2

+
3 ) = �13.8 efm2.

For comparison the experimental data have also been
plotted in Fig. 2 as thick lines. With respect to the en-
ergy values we obtain a good agreement. Concerning the
transition probabilities very good agreement is found for
the E0 from the 0+2 to the 0+1 state and the E2 from the
2+1 to the 0+1 while the B(E2; 0+2 ! 2+1 ) is slightly over-
estimated. In our calculations the 4+2 state decays both
to the 2+1 (with a B(E2) = 1.4 e2fm4) and 2+2 states
(with a B(E2) = 20 e2fm4). The latter decay branch has
not been observed experimentally. Considering the the-
oretical values, we estimate a branching ratio of 74% for
the decay branch to the 2+1 state and a lifetime of 84 ps
to be compared with the experimental value of about 50
ps [15]. Another interesting finding is that the 6+2 level,
which is similar in structure to the 4+2 state, has a much
shorter lifetime since it has several decay branches. Fur-
thermore its small excitation energy above Yrast makes
it experimentally accessible.

In Fig. 4 we now compare the performance of the
present method with state-of-the-art SM calculations
of the Madrid-Strasbourg collaboration [15] in the full
sd(fp) valence space for protons (neutrons) with the
SDPF-U interaction [23, 31] and with those of the Tokyo
group [22] in the ⇡(sd)(Z�8)

⌫(pf)(N�20) and the SDPF-
MU. The agreement between the two SM calculations

and our present approach for the ground state and first
excited bands is extraordinary. Also for the quasi-�-band
we find good agreement between our approach and the
one of the Madrid-Strasbourg collaboration. Small de-
viations are observed for the I = 5h̄ and 6h̄ states of
the ”K = 4” band. The transition probabilities are
also similar. For example with the SDPF-U interac-
tion one obtains [25] B(E2; 6+1 ! 4+1 ) = 118 e2fm4,
B(E2; 4+1 ! 2+1 ) = 111 e2fm4, B(E2; 2+1 ! 0+1 ) = 75
e2fm4, to compare with our values of 153, 125 and 87
e2fm4, respectively. We note that in our calculations no
e↵ective charges are used and that the D1S parametriza-
tion was fitted long ago to provide reliable global prop-
erties along the nuclide chart, reinforcing the predictive
power of our approach. In Fig. 4 we can also observe the
improvement provided by the present approach as com-
pared to our former results [20] obtained without consid-
ering the ! degree of freedom. These calculations gave
the right tendency but an stretched spectrum which is
corrected in the present framework (see also [11]). Fur-
thermore, we also observe that the aligned structures ob-
served in the present calculations cause a decrease in the
collectivity of the w.f.s and consequently a decrease of
the transition probabilities which often were found too
large in the past. All these facts improve considerably
the agreement of the present approach with the experi-
ment.

In conclusion, in this Letter we report on the consider-
ation of cranked w.f.s together with triaxial deformations
(�, �) in the Symmetry Conserving Configuration Mixing
approach. The cranking procedure introduces an angu-
lar momentum dependence in the calculations providing
a compression of the otherwise stretched spectrum. Fur-
thermore, through the alignment mechanism, single par-
ticle degrees of freedom are introduced, opening a door
to a physics unaccessible before in these approaches. The
aligned configurations provide a decrease of the collectiv-
ity of the w.f.s leading to smaller transition probabilities
in agreement with the experiment. These three facts cure
the deficiencies of former SCCM approaches providing a
very powerful tool in nuclear structure calculations. In
our example of the exotic nucleus 44S, with a very rich
nuclear structure, we have shown that this approach pro-
vides high quality nuclear spectroscopy comparable with
the state-of-the-art of SM calculations with tailored inter-
actions. The advantages of our approach are the added
value of the intrinsic system interpretation and that our
interaction, the Gogny force, is well known for its predic-
tive power and good performance for bulk properties all
over the chart of nuclides. These calculations set a new
standard in the state-of-the-art of BMF methods.

This work was supported by the Ministerio de
Economı́a y Competitividad under contracts FPA2011-
29854-C04-04, BES-2012-059405 and Programa Ramón
y Cajal 2012 number 11420.

Spectrum
• Very good agreement 

(both quantitative and 
qualitative) with state-of-
the-art shell model 
calculations when 
cranking is taken into 
account. 

• Quantitative agreement 
if only static shapes are 
considered.
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Compression of the spectrum II: Calcium isotopes
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Summary and Outlook

• PGCM methods provide a reliable description of nuclear structure 
observables and they provide the perfect tools to study shape transitions/
mixing/coexistence in nuclei. 

• It is a very flexible method to approach exact solutions. 

• Breaking of: 

• parity allows for a good description of negative parity states. 

• axial symmetry is needed to study properly shape evolution/shape 
coexistence in many isotopic chains. 

• time-reversal symmetry (cranking states) allows for a quantitative 
agreement with the experimental energy spectra. 
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Summary and Outlook

• Quasiparticle states: 

Odd-nuclei (Bally, Bender, Heenen, Borrajo, Egido). 
Single-particle excitations. 

• pn pairing. 

• Angular momentum projection and mixing of quasiparticle excitations. 

• Generic interactions beyond Gogny (more ab initio based interactions).

* B. Bally, A. Sánchez, T. R. R., EPJA 57, 69 (2021)
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