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Quantify in terms of transition probability:

Pνe→νµ = |⟨νe(t)|νµ(t)⟩|2 = ... = sin2(2θ) sin2
(
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2E L
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When passing through matter, θ → θ̃,mi → m̃i (MSW e�ect).
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General covariance requires �elds to behave like tensors under
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Fundamental reason: GL(4,ℜ) does not have a spinorial

representation.

Solution: Use tetrad formalism, i.e. link local coordinates to global

ones

Ali Rida Khalifé ridakhal@iap.fr Neutrino Oscillation: an Avenue to Probe the Universe



14

Motivation
Brief Introduction to Neutrino Oscillations

Spinors in Curved Spacetime
PartI: General Formalism

Part II: Neutrino Oscillation in �at FRW
Part III: On the Hubble Tension

Conclusion

Dirac Equation in Curved Spacetime

(
iℏηµνγµ∂ν−mc

)
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CurvedSpacetime
==========⇒

(
iℏgµν(x)γµ∇ν−mc

)
ψ = 0

General covariance requires �elds to behave like tensors under

coordinates transformation. However, ψ is not a tensor.

Fundamental reason: GL(4,ℜ) does not have a spinorial

representation.

Solution: Use tetrad formalism, i.e. link local coordinates to global

ones[
iℏγµ(x)

(
∂µ − Γµ

)
−mc

]
ψ = 0; ψ̄ = ψ†γ0
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↙

Solve Dirac equation using

WKB approximation at 0th

and 1st order in ℏ
Get neutrino �avor transition

amplitude as a function of

redshift⇒Gravity and φ alter

neutrino oscillations.
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Write ψ(x) = e iS(x)/ℏ
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n=0(−iℏ)nψn(x).

Insert into Dirac equation and isolate powers of ℏ[
−
(
γµ∂µS +m

)
+ λ

2γ
µ∂µφ

]
ψ0

+ iℏ
[(
γµ∂µS +m − λ

2γ
µ∂µφ

)
ψ1 + γµDµψ0

]
+O(ℏ2) = 0.
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dpα

dτ + 1
mΓαβγp

βpγ = 0
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At order ℏ0, 4-momentum satis�es usual geodesic equation:
dpα

dτ + 1
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At order ℏ:
dpα

dτ + 1
mΓαβγp

βpγ = mf α ∝ ℏpαRµβγδ
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Θ = iℏψ̄γµDµψφ
2, apply same steps.
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At order ℏ0:
dpα

dτ + 1
mΓαβγp

βpγ = −λφ
[
m

(
1− λφ2

2

)]−1(
m2Xα

φ + pαpβX
β
φ

)
;

Xα
φ = ∂αφ
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At order ℏ0:
dpα

dτ + 1
mΓαβγp

βpγ = −λφ
[
m

(
1− λφ2

2

)]−1(
m2Xα

φ + pαpβX
β
φ

)
;

Xα
φ = ∂αφ

In �at FLRW:

1
p
dp
dt +

1
a
da
dt = − d

dt ln

(
1− λφ2

2

)
⇒ p = p0

ã ; ã = a

(
1− λφ2

2

)
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2

)]−1(
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φ + pαpβX
β
φ
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;

Xα
φ = ∂αφ
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1
p
dp
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1
a
da
dt = − d

dt ln
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2

)
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2

)
Change in matter-radiation equality:

1+ zeq = Ωm0

Ωγ0

[
1+ Nν

(
8
11

)1/3(
1− λφ2

2

)−1]−1
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S =
∫
d4x

√
−g

[
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2
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(
ψ̄γµDµψ−Dµψ̄γµψ

)
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w�(
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ψ = −λ

2

(
∂Θ
∂ψ̄
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∂Xµ
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δΘ
δψ̄

Current-Velocity coupling:Θ = ψ̄γµψ∂µφ;
Kinetic-Potential coupling:Θ = iℏψ̄γµDµψφ

2;

Kinetic-Kinetic coupling: Θ = iℏψ̄γνDνψ∂µφ∂
µφ.

↙ ↘

Solve Dirac equation using

WKB approximation at 0th

and 1st order in ℏ.

Oscillation probability as a

function of redshift. Gravity

and φ alter neutrino

oscillations(NO).
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Results

Part II: NO & DE-Interaction term

What type of coupling Θ should we consider for Neutrino-DE

interaction?
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−λ
2
δΘ
δψ̄

=
(
ξF (φ,Xµ

φ ) + ξf γ
µGµ(φ,X

µ
φ )

)
ψ.
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δΘ
δψ̄

=
(
ξF (φ,Xµ
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Part II: NO & DE-Interaction term

What type of coupling Θ should we consider for Neutrino-DE

interaction?

−λ
2
δΘ
δψ̄

=
(
ξF (φ,Xµ

φ ) + ξf γ
µGµ(φ,X

µ
φ )

)
ψ.

↗ ↖
Flavor-invariant coupling Flavor-dependent Coupling

Focus later on Λ and Scalar �eld DE, with Current-Velocity

coupling(ψ̄γµψ∂µφ)
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Part II: NO & DE-Dirac Equation

For 2-�avor system (νe , νµ), de�ne ψ =

(
ψe

ψµ

)
(
iγµDµ −Mf

)
ψ =

(
ξF (φ,Xµ

φ ) + ξf γ
µGµ(φ,X

µ
φ )

)
ψ

where Mf ≡ vaccum mass matrix in �avor space;

M2
f = U

(
m2

1 0

0 m2
2

)
U†

and U ≡ mixing matrix =

(
cos θ sin θ
− sin θ cos θ

)
; θ ≡ mixing angle
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Part II: NO & DE-Flavor state

Recall: in �at S.T, |να⟩ =
∑

j=1,2 Uαje
−i

m2
j

2E
L|νj⟩.

Ali Rida Khalifé ridakhal@iap.fr Neutrino Oscillation: an Avenue to Probe the Universe



40

Motivation
Brief Introduction to Neutrino Oscillations

Spinors in Curved Spacetime
PartI: General Formalism

Part II: Neutrino Oscillation in �at FRW
Part III: On the Hubble Tension

Conclusion
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Part II: NO & DE-Flavor state

Recall: in �at S.T, |να⟩ =
∑

j=1,2 Uαje
−i

m2
j

2E
L|νj⟩.

In curved S.T,|να⟩ =
∑

j=1,2 Uαje
iΦ(λ)|νj⟩

where Φ(λ) =

∫
λ

λ0
P.pnulldλ

′; P ≡ 4-momentum operator;

pnull ≡null vector tangent to worldline.
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Part II: NO & DE-Flavor state

|να⟩ =
∑

j=1,2 Uαje
iΦ(λ)|νj⟩ ⇔ i

d

dλ
|να(λ)⟩ = Φ(λ)|να(λ)⟩
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Part II: NO & DE-Transition Amplitude

|να⟩ =
∑

j=1,2 Uαje
iΦ(λ)|νj⟩ ⇔ i

d

dλ
|να(λ)⟩ = Φ(λ)|να(λ)⟩

Ψαβ ≡ ⟨νβ|να(λ)⟩
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Part II: NO & DE-Transition Amplitude

|να⟩ =
∑

j=1,2 Uαje
iΦ(λ)|νj⟩ ⇔ i

d

dλ
|να(λ)⟩ = Φ(λ)|να(λ)⟩

Ψαβ ≡ ⟨νβ|να(λ)⟩ =========⇒ i
d

dλ
Ψαβ =

[
1
2M̃

2
f + VI

]
Ψαβ

M̃2
f = U

((
m1 − ξF

)2
0

0 (m2 − ξF )2

)
U†;VI ∝ ξf Gµp

µ
null
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Part II: NO & DE-Transition Amplitude

|να⟩ =
∑

j=1,2 Uαje
iΦ(λ)|νj⟩ ⇔ i

d

dλ
|να(λ)⟩ = Φ(λ)|να(λ)⟩

Ψαβ ≡ ⟨νβ|να(λ)⟩ =========⇒ i
d

dλ
Ψαβ =

[
1
2M̃

2
f + VI

]
Ψαβ

M̃2
f = U

((
m1 − ξF

)2
0

0 (m2 − ξF )2

)
U†;VI ∝ ξf Gµp

µ
null

Gravitational MSW e�ect
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Part II: NO & DE-Transition Amplitude

|να⟩ =
∑

j=1,2 Uαje
iΦ(λ)|νj⟩ ⇔ i

d

dλ
|να(λ)⟩ = Φ(λ)|να(λ)⟩

Ψαβ ≡ ⟨νβ|να(λ)⟩ =========⇒ i
d

dλ
Ψαβ =

[
1
2M̃

2
f + VI

]
Ψαβ

M̃2
f = U

((
m1 − ξF

)2
0

0 (m2 − ξF )2

)
U†;VI ∝ ξf Gµp

µ
null

Diagonalize

[
1
2M̃

2
f + VI

]
by Ũ =

(
cos θ̃ sin θ̃

− sin θ̃ cos θ̃

)
with eigenvalues v±

Ali Rida Khalifé ridakhal@iap.fr Neutrino Oscillation: an Avenue to Probe the Universe



46

Motivation
Brief Introduction to Neutrino Oscillations

Spinors in Curved Spacetime
PartI: General Formalism

Part II: Neutrino Oscillation in �at FRW
Part III: On the Hubble Tension

Conclusion

Results

Part II: NO & DE-Probability

For Λ and scalar DE with linear derivative coupling, we have

adiabatic regime, i.e. d θ̃
dλ = 0.

Final Result

Pνe→νµ ≡ |Ψeµ|2 = F(ξF , ξf G ) sin2 2θ sin2
(
ω−−ω+

2

)
,

ω− − ω+ ≈
m2
2−m2

1

2 (λ0 − λ) + VI cos 2θ(ξe − ξµ)(λ− λ0) + ξ∆m

∫
λ

λ0
Fdλ′.

Compare to �at S.T: Pstd
νe→νµ = sin2 2θ sin2

(
(m2

2−m2
1)L

4E

)
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Part II: NO & ΛCDM

In Particle Physics (Minkowski spacetime):

Pνe→νµ = sin2 2θ sin2
(
∆m2L
4E

)
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Part II: NO & ΛCDM

In Particle Physics (Minkowski spacetime):

Pνe→νµ = sin2 2θ sin2
(
∆m2L
4E

)
FRW

wwww� L → dL;E → E0/a

Pνe→νµ = sin2 2θ sin2
(
∆m2dLa

4E0

)
dL = (1+ ze)H

−1
0

∫
ze

0

(
Ωm0(1+ z)3 +ΩΛ0

)−1/2
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Part II: NO & ΛCDM

Quantum spinors in �at FLRW universe with cosmological constant

DE:

PΛ = sin2 2θ sin2 ωΛ;

ωΛ = ∆m2

2

∫
dλ
E = ∆m2

2H0E0

∫
ze

0

(
Ωm0(1+ z)7+ΩΛ0(1+ z)4

)−1/2

dz

� H0 ≡Hubble constant today;

� ze ≡emission redshift;

� Ωm0(ΩΛ0) ≡matter(DE) density parameter.
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0.0
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ze

P/Sin
2
2θ PΛ
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Part II: NO & Quintessence

In �at FLRW with scalar �eld DE(e.g. quintessence, modi�ed

gravity) coupled to neutrinos via Lint = ξψ̄γµψ∂µφ

0 2 4 6 8 10

0.00

0.02

0.04

0.06

0.08

0.10

0.12

0.14

ze

P/sin
2
2θ

ΛCDM

ξ~10
-17

ξ~10
-16

ξ~10
-15

ξ~10
-14
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Part III: NO & the Hubble Tension(HT)-Plan

Generalize to three neutrino �avors in ΛCDM
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E�ect of di�erent H0 values on the oscillation probability.
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Part III: NO & HT-Plan

Generalize to three neutrino �avors in ΛCDM
E�ect of di�erent H0 values on the oscillation probability.

Distinguish between Normal Hierarchy(NH) and Inverted

Hierarchy(IH)

Schematic di�erence between the two neutrino hierarchies. m1,2,3 are eigenvalues for neutrino mass

states, and ∆m2

ij = m2

i − m2

j
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Part III: NO & HT-Plan

Generalize to three neutrino �avors in ΛCDM

E�ect of di�erent H0 values on the oscillation probability.

Distinguish between Normal Hierarchy(NH) and Inverted

Hierarchy(IH)

Show results in terms of Ternary diagrams and neutrino �ux vs.

redshift plots.
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Part III: NO & HT-Equations Needed

ΛCDM:

ds2 = gµνdx
µdxν = −dt2 + a2(t)

(
dr2 + r2dθ2 + r2 sin2 θdϕ2

)
,

H2(z) = 8πG
3

(
ρm + ρΛ

)
= H2

0

(
Ωm(1+ z)3 +ΩΛ

)
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Part III: NO & HT-Equations Needed

ΛCDM:

ds2 = gµνdx
µdxν = −dt2 + a2(t)

(
dr2 + r2dθ2 + r2 sin2 θdϕ2

)
,

H2(z) = 8πG
3

(
ρm + ρΛ

)
= H2

0

(
Ωm(1+ z)3 +ΩΛ

)
Transition Probability:

Pαβ = δαβ+
∑
i<j

[
aαβ;ij sin

2

(
∆m2

ij∆λ

4

)
+bαβ;ij sin

(
∆m2

ij∆λ

2

)]

∆λ ≡ 1

E0

∫ ze

0

dz

H(z)(1+ z)2
,
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Part III: NO & HT-Pion Decay I.C.

(νe , νµ, ντ ) = (1/3, 2/3, 0)
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Part III: NO & HT-Flux EU vs. LU
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Part III: NO & HT-Observational Prospects

Uncertainty from Planck2018 on Ωm induces ∼ 0.12% change

to results.
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Part III: NO & HT-Observational Prospects
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to results.

For extra-galactic neutrinos, IceCube and its upgrade

IceCube-Gen2 are the most relevant neutrino observatories.
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Part III: NO & HT-Observational Prospects

Uncertainty from Planck2018 on Ωm induces ∼ 0.12% change

to results.

For extra-galactic neutrinos, IceCube and its upgrade

IceCube-Gen2 are the most relevant neutrino observatories.

IceCube cannot give a lot of input currently: Contours are still

wide and very few sources detected with su�cient accuracy(2

blazars at redshifts 0.33 and 0.5 detected at 3σ).
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Part III: NO & HT-Observational Prospects

Uncertainty from Planck2018 on Ωm induces ∼ 0.12% change

to results.

For extra-galactic neutrinos, IceCube and its upgrade

IceCube-Gen2 are the most relevant neutrino observatories.

IceCube cannot give a lot of input currently: Contours are still

wide and very few sources detected with su�cient accuracy(2

blazars at redshifts 0.33 and 0.5 detected at 3σ).

However, IceCube-Gen2 has 10 times more sensitivity, and can

detect sources that are 5 times fainter.
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Part III: NO & HT-Observational Prospects

Uncertainty from Planck2018 on Ωm induces ∼ 0.12% change

to results.

For extra-galactic neutrinos, IceCube and its upgrade

IceCube-Gen2 are the most relevant neutrino observatories.

IceCube cannot give a lot of input currently: Contours are still

wide and very few sources detected with su�cient accuracy(2

blazars at redshifts 0.33 and 0.5 detected at 3σ).

However, IceCube-Gen2 has 10 times more sensitivity, and can

detect sources that are 5 times fainter.

Analysis is made assuming �at spacetime. But gravity now must

be included.
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What's Next?

More work on the observational front: MCMCs.

Look at wave-packets of neutrinos.

Look at 1st order perturbations and e�ect of power spectra.

Neutrinos traveling near Dark Matter halos.

Apply to other fermionic entities: electrons or DM(?).

...
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A Take-Home Message

Quantum �eld theory in curved space-time is a natural

generalization to the analysis of our Universe, with many

applications still to explore!
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The End!

Questions or comments?

Refs:2010.08181, 2105.07973 and 2111.15249
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Spinors in Curved Spacetime

The solution is to introduce tetrad �elds, e µ
a (x), that covers the

entire spacetime. These �elds link local �at coordinates to the

global curved ones. Latin indices⇔local coordinates; Greek

indices⇔global coordinates.{
γa, γb

}
= −2ηab ⇔

{
γµ, γν

}
= −2gµν ; γµ(x) = e

µ
a (x)γa

Dµψ ≡
(
∂µ − Γµ

)
ψ; Γµ = −1

4γaγbe
aα(x)∇µe

b
α(x)

γaeµa Γµ = i
ℏγ

ae
µ
a Aµ;A

µ = 1
4

√
−geµa ϵabcd(∂σebν − ∂νebσ)e

ν
c e

σ
d(

iℏγµDµ −mc
)
ψ = 0 ⇔

[
iℏγµ

(
∂µ − i

ℏAµ

)
−m

]
ψ = 0
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