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Figure 3. A schematic representation of the DM relic density as a function of the coupling between
DM and the visible sector. The plot corresponds to a transition between regimes 1 and 2 in Fig. 1.

The required coupling values and assumptions of the initial abundance are not the only
di↵erences between the freeze-in and freeze-out scenarios, as also the relation between the
relevant mass scale and the bath temperature at the time of DM production is di↵erent.
In the freeze-out mechanism the relic abundance is produced at m�/T ' 10 . . . 30, whereas
for the freeze-in mechanism it arises during the epoch m/T ' 2 . . . 5 [19], where m is the
relevant mass scale in the DM production process. In the case of � ! �� decays this is
m�, and for annihilations �� ! �� it is max(m�,m�). Despite the fact that the decays
and annihilations of visible sector particles can start early and gradually build up the DM
abundance, the standard freeze-in involving only renormalizable operators is almost entirely
an IR process. This can be seen, in the simplest case where the DM is produced by decays of
bath particles, by either straightforwardly integrating Eq. (3.8) or considering the estimate
presented in Ref. [18], where in order to find the comoving DM number density at T ' m�,
one multiplies the number density of � particles by its decay rate and the time available for
these decays to populate the DM abundance,

n�

T 3
' t��!�� ' y2

MP

m�
, (3.13)

where t ⇠ MP/T 2 is the time-temperature relation for a radiation dominated Universe. The
result shows that the freeze-in is essentially an IR process, and is indeed consistent with
Eq. (3.9). The e↵ect of annihilations at higher temperatures has been further discussed in
Refs. [15, 240, 262, 266, 267].

The above calculation assumed that the initial number density of DM particles is neg-
ligible. Because the DM particles are assumed to have not been in thermal equilibrium with
the visible sector particles in the early Universe, their production mechanism can be sensitive
to the e↵ect of non-renormalizable operators, the so-called ultraviolet freeze-in [16, 19, 268–
273], or to the initial conditions set by cosmic inflation [259, 274–276]. This is again in
contrast to the freeze-out mechanism, where thermal equilibrium destroys all dependence on
initial conditions. This important feature of the freeze-in mechanism can be used to constrain
di↵erent models of feebly interacting DM, as we will discuss in Section 5.
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The origin of dark matter
Existence of (particle) DM = evidence for BSM physics

Guiding principle: any convincing model for dark matter 
must include a production mechanism
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Figure 3. A schematic representation of the DM relic density as a function of the coupling between
DM and the visible sector. The plot corresponds to a transition between regimes 1 and 2 in Fig. 1.

The required coupling values and assumptions of the initial abundance are not the only
di↵erences between the freeze-in and freeze-out scenarios, as also the relation between the
relevant mass scale and the bath temperature at the time of DM production is di↵erent.
In the freeze-out mechanism the relic abundance is produced at m�/T ' 10 . . . 30, whereas
for the freeze-in mechanism it arises during the epoch m/T ' 2 . . . 5 [19], where m is the
relevant mass scale in the DM production process. In the case of � ! �� decays this is
m�, and for annihilations �� ! �� it is max(m�,m�). Despite the fact that the decays
and annihilations of visible sector particles can start early and gradually build up the DM
abundance, the standard freeze-in involving only renormalizable operators is almost entirely
an IR process. This can be seen, in the simplest case where the DM is produced by decays of
bath particles, by either straightforwardly integrating Eq. (3.8) or considering the estimate
presented in Ref. [18], where in order to find the comoving DM number density at T ' m�,
one multiplies the number density of � particles by its decay rate and the time available for
these decays to populate the DM abundance,

n�

T 3
' t��!�� ' y2

MP

m�
, (3.13)

where t ⇠ MP/T 2 is the time-temperature relation for a radiation dominated Universe. The
result shows that the freeze-in is essentially an IR process, and is indeed consistent with
Eq. (3.9). The e↵ect of annihilations at higher temperatures has been further discussed in
Refs. [15, 240, 262, 266, 267].

The above calculation assumed that the initial number density of DM particles is neg-
ligible. Because the DM particles are assumed to have not been in thermal equilibrium with
the visible sector particles in the early Universe, their production mechanism can be sensitive
to the e↵ect of non-renormalizable operators, the so-called ultraviolet freeze-in [16, 19, 268–
273], or to the initial conditions set by cosmic inflation [259, 274–276]. This is again in
contrast to the freeze-out mechanism, where thermal equilibrium destroys all dependence on
initial conditions. This important feature of the freeze-in mechanism can be used to constrain
di↵erent models of feebly interacting DM, as we will discuss in Section 5.
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Freeze-in: Case study
Scalar Singlet DM

5 Freeze-in of scalar singlet dark matter

We now apply the largely model-independent formalism outlined in the previous sections to
a specific DM model. For this purpose we consider a new real singlet scalar S, which is
stabilised by a Z2 symmetry. The most general renormalisable Lagrangian is then

L =
1

2
@µS@

µ
S +

1

2
µ
2
SS

2 +
1

2
�hsS

2|H|2 + 1

4
�sS

4
. (5.1)

After EWSB the term involving the Higgs field induces terms proportional to h
2
S
2, vhS2

and vS
2. The latter gives a contribution to the scalar singlet mass, which as a result is given

by

ms(T ) =

r
µ
2
S
+

1

2
�hsv(T )2 . (5.2)

This e↵ect leads to a temperature dependence of the mass term even if the scalar singlet is
not in equilibrium with the SM thermal bath.

In the following we will be interested in the case where the phenomenology of the model
is driven by ms and �hs. In particular, we assume that �hs is su�ciently small that the
scalar singlet never entered into thermal equilibrium with the SM heat bath and that its relic
abundance is determined by the freeze-in mechanism.4 The latter requirement also means
that the quartic self-coupling �s should be smaller than very roughly 10�3(ms/GeV)1/3, in
order to avoid equilibration of the scalar singlet with itself via 2 $ 4 processes [29, 51].

The processes that contribute to the freeze-in yield are fundamentally di↵erent before
and after the EWPT. In the former case, the only process that leads to the production
of scalar singlets is HH ! SS, which in our approach is calculated by considering the
annihilation cross section for SS ! HH. In the latter case, on the other hand, a multitude of
SM states can contribute and we need to calculate the annihilation cross section for processes
like SS ! h

⇤ ! ff̄ . Hence, the di↵erential equation that determines the yield Ys, Eq. (2.16),
needs to be solved separately for T > Tc and T < Tc, with continuity of Ys imposed as the
boundary condition between the two regimes.

For ms < mh/2 one finds that the dominant contribution to the scalar singlet yield
stems from temperatures T ⇠ mh/2. This can equivalently be interpreted as either equilib-
rium decays of SM Higgs bosons or annihilations enhanced by an s-channel resonance (see
section 2.3). For ms > mh/2, on the other hand, there is no such resonant enhancement,
as the decays of on-shell Higgs bosons into scalar singlets are kinematically forbidden. In
this case freeze-in production proceeds dominantly via o↵-shell Higgs decays at higher tem-
peratures, such that the thermal e↵ects discussed in sections 3 and 4 become particularly
relevant.

Another interesting scenario is that the reheating temperature TR is small compared to
the Higgs boson mass: TR ⌧ mh. In this case the density of Higgs bosons in the thermal
plasma is exponentially suppressed for all relevant temperatures and there is no resonant
enhancement of the freeze-in production even for ms < TR. Instead, the processes relevant
for the freeze-in production of scalar singlets can be written as an e↵ective dimension-5
operator of the form

L � 1

⇤f

f̄fS
2
, (5.3)

4The regime where scalar singlet DM is produced via the freeze-out mechanism has been extensively studied
elsewhere [20, 21, 23, 24, 50].
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A new production mechanism
In the past, many variants of freeze-out scenario 
have been explored:

Hidden sector freeze-out


Forbidden dark matter


Cannibal dark matter


Zombie dark matter


Elder dark matter


Kinder dark matter


SIMP dark matter


Can we get a qualitatively different freeze-in scenario?
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‘Pandemic’ dark matter Aside: SIR Model

I = # infected 
S = # susceptible 
β = infection rate 
γ = recovery rate
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NYC covid test positivity rate:

700 W . O. K erm ack  an d  A. G. M cK endrick.

Summary.

The various possible mechanisms for the production of ammonia in a nitrogen 
hydrogen mixture by means of thermions have been investigated in detail. 
It is shown that synthesis can occur due to the following reactions—

N2 +  H at the surface of platinum or nickel.
N2 +  H ' in the bulk at 13 volts.

The following molecular species are shown to be chemically reactive—

N 2+ in the bulk at 17 volts,
N+ in the bulk at 23 volts,

and possible modes of mechanism involving N2' and H ' are elaborated.

Our thanks are due to Prof. T. M. Lowry, F.R.S., who communicated 
this paper, and to Messrs. Brunner Mond and Co., for providing a grant to 
defray part of the cost of the apparatus employed.

A Contribution to the Mathematical Theory o f Epidemics.
By W. 0. Ke r ma c k  and A. G. Mc Ke n d r ic k .

(Communicated by Sir Gilbert Walker, F.R.S.—Received May 13, 1927.)

(From the Laboratory of the Royal College of Physicians, Edinburgh.)

Introduction.

(1) One of the most striking features in the study of epidemics is the difficulty 
of finding a causal factor which appears to be adequate to account for the 
magnitude of the frequent epidemics of disease which visit almost every popula-
tion. I t  was with a view to obtaining more insight regarding the effects of the 
various factors which govern the spread of contagious epidemics that the present 
investigation was undertaken. Reference may here be made to the work of Ross 
and Hudson (1915-17) in which the same problem is attacked. The problem is 
here carried to a further stage, and it is considered from a point of view which 
is in one sense more general. The problem may be summarised as follows : 
One (or more) infected person is introduced into a community of individuals, 
more or less susceptible to the disease in question. The disease spreads from
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The ‘SIR’ compartmental model
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= �i�tr

_nχ þ 3Hnχ ¼ hσvitrnχn
eq
ψ − hσviann2χ : ð1Þ

Here, neqψ is the number density of ψ in equilibrium,H is the
Hubble rate, and hσvitr (hσvian) is the cross section for the
process χψ → χχ (χχ → χψ), averaged over the phase
space of the initial state. We assume that ψ is in equilibrium
with the SM heat bath; this equilibrium can be maintained,
for example, by rapid annihilations of ψψ to SM states. We
note that the zombie collisions of Refs. [17,33] involve a
similar process to Fig. 1, but the roles of the DM and bath
particles are reversed.
As long as neqχ ≫ nχ , we can neglect the second term on

the rhs of the above equation. Introducing xψ ≡mψ=T and
Yχ ≡ nχ=s, with s being the entropy density of the heat
bath, the solution of the Boltzmann equation is given by

YχðxψÞ ≃ Y0
χ exp

!Z
xψ

x0ψ

dx
x
PðxÞ

"
; ð2Þ

where

PðxÞ ¼ H̃−1neqψ hσvitr: ð3Þ

Here, Y0
χ denotes the DM abundance at some initial “time”

x0ψ , and we have defined H̃ ≡H=½1þ ð1=3Þdðlog gseffÞ=
dðlogTÞ&, where gseff encodes the entropy degrees of
freedom.
Equation (2) describes exponential growth of the DM

abundance, with growth rate P, as long as P0ðxÞ > 0.
For highly relativistic heat bath particles (with neqψ ∝ x−3ψ ),
this is automatically achieved for hσvitr ¼ ðσvÞ0trxkψ , with
ðσvÞ0tr ≃ const: and k > 1, i.e., infrared (IR) dominated
transformation processes since H ∝ x−2ψ . Later, once the
heat bath particles become nonrelativistic, exponential
growth will inevitably come to an end for any value of
k due to the Boltzmann suppression of neqψ , leading to an
asymptotically flat YχðxψÞ. Parametrically, we thus find

Yfinal
χ ∼ Y0

χ exp
!

λ'
k − 1

xk−1ψ ;NR

"
ð4Þ

for the final DM abundance, where xψ ;NR ∼ 3 and

λ' ∼ 6 × 10−2gψg
−1
2

effmψmPlðσvÞ0tr, with geff the energy
degrees of freedom and mPl the Planck mass.
We confirm this expectation in Fig. 2, where we show

(with solid lines) the full solution of Eq. (1), adopting for
illustration a constant amplitude jMtrj2 ¼ λ2tr, which is
realized if χ and ψ are real scalars with interaction
L ⊃ ðλtr=3!Þψχ3. We calculate, for simplicity, hσvitr for
a Maxwell-Boltzmann distribution [34], leaving a deter-
mination of its precise phase space distribution for future
work; this leads to hσvitr ∝ T−2 for T ≫ mχ, mψ . Starting
from an initial value of the DM abundance (indicated by the

dashed lines), the onset of exponential growth is clearly
visible as P becomes larger than ∼0.2 for xψ ≳ 0.01 until it
stalls because P is heavily suppressed again for xψ ≳ 5. The
figure also illustrates an attractive feature of exponential
growth from a phenomenological point of view: the
coupling strength required to match the observed DM relic
abundance is only logarithmically sensitive to the initial
abundance. In the examples shown here, e.g., decreasing
the initial abundance by 4 orders of magnitude (from the
green to the red line) is compensated by a mere increase of
about 22% in λtr.
Exponential growth in nature.—It is intriguing how

closely the evolution of the DM abundance in Fig. 2
mimics other well-known examples of exponential growth
in nature—like, for example, the progression of an illness
after an initial outbreak. In fact, we can formalize this
analogy by referring to the SIR (susceptible, infected, and
recovered) epidemiological model [35], where the number
of infected individuals, I, evolves according to

_I ¼ βSI − γI; ð5Þ

with S the number of susceptible individuals and β and γ
the infection and recovery rates, respectively. We recognize
that this is simply Eq. (1), in the limit nχ ≪ neqχ , after
identifying I ↔ nχ , S ↔ neqψ , β ↔ hσvitr, and γ ↔ 3H.
This mathematically exact correspondence motivates us to
further introduce

FIG. 2. Top: Number density of χ relative to the entropy density
of the heat bath (solid lines) for mχ ¼ 1 GeV, mψ ¼ 2 GeV and
different values of the transformation coupling λtr . For each value
of λtr , we fix the initial abundance of χ (dashed lines) such that
the final abundance corresponds to the observed DM density.
Bottom: R value corresponding to the abundance evolution in the
top panel.
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Adding freeze-in production



 (Torsten Bringmann) DM production from thermal bath ‒ ￼9

Signals ?
Necessarily model-dependent
‘Pandemic DM’ describes a class of models, just like ‘WIMP’ does 
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FIG. 4. Diagrams for Bhabha-scattering-like transmission
(top row) and freeze-in (bottom row) processes for a sim-
ple virus-mediator model with fermion mass mixing, scaling
with the mixing angle as ✓ and ✓2, respectively. Also Møller-
scattering-like processes (involving only fermions, not anti-
fermions) contribute to the production of � through both
transmission and freeze-in, at the same orders in ✓.

transmission phase in a rather natural way (see also be-
low for concrete model building). It therefore becomes
possible to satisfy the relic density constraint with sig-
nificantly smaller couplings �fi than generally assumed,4

opening up new parameter space where freeze-in is rele-
vant for setting the DM energy density. Again, the trans-
mission couplings, �tr, needed for this purpose are only
logarithmically dependent on the freeze-in couplings.

Vector transmission model.— In the simple toy ex-
ample shown in Fig. 3 we treated freeze-in and transmis-
sion as completely independent processes, adjusting their
relative strength by hand to meet the necessary condition
for an IR-dominated initial outbreak, h�vifi ⌧ h�vitr.
We will now provide an explicit model where this condi-
tion is automatically satisfied in a simple and straight-
forward way. Concretely, we consider both  and � to
be Dirac fermions, with a tiny mass mixing �m. Addi-
tionally, we assume that � (but not  ) is charged under
a broken U(1)0, mediated by a massive vector V (the
‘virus’).5 The relevant parts of the Lagrangian are thus
given by L � ��m

�
 ̄�+ �̄ 

�
� g�̄ /V � . After diagonal-

izing the Lagrangian to new mass eigenstates, which for
ease of notation we again simply denote with  and �,
the relevant interaction terms are

L � �g
⇥
�̄ /V �+ ✓

�
 ̄ /V �+ �̄ /V  

�
+ ✓

2
 ̄ /V  

⇤
, (8)

4 Pure freeze-in without transmission (�tr = 0) would produce the
observed DM abundance if �fi ⇡ 6.39 ⇥ 10�11 for the masses
used in Fig. 3.

5 In fact transmission over some distance (air) can be at least as
e↵ective as infection via a contact interaction, as made painfully
clear in the current Covid-19 pandemic.

with ✓ ' �m/(m � m�) ⌧ 1 being the mixing angle.
Here we do not speculate further about the origin of
�m, but note in passing that it could be generated by
a Yukawa coupling to the same scalar whose vacuum ex-
pectation value is responsible for breaking the U(1)0.

As illustrated in Fig. 4, this simple setup leads to
both transmission and freeze-in processes, with relative
strengths given by h�vifi/h�vitr ⇠ ✓

2 ⌧ 1 as required.
We note that Møller-like scattering processes also need to
be taken into account for both transmission ( � ! ��)
and freeze-in (  ! ��) in this model, contributing at
the same order in ✓ as the Bhabha-scattering-like pro-
cesses explicitly shown in the figure. Other potential
DM production processes, such as   !  �, can be
safely neglected as they are suppressed by a further fac-
tor of ✓2. On the other hand, light vector mediators,
with mV < 2m�, would allow for unsuppressed DM an-
nihilation and inverse decay processes. While this would
somewhat complicate the description of the epi curves,
requiring to take into account additional terms in the
Boltzmann equation, this is a model building option that
allows for a rich phenomenology connected to late-time
DM observables.

Discussion.— The above example illustrates that
transmission is by no means restricted to specific model
realizations, but a general mechanism of DM produc-
tion that essentially interpolates between the tradition-
ally considered freeze-in and freeze-out regimes. At first
glance it may seem worrisome that the dark matter en-
ergy density depends exponentially on the transmission
cross section, implying that the cross section must be
carefully chosen to match observation. But this can be
turned around: in fact it implies that this mechanism is
highly predictive, as manifested by the logarithmic sen-
sitivity of the necessary cross section to the size of the
initial outbreak. We also note that exponential sensitiv-
ity is quite common in nature (beyond epidemics) and
for example is an implication of renormalization group
flows, where IR parameters can be exponentially sensi-
tive to UV parameters: the proton mass, e.g., depends
exponentially on the size of the strong coupling at high
energies [? ].

Let us finally stress that the mechanism proposed here
works for a large range of di↵erent particle masses, not
just the specific choice displayed in the epi curve ex-
amples, m� = 10GeV and m = 20GeV. We note
that primordial nucleosynthesis and the CMB constrain
an additional particle  in the SM heat bath to satisfy
m & 10 MeV [? ? ]; this could be lowered by consid-
ering the possibility of  being a SM particle. Even a
reverted mass hierarchy is possible, m� > m , in which
case it would be m� rather than m that determines
when the epi curves start to flatten. For m� > 3m ,
DM in general becomes unstable – but not necessarily on
cosmological time-scales (if only the contact interaction
shown in Fig. 1 is present, e.g., this decay would only oc-

A: yes — just add a dark sector mediator and mass mixing!

3

FIG. 3. As in Fig. 2, but now with a vanishing initial DM
abundance and, on top of the transformation interaction,
freeze-in production based on a constant matrix element. The
coupling �fi for the latter is chosen such that the final abun-
dance of � corresponds to the observed DM density. Dashed
lines show the would-be abundance from freeze-in alone (when
setting �tr = 0, for which �fi ⇡ 5.81 ⇥ 10�11 would give
⌦DMh2 = 0.12).

the inflaton or other heavy particles [38] – but could also
be related to more exotic examples like false vacua after
a phase transition in the dark sector [39, 40] or by the
evaporation of black holes. Common to all these scenar-
ios is that the final DM abundance is independent of how
exactly the initial abundance is set: the only phenomeno-
logically relevant input is the DM abundance at the onset
of the era of exponential growth, thus providing a direct
map to the generic situation depicted in Fig. 2.

In the second class of relevant scenarios, the initial and
exponential phases of DM production are intertwined.
This is particularly relevant for IR dominated freeze-in
rates [23] that are too small to explain the observed DM
abundance without a subsequent phase of exponential
growth. A nice feature of the mechanism proposed here is
in fact that a non-vanishing freeze-in contribution due to
the transformation coupling �tr is automatically built-in,
as discussed below. In general, the Boltzmann equation
including 2 ! 2 freeze-in processes becomes

ṅ� + 3Hn� ' h�vitr n�n
eq
 + h�vifi (neq

 )2 , (7)

where h�vifi is the total cross-section for   ! �� and
  ! � . Since n

eq
 � n�, a necessary condition for

transformation processes to be non-negligible compared
to traditional freeze-in is thus h�vifi ⌧ h�vitr. Once
the two terms on the r.h.s. of the above equation are of
a similar size, on the other hand, � ! �� will very
quickly take over due to the exponential growth of n�.

FIG. 4. Phase diagram of transformation (�tr) and freeze-in
(�fi) couplings that can result in the correct DM abundance,
for a fixed mass ratio m /m� = 1.2. Colored regions indicate
the respective mechanism that is responsible for thermal pro-
duction, while dashed lines show the required value of m�.
Gray regions would require a new heat bath particle  too
light to be compatible with constraints from BBN [41]. In
the light blue region an additional 2 ! 4 freeze-in contribu-
tion is expected.

We show the evolution of the DM abundance for this
scenario in Fig. 3, assuming for simplicity that all ampli-
tudes are constant. We also choose the same masses and
transformation couplings as in Fig. 2, to facilitate com-
parison. Instead of fixing the initial abundance, however,
we now fix the freeze-in coupling to result in the cor-
rect relic abundance (thus taking a vanishing DM abun-
dance as the initial condition). The above discussed three
phases – freeze-in, transformation, and the final flatten-
ing of the abundance evolution curve – are clearly visible
in the figure. We stress that this brings a new perspec-
tive to the widely studied freeze-in mechanism, which can
trigger a subsequent phase of exponential growth in a
rather natural way. It therefore becomes possible to sat-
isfy the relic density constraint with significantly smaller
couplings �fi than generally assumed, opening up new pa-
rameter space where freeze-in is relevant for setting the
DM energy density.

To further illustrate the last point we show in Fig. 4 a
full ‘phase diagram’ of the combination of couplings �tr

and �fi that allow the production of DM from the heat
bath, for a fixed mass ratio of m /m� = 1.2. At each
point in this plane, we thus adjust the mass m� such
that ⌦DMh

2 = 0.12 (with dashed lines indicating iso-
contours of m�). Depending on the couplings, the relic
abundance can be set via di↵erent mechanisms. In the
green (red) region, the relic is mainly set via freeze-in

Q: Is there a generic way to realize                         ? 
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FIG. 4. Diagrams for Bhabha-scattering-like transmission
(top row) and freeze-in (bottom row) processes for a sim-
ple virus-mediator model with fermion mass mixing, scaling
with the mixing angle as ✓ and ✓2, respectively. Also Møller-
scattering-like processes (involving only fermions, not anti-
fermions) contribute to the production of � through both
transmission and freeze-in, at the same orders in ✓.

transmission phase in a rather natural way (see also be-
low for concrete model building). It therefore becomes
possible to satisfy the relic density constraint with sig-
nificantly smaller couplings �fi than generally assumed,4

opening up new parameter space where freeze-in is rele-
vant for setting the DM energy density. Again, the trans-
mission couplings, �tr, needed for this purpose are only
logarithmically dependent on the freeze-in couplings.

Vector transmission model.— In the simple toy ex-
ample shown in Fig. 3 we treated freeze-in and transmis-
sion as completely independent processes, adjusting their
relative strength by hand to meet the necessary condition
for an IR-dominated initial outbreak, h�vifi ⌧ h�vitr.
We will now provide an explicit model where this condi-
tion is automatically satisfied in a simple and straight-
forward way. Concretely, we consider both  and � to
be Dirac fermions, with a tiny mass mixing �m. Addi-
tionally, we assume that � (but not  ) is charged under
a broken U(1)0, mediated by a massive vector V (the
‘virus’).5 The relevant parts of the Lagrangian are thus
given by L � ��m

�
 ̄�+ �̄ 

�
� g�̄ /V � . After diagonal-

izing the Lagrangian to new mass eigenstates, which for
ease of notation we again simply denote with  and �,
the relevant interaction terms are

L � �g
⇥
�̄ /V �+ ✓

�
 ̄ /V �+ �̄ /V  

�
+ ✓

2
 ̄ /V  

⇤
, (8)

4 Pure freeze-in without transmission (�tr = 0) would produce the
observed DM abundance if �fi ⇡ 6.39 ⇥ 10�11 for the masses
used in Fig. 3.

5 In fact transmission over some distance (air) can be at least as
e↵ective as infection via a contact interaction, as made painfully
clear in the current Covid-19 pandemic.

with ✓ ' �m/(m � m�) ⌧ 1 being the mixing angle.
Here we do not speculate further about the origin of
�m, but note in passing that it could be generated by
a Yukawa coupling to the same scalar whose vacuum ex-
pectation value is responsible for breaking the U(1)0.

As illustrated in Fig. 4, this simple setup leads to
both transmission and freeze-in processes, with relative
strengths given by h�vifi/h�vitr ⇠ ✓

2 ⌧ 1 as required.
We note that Møller-like scattering processes also need to
be taken into account for both transmission ( � ! ��)
and freeze-in (  ! ��) in this model, contributing at
the same order in ✓ as the Bhabha-scattering-like pro-
cesses explicitly shown in the figure. Other potential
DM production processes, such as   !  �, can be
safely neglected as they are suppressed by a further fac-
tor of ✓2. On the other hand, light vector mediators,
with mV < 2m�, would allow for unsuppressed DM an-
nihilation and inverse decay processes. While this would
somewhat complicate the description of the epi curves,
requiring to take into account additional terms in the
Boltzmann equation, this is a model building option that
allows for a rich phenomenology connected to late-time
DM observables.

Discussion.— The above example illustrates that
transmission is by no means restricted to specific model
realizations, but a general mechanism of DM produc-
tion that essentially interpolates between the tradition-
ally considered freeze-in and freeze-out regimes. At first
glance it may seem worrisome that the dark matter en-
ergy density depends exponentially on the transmission
cross section, implying that the cross section must be
carefully chosen to match observation. But this can be
turned around: in fact it implies that this mechanism is
highly predictive, as manifested by the logarithmic sen-
sitivity of the necessary cross section to the size of the
initial outbreak. We also note that exponential sensitiv-
ity is quite common in nature (beyond epidemics) and
for example is an implication of renormalization group
flows, where IR parameters can be exponentially sensi-
tive to UV parameters: the proton mass, e.g., depends
exponentially on the size of the strong coupling at high
energies [? ].

Let us finally stress that the mechanism proposed here
works for a large range of di↵erent particle masses, not
just the specific choice displayed in the epi curve ex-
amples, m� = 10GeV and m = 20GeV. We note
that primordial nucleosynthesis and the CMB constrain
an additional particle  in the SM heat bath to satisfy
m & 10 MeV [? ? ]; this could be lowered by consid-
ering the possibility of  being a SM particle. Even a
reverted mass hierarchy is possible, m� > m , in which
case it would be m� rather than m that determines
when the epi curves start to flatten. For m� > 3m ,
DM in general becomes unstable – but not necessarily on
cosmological time-scales (if only the contact interaction
shown in Fig. 1 is present, e.g., this decay would only oc-
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 (Torsten Bringmann) DM production from thermal bath ‒ ￼10

Sterile neutrinos
An excellent, well-motivated dark matter candidate 

Production by SM processes: oscillations with active 
neutrinos, combined with CC and NC scatterings Dodelson & 

Widrow, PRL ‘94

| Dark Matter from Exponential Growth | Paul Frederik Depta | 30 May 2022

Connection to sterile neutrinos

• Convenient way to realize : Two fermions 
with tiny mass mixing, only one (mostly ) 
interacts with some mediator via Yukawa coupling 

• After mass diagonalization: 

•  vertices  

•  vertices  

•  vertices  

• What if  further is in the SM? 

•  Sterile neutrino, mass-mixing with active, 
coupling between mediator and sterile in flavor-
space

λfi ≪ λtr
χ

χ̄χ ∝ cos2 θ ∼ 1
ψ̄χ ∝ cos θ sin θ ∼ θ
ψ̄ψ ∝ sin2 θ ∼ θ2

ψ
→
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Unfortunately, this scenario is ruled out by observations…

Abazajian+, 2203.7377

X-ray lines



 (Torsten Bringmann) DM production from thermal bath ‒ ￼11

Interacting sterile neutrinos
TB, Depta, Hufnagel, Kersten, Ruderman & Schmidt-Hoberg, arXiv:2206.10630 

Let’s add a scalar    that only couples to the sterile neutrinos
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FIG. 2. Left: Comparison of relevant rates for the benchmark points BP1 (solid lines) and BP2 (dashed lines) specified in
Tab. I, as function of the inverse active neutrino temperature. Red lines show the Hubble rate, H, while blue lines refer to
the absolute value of the indicated processes’ contribution to Cns/ns (see App. for details). Right: Corresponding evolution of
⌫s (green) and � (orange) abundances, and temperature ratio (black, bottom panel). The dash-dotted gray line indicates the
observed DM abundance [60].

process becomes inefficient and the final ⌫s abun-
dance is obtained. Afterwards, since both � and
⌫s are non-relativistic, the dark sector temperature
decreases with Td / a

�2 both before and after ki-
netic decoupling (right panel, black).

BP2 In this case the larger coupling y (needed to com-
pensate for the smaller ✓) leads to another pro-
cess impacting the evolution of the system: at
ms/T⌫ ⇠ 0.01, the rate for ⌫s⌫s ! �� (left panel,
cyan , and middle panel of Fig. 1) starts to be com-
parable to H. As � predominantly decays into ⌫s⌫s

(left panel, blue), this effectively transforms kinetic
energy to rest mass by turning 2⌫s to 4⌫s – very
similar to the reproductive freeze-in mechanism de-
scribed by Refs. [24, 61, 62]. As expected, this leads
to a significant drop in the temperature Td (right
panel, black). This process becomes inefficient for
Td ⌧ m�, due to the Boltzmann suppression of
�. Subsequently the rate for ⌫s⌫↵ ! � (left panel,
red) becomes comparable to H, leading to a phase
of exponential growth in the same way as for BP1.

Observational constraints.— Due to the mixing with
active neutrinos, ⌫s is not completely stable and subject
to the same decays as in the standard scenario for keV-
mass sterile neutrino DM. The strongest constraints on
these decays come from a variety of X-ray line searches.
We take the compilation of limits from Ref. [9], but
only consider the overall envelope of constraints from

Refs. [63–68]. Furthermore, we consider projections for
eROSITA [69], Athena [70], and eXTP [71].

Observations of the Lyman-↵ forest using light from
distant quasars place stringent limits on a potential
cutoff in the matter-power spectrum at small scales,
where the scale of this cutoff is related to the time
of kinetic decoupling, tkd. In our scenario this is de-
termined by DM self-interactions and we estimate tkd

from Hns = C⌫s⌫s!⌫s⌫s [72], where the collision term
C⌫s⌫s!⌫s⌫s is stated in the App. A full evaluation of
Lyman-↵ limits would require evolving cosmological per-
turbations into the non-linear regime, which is beyond
the scope of this work. Instead, we recast existing lim-
its on the two main mechanisms that generate such a
cutoff. At times t < tkd, DM self-scatterings prevent
overdensities to grow on scales below the sound hori-
zon rs =

R tkd
0 cs/a, where cs =

p
dP/d⇢ is the speed

of sound in the dark sector [73]. We use the results from
Ref. [74] for cold DM in kinetic equilibrium with dark ra-
diation (with cs = 1/

p
3) to recast the current Lyman-↵

constraint on the mass of a warm DM (WDM) thermal
relic mWDM > 1.9 keV [75] to the bound rs < 0.34 Mpc.
Overdensities are also washed out by the free streaming
of DM after decoupling. We evaluate the free-streaming
length as �fs =

R tnl
tkd

dthvi/a, where hvi = hp/Ei is the
thermally averaged DM velocity and we integrate up to
times tnl where structure formation becomes relevant at
redshifts of roughly z ⇠ 50. We translate the WDM con-
straint of mWDM > 1.9 keV to �fs < 0.24 Mpc, which
we will employ in the following also in our scenario. We

solid: benchmark point with large   , small  
dashed: benchmark point with small   , large  
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FIG. 1. Relevant diagrams for dark sector thermalization,
⌫s⌫s ! �

⇤ ! ⌫s⌫s (left), increasing the dark sector number
density after initial DW production, ⌫s⌫s ! �� (middle), and
exponential growth of DM, ⌫s⌫↵ ! �

⇤ ! ⌫s⌫s (right). Since
� is (almost) on shell for the 2 ! 2 processes in the left and
right diagrams, it is sufficient to include the rates for ⌫s⌫s $ �

and ⌫s⌫↵ ! �. See text for further details.

Lagrangian terms are given by

L � �
1

2
⌫sms⌫

c
s �

1

2
⌫↵m↵s⌫

c
s �

1

2
⌫sms↵⌫

c
↵

�
1

2
⌫↵m↵⌫

c
↵ +

y

2
⌫s�⌫

c
s + h.c. , (1)

where repeated indices ↵ are summed over and the
spinors ⌫↵,s are left-handed. We will concentrate on the
case of heavy mediators, m� > 2 ms, for most of this let-
ter, but later also briefly discuss phenomenological con-
sequences of lighter mediators. We do not include any
mediator self-interactions; concretely, we will assume a
scalar potential where number changing interactions like
3� $ 2� and 4� $ 2� can be neglected compared to the
Hubble expansion.

We further assume, for simplicity and concreteness,
that ⌫s dominantly mixes only with the active neutrino
species ⌫e, and that ms � m↵. Expressed in terms of
mass eigenstates, which for ease of notation we denote by
the same symbols as flavor eigenstates, the interactions
of the mediator then take the form

L
int
� =

y

2
�

✓
cos2✓ ⌫s⌫

c
s �

1

2
sin 2✓ [⌫↵⌫

c
s + ⌫s⌫

c
↵]

+ sin2
✓ ⌫↵⌫

c
↵

◆
+ h.c. , (2)

where sin ✓ ' m↵s/(2ms) ⌧ 1. The unsuppressed cou-
plings among � and ⌫s turn out to be sufficiently strong
to equilibrate the dark sector during the new exponential
production phase that we consider below. On the other
hand, mass-mixing-induced interactions between ⌫s and
electroweak gauge bosons are suppressed by the Fermi
constant, GF , and will only be relevant in setting the
initial sterile neutrino abundance.

Evolution of ⌫s number density.— For an initially
vanishing abundance, in particular, the interactions in
Eq. (2) only allow freeze-in production of ⌫s. While
the corresponding rate scales as / sin4

✓, active-sterile
neutrino oscillations at temperatures above and around
⇤QCD ⇠ 150 MeV, in combination with neutral and
charged current interactions with the SM plasma, lead
to a production rate scaling as / sin2(2✓) [12]. Adopting
results from Ref. [57], we use the ⌫s number density, ns,
and energy density, ⇢s ⇠ hpins, that result from the DW

ms m� sin2(2✓) y

BP1 12 keV 36 keV 2.5 ⇥ 10�13 1.905 ⇥ 10�4

BP2 20 keV 60 keV 3.0 ⇥ 10�15 1.602 ⇥ 10�3

TABLE I. Parameter values for the two benchmark points
considered in Fig. 2.

mechanism. Once DW production is completed, and in
the absence of dark sector interactions, the expansion of
the Universe will decrease these quantities as ns / a

�3

and ⇢s / a
�4, respectively, where a is the scale factor.

Some time later various decay and scattering processes
(cf. Fig. 1) become relevant due to the new interactions
appearing in Eq. (2) and, for the parameter space we are
interested in here, eventually thermalize the dark sec-
tor via the (inverse) decays ⌫s⌫s $ �. From that point
on, the phase-space densities of ⌫s and � follow Fermi-
Dirac and Bose-Einstein distributions, respectively, that
are described by a common dark-sector temperature Td

as well as chemical potentials µs and µ�. Similar to the
situation of freeze-out in a dark sector [58], the evolution
of these quantities is determined by a set of Boltzmann
equations for the number densities ns,� and total dark
sector energy density ⇢ = ⇢� + ⇢s:

ṅs + 3Hns = Cns , (3)
ṅ� + 3Hn� = Cn� , (4)

⇢̇ + 3H(⇢ + P ) = C⇢ , (5)

where H ⌘ ȧ/a is the Hubble rate, P = Ps +P� is the to-
tal dark sector pressure, and Ci are the various collision
operators (see App. for details). With � $ ⌫s⌫s in equi-
librium, the chemical potentials are related by 2µs = µ�,
allowing us to replace the first two of the above equa-
tions with a single differential equation for ñ ⌘ ns +2n�.
Noting that ⇢ / a

�4 and ñ / a
�3 both right before and

after � $ ⌫s⌫s starts to dominate over the Hubble rate,
the initial conditions to the coupled differential equations
for ñ and ⇢ can then be determined at the end of DW
production.

In order to illustrate the subsequent evolution of the
system let us consider two concrete benchmark points,
cf. Tab. I, for which the sterile neutrinos obtain a relic
density that matches the observed DM abundance of
⌦DMh

2
' 0.12 [59], with a mixing angle too small to

achieve this with standard DW production. As demon-
strated in Fig. 2, with solid (dashed) lines for BP1

(BP2 ), this leads to qualitatively different behaviour:

BP1 Here the only additional process (beyond � $

⌫s⌫s) where the rate becomes comparable to H,
at ms/T⌫ ⇠ 0.2 with T⌫ the active neutrino tem-
perature, is ⌫s⌫↵ ! � (left panel, blue). This trig-
gers exponential growth in the abundance for both
⌫s and � (right panel, green and orange) through
⌫s⌫↵ ! �
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where repeated indices ↵ are summed over and the
spinors ⌫↵,s are left-handed. We will concentrate on the
case of heavy mediators, m� > 2 ms, for most of this let-
ter, but later also briefly discuss phenomenological con-
sequences of lighter mediators. We do not include any
mediator self-interactions; concretely, we will assume a
scalar potential where number changing interactions like
3� $ 2� and 4� $ 2� can be neglected compared to the
Hubble expansion.

We further assume, for simplicity and concreteness,
that ⌫s dominantly mixes only with the active neutrino
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where sin ✓ ' m↵s/(2ms) ⌧ 1. The unsuppressed cou-
plings among � and ⌫s turn out to be sufficiently strong
to equilibrate the dark sector during the new exponential
production phase that we consider below. On the other
hand, mass-mixing-induced interactions between ⌫s and
electroweak gauge bosons are suppressed by the Fermi
constant, GF , and will only be relevant in setting the
initial sterile neutrino abundance.

Evolution of ⌫s number density.— For an initially
vanishing abundance, in particular, the interactions in
Eq. (2) only allow freeze-in production of ⌫s. While
the corresponding rate scales as / sin4

✓, active-sterile
neutrino oscillations at temperatures above and around
⇤QCD ⇠ 150 MeV, in combination with neutral and
charged current interactions with the SM plasma, lead
to a production rate scaling as / sin2(2✓) [12]. Adopting
results from Ref. [57], we use the ⌫s number density, ns,
and energy density, ⇢s ⇠ hpins, that result from the DW
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appearing in Eq. (2) and, for the parameter space we are
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tor via the (inverse) decays ⌫s⌫s $ �. From that point
on, the phase-space densities of ⌫s and � follow Fermi-
Dirac and Bose-Einstein distributions, respectively, that
are described by a common dark-sector temperature Td
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(BP2 ), this leads to qualitatively different behaviour:

BP1 Here the only additional process (beyond � $

⌫s⌫s) where the rate becomes comparable to H,
at ms/T⌫ ⇠ 0.2 with T⌫ the active neutrino tem-
perature, is ⌫s⌫↵ ! � (left panel, blue). This trig-
gers exponential growth in the abundance for both
⌫s and � (right panel, green and orange) through
⌫s⌫↵ ! �

⇤
! ⌫s⌫s, with � being (almost) on shell
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FIG. 1. Relevant diagrams for dark sector thermalization,
⌫s⌫s ! �

⇤ ! ⌫s⌫s (left), increasing the dark sector number
density after initial DW production, ⌫s⌫s ! �� (middle), and
exponential growth of DM, ⌫s⌫↵ ! �

⇤ ! ⌫s⌫s (right). Since
� is (almost) on shell for the 2 ! 2 processes in the left and
right diagrams, it is sufficient to include the rates for ⌫s⌫s $ �

and ⌫s⌫↵ ! �. See text for further details.

Lagrangian terms are given by

L � �
1

2
⌫sms⌫

c
s �

1

2
⌫↵m↵s⌫

c
s �

1

2
⌫sms↵⌫

c
↵

�
1

2
⌫↵m↵⌫

c
↵ +

y

2
⌫s�⌫

c
s + h.c. , (1)

where repeated indices ↵ are summed over and the
spinors ⌫↵,s are left-handed. We will concentrate on the
case of heavy mediators, m� > 2 ms, for most of this let-
ter, but later also briefly discuss phenomenological con-
sequences of lighter mediators. We do not include any
mediator self-interactions; concretely, we will assume a
scalar potential where number changing interactions like
3� $ 2� and 4� $ 2� can be neglected compared to the
Hubble expansion.

We further assume, for simplicity and concreteness,
that ⌫s dominantly mixes only with the active neutrino
species ⌫e, and that ms � m↵. Expressed in terms of
mass eigenstates, which for ease of notation we denote by
the same symbols as flavor eigenstates, the interactions
of the mediator then take the form

L
int
� =

y

2
�

✓
cos2✓ ⌫s⌫

c
s �

1

2
sin 2✓ [⌫↵⌫

c
s + ⌫s⌫

c
↵]

+ sin2
✓ ⌫↵⌫

c
↵

◆
+ h.c. , (2)

where sin ✓ ' m↵s/(2ms) ⌧ 1. The unsuppressed cou-
plings among � and ⌫s turn out to be sufficiently strong
to equilibrate the dark sector during the new exponential
production phase that we consider below. On the other
hand, mass-mixing-induced interactions between ⌫s and
electroweak gauge bosons are suppressed by the Fermi
constant, GF , and will only be relevant in setting the
initial sterile neutrino abundance.

Evolution of ⌫s number density.— For an initially
vanishing abundance, in particular, the interactions in
Eq. (2) only allow freeze-in production of ⌫s. While
the corresponding rate scales as / sin4

✓, active-sterile
neutrino oscillations at temperatures above and around
⇤QCD ⇠ 150 MeV, in combination with neutral and
charged current interactions with the SM plasma, lead
to a production rate scaling as / sin2(2✓) [12]. Adopting
results from Ref. [57], we use the ⌫s number density, ns,
and energy density, ⇢s ⇠ hpins, that result from the DW

ms m� sin2(2✓) y

BP1 12 keV 36 keV 2.5 ⇥ 10�13 1.905 ⇥ 10�4

BP2 20 keV 60 keV 3.0 ⇥ 10�15 1.602 ⇥ 10�3

TABLE I. Parameter values for the two benchmark points
considered in Fig. 2.

mechanism. Once DW production is completed, and in
the absence of dark sector interactions, the expansion of
the Universe will decrease these quantities as ns / a

�3

and ⇢s / a
�4, respectively, where a is the scale factor.

Some time later various decay and scattering processes
(cf. Fig. 1) become relevant due to the new interactions
appearing in Eq. (2) and, for the parameter space we are
interested in here, eventually thermalize the dark sec-
tor via the (inverse) decays ⌫s⌫s $ �. From that point
on, the phase-space densities of ⌫s and � follow Fermi-
Dirac and Bose-Einstein distributions, respectively, that
are described by a common dark-sector temperature Td

as well as chemical potentials µs and µ�. Similar to the
situation of freeze-out in a dark sector [58], the evolution
of these quantities is determined by a set of Boltzmann
equations for the number densities ns,� and total dark
sector energy density ⇢ = ⇢� + ⇢s:

ṅs + 3Hns = Cns , (3)
ṅ� + 3Hn� = Cn� , (4)

⇢̇ + 3H(⇢ + P ) = C⇢ , (5)

where H ⌘ ȧ/a is the Hubble rate, P = Ps +P� is the to-
tal dark sector pressure, and Ci are the various collision
operators (see App. for details). With � $ ⌫s⌫s in equi-
librium, the chemical potentials are related by 2µs = µ�,
allowing us to replace the first two of the above equa-
tions with a single differential equation for ñ ⌘ ns +2n�.
Noting that ⇢ / a

�4 and ñ / a
�3 both right before and

after � $ ⌫s⌫s starts to dominate over the Hubble rate,
the initial conditions to the coupled differential equations
for ñ and ⇢ can then be determined at the end of DW
production.

In order to illustrate the subsequent evolution of the
system let us consider two concrete benchmark points,
cf. Tab. I, for which the sterile neutrinos obtain a relic
density that matches the observed DM abundance of
⌦DMh

2
' 0.12 [59], with a mixing angle too small to

achieve this with standard DW production. As demon-
strated in Fig. 2, with solid (dashed) lines for BP1

(BP2 ), this leads to qualitatively different behaviour:

BP1 Here the only additional process (beyond � $

⌫s⌫s) where the rate becomes comparable to H,
at ms/T⌫ ⇠ 0.2 with T⌫ the active neutrino tem-
perature, is ⌫s⌫↵ ! � (left panel, blue). This trig-
gers exponential growth in the abundance for both
⌫s and � (right panel, green and orange) through
⌫s⌫↵ ! �

⇤
! ⌫s⌫s, with � being (almost) on shell

Reproductive 
freeze-in
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FIG. 3. Available parameter space in the sin2(2✓)�ms plane,
for m� = 3ms. The Yukawa coupling y (green lines) is chosen
such that the correct DM relic abundance is achieved every-
where below the DW line. Present and projected bounds from
X-rays (filled gray and black lines), Lyman-↵ (orange, pink)
and DM self-interactions (violet) are evaluated as described
in the text. The two benchmark points BP1 and BP2 from
Tab. I, see also Fig. 2, are indicated as red stars.

note that the WDM bounds from Ref. [76] are based on
marginalizing over different re-ionization histories. Fixed
re-ionization models tend to produce less conservative
constraints, which however illustrate the future poten-
tial of Lyman-↵ probes once systematic errors are fur-
ther reduced (mWDM > 5.3 keV [76], e.g., corresponds to
rs < 0.09 Mpc and �fs < 0.07 Mpc, respectively).

DM self-interactions are also constrained by a variety
of astrophysical observations at late times [77]. We adopt
�T /ms < 1 cm2

/g as a rather conservative limit, where
�T is the momentum transfer cross-section as defined in
Ref. [78]. Far away from the s-channel resonance we find
�T /ms ' y

4
ms/(4⇡m

4
�) + O(v2), largely independent of

the DM velocity v. For such cross sections cluster obser-
vations [79, 80], or the combination of halo surface den-
sities over a large mass range [81], can be (at least) one
order of magnitude more competitive than our reference
limit of �T /ms < 1 cm2

/g. [TB: further refs welcome!]
Viable parameter space for sterile neutrino DM.— In

Fig. 3 we show a slice of the overall available parameter
space for our setup in the sin2(2✓)�ms plane, for a fixed
mediator to DM mass ratio of m�/ms = 3. For every
point in parameter space the dark sector Yukawa cou-
pling y is chosen such that the sterile neutrino ⌫s makes
up all of DM after the era of exponential growth. In
the yellow region DW production can give the correct
relic abundance, including QCD and lepton flavor un-

certainties [58]; the dashed gray line corresponds to the
central prediction, which is the basis for our choice of ini-
tial conditions for number and energy densities of ⌫s. In
the blue region DM will be overproduced, ⌦⌫sh

2
> 0.12,

while the filled regions are excluded by bounds from X-
rays (gray), Lyman-↵ (orange) and DM self-interactions
(violet). The white region corresponds to the presently
allowed parameter space.

It is worth noting that, unlike in standard freeze-out
scenarios [82], later kinetic decoupling implies a shorter

free-streaming length in our case because the DS temper-
ature scales as Td / T

2
⌫ already before that point. At the

same time, the sound horizon increases for later kinetic
decoupling. The shape of the Lyman-↵ exclusion lines
reflects this, as kinetic decoupling occurs later for larger
values of y.

In Fig. 3 we also show the projected sensitivities of
the future X-ray experiments eROSITA [69], Athena [70],
and eXTP [71], which will probe smaller values of
sin2(2✓). Similarly, observables related to structure for-
mation will likely result in improved future bounds, or
in fact reveal anomalies that are not easily reconcil-
able with a standard non-interacting cold DM scenario.
While the precise reach is less clear here, we indicate
with dashed orange and violet lines, respectively, the im-
pact of choosing �fs < 0.12 Mpc, rs < 0.15 Mpc, and
�T /m < 0.1 cm2

/g rather than the corresponding lim-
its described further up. Overall, prospects to probe a
sizable region of the presently allowed parameter space
appear very promising.

Discussion.— While an X-ray line would be the
cleanest signature to claim DM discovery of the scenario
suggested here, let us briefly mention other possible direc-
tions. For example, the power-spectrum of DM density
perturbations at small, but only mildly non-linear, scales
may be affected in a way that could be discriminated
from alternative DM production scenarios by 21 cm and
high-z Lyman-↵ observations [83–86]. Another possibil-
ity would be to search for a suppression of intense astro-
physical neutrino fluxes due to � production on ⌫s DM
at rest. We leave an investigation of these interesting,
though rather challenging, avenues for future work.

We stress that the scenario presented here is much
more general than what the specific mass ratio of
m�/ms = 3 chosen for illustration in Fig. 3 may sug-
gest. Larger mass ratios, in particular, simply have the
effect of tightening (weakening) bounds on �fs (rs), be-
cause kinetic decoupling happens earlier, and to weaken
self-interaction constraints; this moves the viable param-
eter space shown in Fig. 3 to smaller mixing angles and
allows for a larger range of ms (cf. Fig. 5 in the App.).
Changing the interaction structure in the dark sector,
e.g. by charging the sterile neutrinos under a gauge sym-
metry, is a further obvious route for model building that
will not qualitatively change the new production scenario
suggested here.

New parameter space
Bounded from above and below
Significant parts in observational reach

Observational constraints
(Standard) X-ray lines 
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FIG. 5. Same as Fig. 3 in the main text, but for m� = 5ms.

Other mass ratios.— In the main text we already dis-
cussed the general impact of changing the mass ratio of
m�/ms = 3 that we chose for defining our benchmark
points, as well as for illustrating the newly opened param-
eter space for sterile neutrino DM in Fig. 3. In Fig. 5 we
further complement this discussion by explicitly showing
the situation for m�/ms = 5. We note that, apart from
the general strengthening or weakening of constraints dis-
cussed in the main text, the Lyman-↵ forest constraint on
the sound horizon first becomes stronger when increas-
ing from very small mixing angles, against what would be
expected from a later kinetic decoupling due to a larger
Yukawa y. This feature can be explained by the fact that
at larger y also the process ⌫s⌫s ! �� is more important,
which can decrease Td (after the decays of �) and thereby
lower the speed of sound.

Collision operators.— Here we provide explicit ex-
pressions for the types of collision operators that we used
in our analysis. As discussed in the main text, we can
restrict ourselves to 1 ! 2, 2 ! 1, and 2 ! 2 interac-
tions. We always state the collision operators Cn for the
number density of some particle � 2 {⌫s, �} from a given
reaction, assuming that � appears only once in the initial
state (for an appearance in the final state the expressions
need to be multiplied by �1). Multiple occurences can
be treated by summation over the corresponding expres-
sions, and the total collision operator is given by the sum
over all possible processes. We do not state explicitly the
collision operators C⇢ for the energy density; these can
be obtained in the same way as the Cn, after multiplying
the integrand with the energy E� of �.

We assume CP -conservation for all reactions and de-
note particles by numbers i 2 {1, 2, 3, 4} (� being one

of the particles i), four-momenta by pi, three-momenta
by pi, absolute values of three-momenta by pi, and ener-
gies by Ei =

p
m

2
i + p

2
i , where mi is the particle’s mass.

The matrix elements in our expressions are summed over
the initial- and final-state spin degrees of freedom. As
the dark sector is in general not non-relativistic (or satis-
fies µ ⌧ �Td), we fully keep spin-statistical factors and
the complete Fermi-Dirac or Bose-Einstein distributions
everywhere. This is particularly important for scenar-
ios where the reaction ⌫s⌫s ! �� is relevant (roughly
y & 4⇥10�4 in Fig. 3, cf. dashed lines in Fig. 2) and can
lead to a change in the final sterile-neutrino abundance
by more than two orders of magnitude compared to a
simplified treatment assuming Boltzmann distributions
and no Pauli blocking or Bose enhancement.1

Starting with inverse decays, 12 ! 3, the collision op-
erator for the number density takes the form

Cn,12!3

12!3
=

Z
d3

p1

(2⇡)32E1

d3
p2

(2⇡)32E2

d3
p3

(2⇡)32E3
(2⇡)4

⇥ �(p1 + p2 � p3)f1f2(1 ± f3)|M12!3|
2

=
1

4(2⇡)3

Z 1

m1

dE1

Z

R2

dE3

⇥ f1f2(1 ± f3)|E3=E1+E2 |M12!3|
2
, (6)

R2 = {E2 � m2 | E2,�  E2  E2,+} , (7)

E2,± =
1

2m
2
1

 
E1[m

2
3 � m

2
1 � m

2
2] (8)

± p1

q
m

4
3 + (m2

1�m
2
2)

2 � 2m
2
3(m

2
1+m

2
2)

!
,

where the symmetry factor 12!3 = 1/2 if particles 1
and 2 are identical and 12!3 = 1 if not, and the phase-
space distribution functions are denoted by the fi (with
± denoting Bose enhancement/Pauli suppression if 3 is
a boson/fermion, analogously for other particles hence-
forth). Similarly, for the reverse reaction 3 ! 12, we
find

Cn,3!12

3!12
=

1

4(2⇡)3

Z 1

m1

dE1

Z

R2

dE3

⇥ f3(1 ± f2)(1 ± f1)|E3=E1+E2 |M12!3|
2
. (9)

Turning to 2-to-2 reactions, with particle identifica-
tions 12 ! 34, the collision operator for the number den-
sity is given by

Cn,12!34

12!34
=

Z
d3

p1

(2⇡)32E1

d3
p2

(2⇡)32E2

d3
p3

(2⇡)32E3

d3
p4

(2⇡)32E4

⇥ (2⇡)4�(p1 + p2 � p3 � p4)

⇥ f1f2(1 ± f3)(1 ± f4)|M12!34|
2
, (10)

1 Due to the exponential dependence on y, this however only
changes the required value of y for the correct DM abundance
by a few percent.
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FIG. 3. Available parameter space in the sin2(2✓)�ms plane,
for m� = 3ms. The Yukawa coupling y (green lines) is chosen
such that the correct DM relic abundance is achieved every-
where below the DW line. Present and projected bounds from
X-rays (filled gray and black lines), Lyman-↵ (orange, pink)
and DM self-interactions (violet) are evaluated as described
in the text. The two benchmark points BP1 and BP2 from
Tab. I, see also Fig. 2, are indicated as red stars.

note that the WDM bounds from Ref. [76] are based on
marginalizing over different re-ionization histories. Fixed
re-ionization models tend to produce less conservative
constraints, which however illustrate the future poten-
tial of Lyman-↵ probes once systematic errors are fur-
ther reduced (mWDM > 5.3 keV [76], e.g., corresponds to
rs < 0.09 Mpc and �fs < 0.07 Mpc, respectively).

DM self-interactions are also constrained by a variety
of astrophysical observations at late times [77]. We adopt
�T /ms < 1 cm2

/g as a rather conservative limit, where
�T is the momentum transfer cross-section as defined in
Ref. [78]. Far away from the s-channel resonance we find
�T /ms ' y

4
ms/(4⇡m

4
�) + O(v2), largely independent of

the DM velocity v. For such cross sections cluster obser-
vations [79, 80], or the combination of halo surface den-
sities over a large mass range [81], can be (at least) one
order of magnitude more competitive than our reference
limit of �T /ms < 1 cm2

/g. [TB: further refs welcome!]
Viable parameter space for sterile neutrino DM.— In

Fig. 3 we show a slice of the overall available parameter
space for our setup in the sin2(2✓)�ms plane, for a fixed
mediator to DM mass ratio of m�/ms = 3. For every
point in parameter space the dark sector Yukawa cou-
pling y is chosen such that the sterile neutrino ⌫s makes
up all of DM after the era of exponential growth. In
the yellow region DW production can give the correct
relic abundance, including QCD and lepton flavor un-

certainties [58]; the dashed gray line corresponds to the
central prediction, which is the basis for our choice of ini-
tial conditions for number and energy densities of ⌫s. In
the blue region DM will be overproduced, ⌦⌫sh

2
> 0.12,

while the filled regions are excluded by bounds from X-
rays (gray), Lyman-↵ (orange) and DM self-interactions
(violet). The white region corresponds to the presently
allowed parameter space.

It is worth noting that, unlike in standard freeze-out
scenarios [82], later kinetic decoupling implies a shorter

free-streaming length in our case because the DS temper-
ature scales as Td / T

2
⌫ already before that point. At the

same time, the sound horizon increases for later kinetic
decoupling. The shape of the Lyman-↵ exclusion lines
reflects this, as kinetic decoupling occurs later for larger
values of y.

In Fig. 3 we also show the projected sensitivities of
the future X-ray experiments eROSITA [69], Athena [70],
and eXTP [71], which will probe smaller values of
sin2(2✓). Similarly, observables related to structure for-
mation will likely result in improved future bounds, or
in fact reveal anomalies that are not easily reconcil-
able with a standard non-interacting cold DM scenario.
While the precise reach is less clear here, we indicate
with dashed orange and violet lines, respectively, the im-
pact of choosing �fs < 0.12 Mpc, rs < 0.15 Mpc, and
�T /m < 0.1 cm2

/g rather than the corresponding lim-
its described further up. Overall, prospects to probe a
sizable region of the presently allowed parameter space
appear very promising.

Discussion.— While an X-ray line would be the
cleanest signature to claim DM discovery of the scenario
suggested here, let us briefly mention other possible direc-
tions. For example, the power-spectrum of DM density
perturbations at small, but only mildly non-linear, scales
may be affected in a way that could be discriminated
from alternative DM production scenarios by 21 cm and
high-z Lyman-↵ observations [83–86]. Another possibil-
ity would be to search for a suppression of intense astro-
physical neutrino fluxes due to � production on ⌫s DM
at rest. We leave an investigation of these interesting,
though rather challenging, avenues for future work.

We stress that the scenario presented here is much
more general than what the specific mass ratio of
m�/ms = 3 chosen for illustration in Fig. 3 may sug-
gest. Larger mass ratios, in particular, simply have the
effect of tightening (weakening) bounds on �fs (rs), be-
cause kinetic decoupling happens earlier, and to weaken
self-interaction constraints; this moves the viable param-
eter space shown in Fig. 3 to smaller mixing angles and
allows for a larger range of ms (cf. Fig. 5 in the App.).
Changing the interaction structure in the dark sector,
e.g. by charging the sterile neutrinos under a gauge sym-
metry, is a further obvious route for model building that
will not qualitatively change the new production scenario
suggested here.

￼13

Conclusions
There are a handful of 
generic ways of DM genesis 
from the primordial heat bath             
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DarkSUSY

http://
darksusy.hepforge.org

Numerical package to calculate 
‘all’ DM related quantities:
relic density + kinetic decoupling 

generic SUSY models + laboratory 
constraints implemented
cosmic ray propagation
particle yields for generic DM 
annihilation or decay
indirect detection rates: gammas, 
positrons, antiprotons, neutrinos
direct detection rates
…

Module ...

..

.

Module generic_wimp
libds_generic_wimp.a

Interface functions
Internal routines

Particle physics modules
src_models/

Module mssm
libds_mssm.a

Interface functions
Internal routines

Linking to main library/user 
replaceable
Linking to chosen module

Possible (but not used) calling
Calling sequence

Main DS 
library
src/
libds_main.a

Observables 
(rates, relic 
density etc)

Main program
User-supplied, e.g. 
examples/dsmain.F

User
replaceables

User
replaceables
Functions 
replaced
and modified
by user

User
replaceables
Functions 
replaced
and modified
by user

User
replaceables
Functions 
replaced
and modified
by user

User
replaceables
Functions 
replaced
and modified
by user

TB, Edsjö, Gondolo, 
Ullio & Bergström,  

JCAP ‘18

since 6.1: DM self-interactions
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Can recycle sophisticated numerical tools for thermal averages 
Easier to estimate higher-order corrections 💡

We stress that in arriving at this result we did not make any assumptions about the actual

phase-space distribution of the DM particles, other than f� ⌧ 1 (assumption 1 above).

This implies that the r.h.s. of the Boltzmann equation for the number density can be

written as

C[f�] = h�vi��!  

�
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, (2.6)
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2), with K2 a modified Bessel

function of the second kind, and

h�vi��!  ⌘
g
2
��

nMB
�

�
2

Z
d

3
p

(2⇡)3

Z
d

3
p̃

(2⇡)3
f

MB

� (E)fMB
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Here, vMøl ⌘ F/(EẼ) ⌘
q

(p · p̃)2 � m4
�/(EẼ) is the Møller velocity and ���!  is the

in-medium annihilation cross section in the cosmic rest frame, i.e. taking into account the

e↵ect of quantum statistics in the final state:

���!  (p, p̃) =
(2⇡)4

4N F
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Z
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where the spin-averaged amplitude squared is as usual denoted as
��M

��2 ⌘ |M|2 /g
2
�.

Let us briefly pause, and compare our result to the situation in the standard freeze-out

scenario [27] where, formally, the DM production term is identical to that in eq. (2.6). The

physical di↵erence is two-fold: i) during the freeze-out of non-relativistic particles, f
MB
�

describes the actual equilibrium distribution, and ii) in-medium e↵ects due to quantum

statistics are irrelevant for the annihilation cross section; this is because energy conserva-

tion restricts the SM phase-space densities to their high-energy tails, thus e↵ectively im-

plementing ‘" = 0’ in eq. (2.8). Still, as we will demonstrate below, the fact that eqs. (2.6,

2.7) take the same form as in the freeze-out case is highly beneficial both from the point

of view of the numerical implementation and when estimating higher-order corrections to

the scattering cross sections.

2.2 Relativistic collision operator for quantum gases

Evaluating the phase-space integrals appearing in eq. (2.7) is most easily done in the centre-

of-mass (CMS) frame. This has the additional advantage that the final result will also

depend on the annihilation cross section in that frame (or any other frame boosted along

the collision axis), and thus on the standard frame in which cross sections are typically

stated. From now on, ���!  will thus always refer to the CMS cross section; in particular,

we will drop the explicit dependence on (p, p̃) to avoid confusion with the cross section in

the cosmic frame appearing in eq. (2.7). Neglecting quantum statistics factors in eq. (2.8),

then results in the often quoted expression for the thermally averaged annihilation cross

section as derived by Gelmini and Gondolo [27]:

h�viGG =

Z 1

1

ds̃

4x
p
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⇣
2
p
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⌘

K2
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�
✏ !0

��!  
, (2.9)
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annihilation of would-be MB population

This allows to rewrite the thermal average appearing in eq. (2.7) in the following, compact

form:

h�vi��!  =
8x

2

K2
2(x)

Z 1

1

ds̃ s̃ (s̃ � 1)

Z 1

1

d�

p
�2 � 1e

�2
p

s̃x�
���!  (s, �) . (2.14)

Eq. (2.14), along with eqs. (2.11, 2.12), constitutes one of our central results. We stress

that it is valid under fairly general conditions, and applies independently of whether either

of the � or  particles is self-conjugate or not. In fact, eqs. (2.12, 2.14) take the same form

also for DM annihilation processes where the two final-state (SM) particles have di↵erent

masses; only the expression for G(�, s, cos ✓) in eq. (2.11) has to be replaced in that case,

and we state the corresponding generalised version in appendix B. In the same appendix,

we also provide analytical results for the angular integration in eq. (2.12) for the case of

amplitudes without dependence on the scattering angle,
��M

��2 =
��M

��2(s). We finally note

that without in-medium e↵ects due to quantum statistics, i.e. for G ⌘ 1, the integral over

� in eq. (2.14) can be performed analytically, leading as expected to the familiar result

stated in eq. (2.9).

To summarise this Section so far, the Boltzmann equation governing the evolution of

the � number density in the freeze-in regime can always be written as

ṅ� + 3Hn� = h�vi
�
n

MB

�

�2

, (2.15)

where � may be self-conjugate (� = �̄) or not, and we introduced the total DM annihilation

rate as � ⌘
P

i,j
���̄! i j , the sum being over all heat bath particles  i. Despite its

appearance, this equation fully takes into account both relativistic kinematics and the

e↵ect of quantum statistics. Writing it in this form, thus stressing the formal analogy with

the production term for freeze-out in the non-relativistic limit, is clearly advantageous

from a numerical implementation point of view, c.f. appendix A; as we will see in Section

4, furthermore, it also allows a more sophisticated treatment of DM production from the

heat bath through an o↵-shell Higgs resonance (compared to what is easily achievable with

the standard formulation). It is also worth stressing that, in contrast to the freeze-out

situation, the above Boltzmann equation for n� can be straight-forwardly solved by direct

integration. This becomes more apparent when rewriting it as

dY�

dx
=

�
n

MB
�

�2

xsH̃
h�vi , (2.16)

where we have assumed entropy conservation and denoted the abundance of � as Y� ⌘ n�/s,

with s being the entropy density; we also introduced H̃ ⌘ H/ [1 + (1/3)d(log g
s

e↵
)/d(log T )]

and the e↵ective entropy degrees of freedom, g
s

e↵
. Integrating this equation for x ! 1

then gives the abundance of � today, Y
0
� , which is related to the observed DM density as

⌦DMh
2 = 2.755 ⇥ 1010 (m�/100 GeV) (2/N�) Y

0
� , with N� = 2 (1) for self-conjugate (not

self-conjugate) DM particles �.

2.3 Dark matter production from decay

While our emphasis is on 2 ! 2 processes, we note that freeze-in production of DM is also

possible through the decay A ! �� of some bosonic particle A. The general form of the
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���!  (p, p̃) =
(2⇡)4

4N EẼ vMøl

Z
d3k

(2⇡)32!

Z
d3k̃

(2⇡)32!̃
�(4)(p̃+ p� k̃ � k)

��M
��2 {1± f (!)} {1± f (!̃)}

Only 2 integrals after exploiting spherical symmetry:

(see also Lebedev & Toma, PLB ’19
Arcadi+, JHEP ’19)

(    : Lorenz boost to CMS)<latexit sha1_base64="UM0VAWQkjwZotM7V+M8E0aVWdWU=">AAACAXicdVDLSgMxFL1TX7W+qi7dBIvgqswUrXVXcOOygn1AO5RMmmljk8yQZIQydOUPuNU/cCdu/RJ/wO8wbUfQogcCh3PuKyeIOdPGdT+c3Mrq2vpGfrOwtb2zu1fcP2jpKFGENknEI9UJsKacSdo0zHDaiRXFIuC0HYyvZn77nirNInlrJjH1BR5KFjKCjZVavSEWAveLJbfszoEWxKtYcu56l9Uq8jKrBBka/eJnbxCRRFBpCMdadz03Nn6KlWGE02mhl2gaYzLGQ9q1VGJBtZ/Or52iE6sMUBgp+6RBc/VnR4qF1hMR2EqBzUgvezPxTy9ms4FL201Y81Mm48RQSRbLw4QjE6FZHGjAFCWGTyzBRDF7PyIjrDAxNrSCDeb79+h/0qqUvWr57OasVK9lEeXhCI7hFDy4gDpcQwOaQOAOHuEJnp0H58V5dd4WpTkn6zmEX3DevwAWxJex</latexit>�

We stress that in arriving at this result we did not make any assumptions about the actual

phase-space distribution of the DM particles, other than f� ⌧ 1 (assumption 1 above).

This implies that the r.h.s. of the Boltzmann equation for the number density can be

written as

C[f�] = h�vi��!  

�
n

MB

�

�2

, (2.6)

where n
MB
� ⌘ g�(2⇡)�3

R
d

3
p f

MB
� = g�m

2
�TK2(m�/T )/(2⇡

2), with K2 a modified Bessel

function of the second kind, and

h�vi��!  ⌘
g
2
��

nMB
�

�
2

Z
d

3
p

(2⇡)3

Z
d

3
p̃

(2⇡)3
f

MB

� (E)fMB

� (Ẽ) vMøl���!  (p, p̃) . (2.7)

Here, vMøl ⌘ F/(EẼ) ⌘
q

(p · p̃)2 � m4
�/(EẼ) is the Møller velocity and ���!  is the

in-medium annihilation cross section in the cosmic rest frame, i.e. taking into account the

e↵ect of quantum statistics in the final state:

���!  (p, p̃) =
(2⇡)4

4N F

Z
d

3
k

(2⇡)32!

Z
d

3
k̃

(2⇡)32!̃
�
(4)(p̃ + p � k̃ � k)

��M
��2 f̄ (!)f̄ (!̃) , (2.8)

where the spin-averaged amplitude squared is as usual denoted as
��M

��2 ⌘ |M|2 /g
2
�.

Let us briefly pause, and compare our result to the situation in the standard freeze-out

scenario [27] where, formally, the DM production term is identical to that in eq. (2.6). The

physical di↵erence is two-fold: i) during the freeze-out of non-relativistic particles, f
MB
�

describes the actual equilibrium distribution, and ii) in-medium e↵ects due to quantum

statistics are irrelevant for the annihilation cross section; this is because energy conserva-

tion restricts the SM phase-space densities to their high-energy tails, thus e↵ectively im-

plementing ‘" = 0’ in eq. (2.8). Still, as we will demonstrate below, the fact that eqs. (2.6,

2.7) take the same form as in the freeze-out case is highly beneficial both from the point

of view of the numerical implementation and when estimating higher-order corrections to

the scattering cross sections.

2.2 Relativistic collision operator for quantum gases

Evaluating the phase-space integrals appearing in eq. (2.7) is most easily done in the centre-

of-mass (CMS) frame. This has the additional advantage that the final result will also

depend on the annihilation cross section in that frame (or any other frame boosted along

the collision axis), and thus on the standard frame in which cross sections are typically

stated. From now on, ���!  will thus always refer to the CMS cross section; in particular,

we will drop the explicit dependence on (p, p̃) to avoid confusion with the cross section in

the cosmic frame appearing in eq. (2.7). Neglecting quantum statistics factors in eq. (2.8),

then results in the often quoted expression for the thermally averaged annihilation cross

section as derived by Gelmini and Gondolo [27]:

h�viGG =

Z 1

1

ds̃

4x
p

s̃(s̃ � 1) K1

⇣
2
p

s̃x

⌘

K2
2(x)

�
✏ !0

��!  
, (2.9)
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In this formulation, direct analogy with WIMP case!

→ actual (in eq)

→ 
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1

→ 
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K1(2
p
s̃x)/(2

p
s̃x) ✔


