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(Y. Mambrini)

Quantum fluctuations in ϕ, g, are strechted by expansion

⟨R(k)R∗(k′)⟩ =
2π2

k3 PRδ(k − k′) −→ single field: PR(k∗) ≃ H 4
∗

4π2ϕ̇2
∗
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Given critical threshold, δc ≈ 0.5,
the fraction of BHs of mass M is

β(M) =

∫ ∞

δc

dδ P(δ,M)

Typically P ∝ e−δ2/2σ2(M), and

σ2(M(k)) =
16
81

∫
dq
q

(q
k

)4
PR(q)W(q/k)2

W. Press, P. Schechter, Astrophys. J. 187 (1974), 425
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β(M)
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∫
d logM ΩPBH(M)

A. Green, B. Kavanagh, J. Phys. G 48 (2021), 043001

Simplest mechanism: ultra slow-roll, PR ∝ ϕ̇−2
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D. Green et al., PRD 80 (2009), 063533
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Non-adiabatic, non-thermalized production

L ⊃ −1
2g2 ∑

i(ϕ− ϕi)
2χ2

i

ϕ̈+ 3Hϕ̇+ V ′(ϕ) +

∫ t g5/2

∆(2π)3 (ϕ̇(t
′))5/2 a(t′)3

a(t)3 dt′ = 0

(trapped inflation)
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The total (inflaton+radiation) stress-energy tensor is conserved,∇µTµν = 0, but individually,

∇µTµν
(ϕ) = Q ν

∇µTµν
(r) = −Q ν

where
(M. Gleiser, R. Ramos, PRD 50 (1994) 2441; M. Bastero-Gil et.al., JCAP 05 (2014) 004)

Qµ = −Γ uν∇νϕ∇µϕ︸ ︷︷ ︸
dissipation

+

√
2ΓT
a3 ξt∇µϕ︸ ︷︷ ︸

fluctuation

ξt denotes a normalized white-noise process, ξt = dWt/dt, with dWt a Wiener increment,

⟨ξt(x)ξt′(x′)⟩ = δ(3)(x − x′)δ(t − t′)

Only dissipation affects the background
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Inflaton coupled to a d.o.f. χ connected or part of the thermal bath

V(ϕ, χ) = V(ϕ) + f (ϕ)g(χ)

Integration over χ and an ensamble averaging,

∂µ
∂Leff,r[ϕ]

∂(∂µϕ)
− ∂Leff,r[ϕ]

∂ϕ

− i ∂f
∂ϕ

∫
d 4x′ θ(t − t′)

[
f (ϕ(x′))− f (ϕ(x))

] 〈
[g(χ(x))− g(χ(x′))]

〉
= 0y adiabaticity ϕ̇/ϕ≪ τ−1 −→ locality

ϕ̈+ (3H + Γ)ϕ̇+
∂Veff

∂ϕ
= 0

with
Γ = −i

∫
d 4x

(
∂f
∂ϕ

)2
θ(t − t′)

〈
[g(χ(x))− g(χ(x′))]

〉
(t − t′)

A. Hosoya, M. Sakagami, PRD 29 (1984), 2228; M. Bastero-Gil, A. Berera, R. Ramos, JCAP 09 (2011), 033
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Thermal corrections to the potential can be suppressed via heavy field exchange, ϕ→ χ→ σ

L =
1

2K(φ)
∂µφ∂µφ+

1
2∂

µχ∂µχ+
1
2∂

µσ∂µσ − 1
2g2φ2χ2 − 1

2 g̃2φχσ2 − V(φ)

With ϕ the canonically normalized field,

Γ =
g4(∂ϕφ

2)2

2T

∫
d 4p
(2π)4 n(ω)

[
n(ω) + 1

]
ρ2
χ(ω)

≃
40g4(∂ϕφ

2)2Γ2
χ,0T 3

(2π)3m6
χ

(T ≪ mχ)

where

ρχ =
4ωpΓχ

(ω2 − ω2p)2 + 4ω2pΓ2
χ

n(ω) =
(

eωT − 1
)−1

Γχ ≃ g̃4φ2

8πωp(p)
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Introduce the set of linear fluctuations in the Newtonian gauge, δϕ, δρr, δqr = 4
3ρrδvr, and

ds2 = (1 + 2ψ)dt2 − a2(1 − 2ψ)δijdxidxj

Einstein’s equations lead to

3H(ψ̇ + Hψ) + k2

a2ψ = − 1
2M 2p

[
δρr + ϕ̇(δϕ̇− ϕ̇ψ) + Vϕδϕ

]
ψ̇ + Hψ = − 1

2M 2p

(
δqr − ϕ̇δϕ

)
ψ̈ + 4Hψ̇ + (2Ḣ + 3H2)ψ =

1
2M 2p

[
1
3δρr + ϕ̇(δϕ̇+ ϕ̇ψ)− Vϕδϕ

]
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Introduce the set of linear fluctuations in the Newtonian gauge, δϕ, δρr, δqr = 4
3ρrδvr, and

ds2 = (1 + 2ψ)dt2 − a2(1 − 2ψ)δijdxidxj

Continuity equations in turn give (M. Bastero-Gil et.al., JCAP 05 (2014) 004)

δϕ̈+ (3H + Γ)δϕ̇+

(
k2

a2 + Vϕϕ + ϕ̇Γϕ

)
δϕ+ ΓT

ϕ̇T
4ρr

δρr − 4ψ̇ϕ̇+ (2Vϕ + Γϕ̇)ψ =

√
2ΓT
a3 ξt

δρ̇r +

(
4H − ΓT

ϕ̇2T
4ρr

)
δρr −

k2

a2 δqr + Γϕ̇2ψ − 4ρrψ̇ − (Γϕδϕ− 2Γδϕ̇)ϕ̇ = −
√

2ΓT
a3 ϕ̇ ξt

δq̇r +
4
3
ρrψ + 3Hδqr +

1
3
δρr + Γϕ̇δϕ = 0

Solutions reach an attractor, so initial conditions may be chosen as

δqr = 0, δρr = 0, ψ = 0, δϕ = − ϕ̇e−ikτ

2Mp aH
√

kϵ

Difficult to find their gauge-invariant versions!
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1.5 Wt is continuous but not differentiable
Wt+∆t − Wt ∼ N (0,∆t)

TakeΦ ≡
(
ψ, δρr, ˙δϕ, δϕ

)T

Φ̇+ AΦ = B ξt

≈ B
∑

i
ξi δ(t − ti)

with ⟨ξi⟩ = 0, ⟨ξiξ
∗
j ⟩ = ∆t δ(t − t′)

∫ t+i

t−i

dt
(
Φ̇+ AΦ

)
= Φ+

i −Φ−
i = Bi ξi

⇒ Φ(t +∆t) ≃ A(t)Φ(t)∆t + B(t) ξi

(Euler-Maruyama)
(we use a stochastic RK method)
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Itô’s lemma:

dX = a X dt + b dWt

dX 2 = (2a X 2 + b2) dt + 2b X dWt
⇒

d⟨X⟩
dt = a⟨X⟩

d⟨X 2⟩
dt = 2a⟨X 2⟩+ b2

For cosmological perturbations,

d⟨ΦΦ†⟩
dt = −A⟨ΦΦ†⟩ − ⟨ΦΦ†⟩AT + BBT

The curvature power spectrum is

⟨PR⟩ =
k3

2π2 CT⟨ΦΦ†⟩C
∣∣∣∣
k≪aH

with R = CT Φ
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PSKN(x |µ, σ, α) =
1

√
2πσ

e−
(x−µ)2

2σ2 erfc
[
−
α(x − µ)
√

2σ

]
∆log10 PR ≡ log10 PR − log10⟨PR⟩

{µ, σ, α} = {0.42, 0.87,−4.15}
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• Decouple δϕ: δ̈ϕ+ ( ˙δϕ, δϕ, background) = fϕ(t)ξt

• Approximate R ≈ −δϕ
ϕ′

• Parametrize background as piecewise constants

• Solve homogeneous equation, δ̈ϕ+ ( ˙δϕ, δϕ, background) = 0 , and find Green’s function

• Formally solve, δϕ(t) = δϕ(h)(t) +
∫

dt′ G(t, t′) fϕ(t′)ξt′

• Pδϕ = P(h)
δϕ (t) +

∫
dt′ G(t, t′)2 fϕ(t′)2 −→ PR
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Second order induced GWs, (s = (+,×))

hs′′
k + 2Hhs′

k + k2hs
k = S s

k

S s
k =

∫
3p

(2π)3 es
ij(k)pipj

[
8ψpψk−p +

16ρ
3(ρ+ p)

(
ψp +

1
Hψ′

p

)(
ψk−p +

1
Hψ′

k−p

)]
Y. Lu et al., PRD 102 (2020), 083503

The source needs to be tracked during and after inflation,

S s
k(pre) =

4
3

(
ρ

ρ+ p

)(
ϕ′2

H2M4
p

)∫ 3p
(2π)3 es(k,p)δϕpδϕk−p

S s
k(post) =

∫ 3p
(2π)3 es(k,p)

[
8ψpψk−p + 4

(
ψp +

1
H
ψ′

p

)(
ψk−p +

1
H
ψ′

k−p

)]
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⟨ΩGW(T0, k)⟩S =
Ωγ(T0)

24
g⋆,T
g⋆,T0

(
g⋆s,T0

g⋆s,T

)4/3

×
(

k
H

)2
⟨Ph(η, k)⟩S

⟨hk(η)hk′(η)⟩ =
2π2

k3 Ph(k, η)δ(k − k′)
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• Localized dissipation can be realized with non-minimal kinetic terms
• Dissipation affects the background, but does not drive the enhancement in PR

• Thermal fluctuations are the main source for a peaked PR

• Thermal attractor allows for analytical estimates
• First full determination of the stochastic GW signal
• Induced growth of fluctuations during reheating?

Thank you


