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Inflation: a slowly-rolling scalar in FRW, ds2 = dt2 − a(t)2dx2
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ϕ̈+ 3H ϕ̇+ V ′(ϕ) = 0

H ≡ ȧ
a =

(
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)1/2
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2 + V(ϕ) = ρϕ

1
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The end of inflation: ä = 0 ⇔ w = −1/3 ⇔ ϕ̇2 = V(ϕ)

ϕ
ρ

1/2
ϕ

t

ϕ(t) ≃ ϕ0(t)P(t) = ϕ0(t)
∑

n
Pne−inωt

⟨ϕ̇2⟩ ≃ ⟨ϕV ′(ϕ)⟩

ρϕ ≃ 2⟨V(ϕ)⟩ = V(ϕ0)

pϕ ≃ 0
quadratic minimum≈matter
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Perturbative reheating: energy exchange between ideal fluids

ϕ̈+ (3H + Γϕ)ϕ̇+ V ′(ϕ) = 0 ⇒ ρ̇ϕ + 3Hρϕ = −Γϕρϕ

Tµν = Tµν
ϕ + Tµν

R

= ρϕ diag(1, 0, 0, 0) + ρR diag(1, 1
3 ,

1
3 ,

1
3 )

∇µTµν = 0 ⇒ ρ̇R + 4HρR = Γϕρϕ
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V(ϕ)

ϕ

k = 2 4 6

V(ϕ) = λM 4
P

[√
6 tanh

(
ϕ√
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)]k

ϕ≪MP−→ λ
ϕk

M k−4
P

R. Kallosh and A. Linde, JCAP 07 (2013), 002

ϕ(t) ≃ ϕ0(t)P(t)

= ϕ0(t)
∑

n
Pne−inωt

ρϕ ≃ k + 2
2 ⟨V(ϕ)⟩ = V(ϕ0)

pϕ ≃ k − 2
k + 2 V(ϕ0)

ϕ V ∝ ϕ4

t

quartic minimum≈ radiation
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More careful Boltzmann treatment:

∂fR

∂t − H|P| ∂fR

∂|P| =
1

P 0

∞∑
n=1

∫
d 3K

(2π)3nϕ
d 3P′

(2π)32P′0 (2π)
4δ(4)(Kn − P − P′)|Mn|2

×
[
fϕ(K)(1 ± fR(P))(1 ± fR(P′))− fR(P)fR(P′)(1 + fϕ(K))

]
condensate PSD oscillation mode energy

fϕ(P, t) = (2π)3nϕ(t)δ(3)(P)
y Kn = (En, 0) = (nωϕ(t), 0)

ρ̇ϕ + 3H(1 + wϕ)ρϕ = −Γϕ(1 + wϕ)ρϕ
ρ̇R + 4HρR = Γϕ(1 + wϕ)ρϕ

Γϕ =
1

8π(1 + wϕ)ρϕ

∞∑
n=1

〈
|Mn|2Enβn

〉
, βn =

√(
1 − (m1 + m2)2

E 2n

)(
1 − (m1 − m2)2

E 2n

)
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MG, K. Kaneta, Y. Mambrini, K. A. Olive, PRD 101 (2020), 123507
MG, K. Kaneta, Y. Mambrini, K. A. Olive, JCAP 04 (2021), 012
MG, M. Pierre, S. Verner, arXiv:2206.08940 [hep-ph]
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Low occupation number, direct decay: C[fR(p, t)] =
8π2

m2
ϕ

nϕΓϕδ(p − mϕ/2)

fR(p, t) =
16π2Γϕ

m3
ϕ

∫ t

tend

dt′ nϕ(t′)
H(t′) δ(t

′ − t0) ,
a(t)
a(t0)

=
mϕ

2p

≃ 24π2nR(t)
m3
ϕ

(
mϕ

2p

)3/2
θ(mϕ/2 − p) , (t ≪ treh)

nR(t) ≃
ρend

mϕ

(
1 − e−Γϕ(t−tend)

)(
a(t)

aend

)−3
(count produced quanta)
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Thermal equilibrium: decay products need to slow-down and multiply

p2f(p)

ln pmϕ

2

f(p) ∝ p−3/2θ(p − mϕ/2)

⇒

p2f(p)

ln pT(t)

1
1 ± ep/T
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The nature of the final state matters a lot

Condensate and pre-thermal in-medium effects cannot be neglected

+ + + · · ·

If you know the answer let me know,
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(iγµ∂µ − amψ(t))Ψ = 0L ⊃ yϕψ̄ψ ϕ y
ψ

ψ̄

Introducing Ψ ≡ a3/2ψ,

Ψ(τ, x) =
∑
r=±

∫
d 3p

(2π)3/2 e−ip·x
[
u(r)

p (τ)â(r)
p + v(r)

p (τ)b̂(r) †
−p

]
with

u(r)
p (τ) =

1√
2

(
U1(τ)ξr(p)

U2(τ)
σ·p

p ξr(p)

)
and

U ′
1(τ) = −ipU2(τ)− iamψU1(τ)

U ′
2(τ) = −ipU1(τ) + iamψU2(τ)
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(iγµ∂µ − amψ(t))Ψ = 0L ⊃ yϕψ̄ψ ϕ y
ψ

ψ̄

The UV-convergent energy density is

ρψ =
1

(2π)3a4

∫
d 3pωpnp

with the occupation number (PSD)

np =
1
2

∣∣∣∣∣
(

1 +
amψ

ωp

)1/2
U2 −

(
1 − amψ

ωp

)1/2
U1

∣∣∣∣∣
2

= fψ(p, t)

MG, K. Kaneta, Y. Mambrini, K. A. Olive, S. Verner, JCAP 03 (2022), 016
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aΓχ dτ
)
χp

X ′′
p + ω2

pXp = 0
ρ′f + 4Hρf = aΓχχ̇2

where
ω2

p ≡ p2 + a2m2
χ − a′′

a − 1
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|ωpXp − iX ′
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Backreaction1. Perturbative
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For ρχ ≲ 0.1ρϕ, the Hartree approximation is sufficient

ϕ̈+ 3Hϕ̇+ Vϕ + σ⟨χ2⟩ϕ = 0 , ⟨χ2⟩ =
1

(2π)3a2

∫
d 3p

(
|Xp|2 − 1

2ωp

)
L. Kofman, A. Linde, A. Starobinsky, PRD 56 (1997) 3258

For ρχ ≳ 0.1ρϕ re-scattering of χ in ϕ fragments the inflationary condensate.
Spectral methods are insufficient and lattice codes in configuration space are necessary

ϕ̈+ 3Hϕ̇− ∇2ϕ

a2 + V,ϕ = 0

χ̈+ 3Hχ̇− ∇2χ

a2 + V,χ = 0

Software of choice: CosmoLattice (v1.0) D. Figueroa, et al., arXiv:2102.01031 [astro-ph.CO]
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For ρχ ≳ 0.1ρϕ re-scattering of χ in ϕ fragments the inflationary condensate
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For ρχ ≳ 0.1ρϕ re-scattering of χ in ϕ fragments the inflationary condensate

fχ ∼ e−α(σ/λ;t)q in the UV
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Inflaton self-resonance1. Perturbative
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V(ϕ) = λM 4
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6 tanh
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)]k

ϕ≪MP−→ λ
ϕk

M k−4
P

R. Kallosh and A. Linde, JCAP 07 (2013), 002

Non-adiabaticity is encountered for most
of the parameter space
⇒ preheating cannot be ignored!

The homogeneous inflaton can pump
energy into its own fluctuations
(self-resonance)

⇒ lattice codes are indispensable
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From preheating to reheating1. Perturbative
reheating

2. Thermalization

3. Preheating

4. Backreaction

5. Signals

Perturbative pipeline:

Early times:

Late times:

(limited dissipation)

(no fluctuations)

field picture

fluid picture

interactions
(thermalization)

Boltzmann
∂f
∂t

− Hp ∂f
∂p

= −C2↔2[f ]− C1↔2[f ]



From preheating to reheating1. Perturbative
reheating

2. Thermalization

3. Preheating

4. Backreaction

5. Signals

Non-perturbative pipeline:

Early times:

Late times:

(limited dissipation)

(no fluctuations)

field picture

fluid picture

interactions
(thermalization)

Schwinger-Keldysh / Kadanoff-Baym(2x + M 2
(x)

)
GF(x, y) =

∫ y0

0
d 4z ΠF(x, z)Gρ(z, y)

−
∫ x0

0
d 4z Πρ(x, z)GF(z, y)

(2x + M 2
(x)

)
Gρ(x, y) =

∫ y0

x0
d 4z Πρ(x, z)Gρ(z, y)



Signals 1: the CMB1. Perturbative
reheating

2. Thermalization

3. Preheating

4. Backreaction

5. Signals

The number of e-folds (N ≡ ln a) after the comoving scale k∗ crosses the horizon



Signals 1: the CMB1. Perturbative
reheating

2. Thermalization

3. Preheating

4. Backreaction

5. Signals

T
N∗ = 66.9 − ln

(
k∗

a0H0

)
+

1
4 ln

(
V 2

∗

ρendM 4
P

)
+ ln

[
aend

areh

(
ρend

ρreh

)1/4
]
− 1

12 ln greh



Signals 1: the CMB1. Perturbative
reheating

2. Thermalization

3. Preheating

4. Backreaction

5. Signals

Perturbative decay: ln

[
aend

areh

(
ρend

ρreh

)1/4
]

≃ 1
6 ln

(
Γϕ

Hend

)

10-17 10-14 10-11 10-8 10-5 10-2 1

41

44

47

50

53

56

10-2 10 104 107 1010 1013

0.953

0.956

0.959

0.962

0.965

E-model

Planck pivot scale: k∗ = 0.05 Mpc−1

N0.05 ≃ 57.68 − 1
2 lnN0.05

+
1
3 ln y − 1

12 ln greh

J. Ellis, MG, D. Nanopoulos, K. Olive, S. Verner, PRD 105 (2022), 043504



Signals 1: the CMB1. Perturbative
reheating

2. Thermalization

3. Preheating

4. Backreaction

5. Signals

TBBN
TEW

y ≃ 10−5

y = 1

α = 1

α = 12

α
= 26

α = 1

α = 5

α
= 11

E-model T-model

Planck18+lowE+lensing+BKP18+BAO (fixed τ , no B corr., nT = 0) (2110.00483)



Signals 1: the CMB1. Perturbative
reheating

2. Thermalization

3. Preheating

4. Backreaction

5. Signals

R(Treh) > 1

R(Tmax) > 1

BBN k = 4

2

CMB 1σ

10−9 10−8 10−7 10−6 10−5 10−4 10−3 10−2

y

48

50

52

54

56

N
∗

φ → f̄f

R(Treh) > 1

R(Tmax) > 1

k = 6

4

10−13 10−12 10−11 10−10 10−9 10−8 10−7 10−6

σ

54

56

58

60

N
∗

φφ → bb

Equation of state during reheating

w =
k − 2
k + 2

For k = 4, wint ≃ 1/3 ⇒ N∗ = 55.9

For k > 4, N∗ ≳ 55.9,
(highly dependent on interactions)



Signals 2: dark matter1. Perturbative
reheating

2. Thermalization

3. Preheating

4. Backreaction

5. Signals

∂fDM
∂t

− Hp∂fDM
∂p

=
1

16p

∫ d 3p′

(2π)3p′
0

d 3k
(2π)3k0

d 3k′

(2π)3k′0
(2π)4δ(p + p′ − k − k′) |M|2→ fi(k)fi(k′)

dnDM
dt

+ 3HnDM =

∫ d 3k
(2π)3k0

d 3k′

(2π)3k′0
(k · k′)σ(s) fi(k)fi(k′)

i

i DM

DM

MX

∂µ

Λ

∂µ

Λ
|M|2 = 16π s n

2+1

Λn+2

σ(s) =
s n

2

Λn+2

k 2fi(k) :

condensate pre-thermal thermal



Signals 2: dark matter1. Perturbative
reheating

2. Thermalization

3. Preheating

4. Backreaction

5. Signals

ttend trehtth

ϕ non-thermal γ thermal γ

matter radiationinflation

Yχ =
nχ
nγ σγγ→χχ(E) ∝ En

ttend trehtth mχ ∼ T

n < −16 > n > −1

n > 2
n ≥ 6

Yobs
χ ≪ 1non-thermal

thermal

MG and M. Amin, PRD 98 (2018), 103504



Signals 2: dark matter1. Perturbative
reheating

2. Thermalization

3. Preheating

4. Backreaction

5. Signals

Low scale susy breaking, msusy ≪ mϕ H. Eberl, I. Gialamas, V. Spanos, PRD 103 (2021), 075025

t

g

g g̃

3/2

+ t

q̃

g q

3/2

+ t

q

q H̃

3/2

+ · · · : |M|2 ∼
s

M 2
P

No susy, SM + νR + 3/2 MG, Y. Mambrini, K. Olive, S. Verner, PRD 102 (2020), 083533

L

3/2

B

H

H
: |M|2 ∼

s2

m2
3/2M 2

P

B

3/2

ν

H

νR : |M|2 ∼
s3

m2
3/2m2

RM 2
P

High scale susy breaking, msusy ≫ mϕ K. Benakli, Y. Chen, E. Dudas, Y. Mambrini, PRD 95 (2017), 095002

✈

g

g 3/2

3/2

+ ✈

ψ

ψ 3/2

3/2

+ ✈

H

H 3/2

3/2

: |M|2 ∼
s4

m4
3/2M 4

P



Signals 2: dark matter1. Perturbative
reheating

2. Thermalization

3. Preheating

4. Backreaction

5. Signals

Minimal non-susy spin-3/2 dark matter

Thermal

Non-thermal

1

10−4

α1 = 10−8

Ly-α

excluded τ3/2 < τexp
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−6 −4 −2 0 2 4 6
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Signals 2: dark matter + ϕ→ ψ̄ψ preheating1. Perturbative
reheating

2. Thermalization

3. Preheating

4. Backreaction

5. Signals
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Signals 2: dark matter + ϕ→ ψ̄ψ preheating1. Perturbative
reheating

2. Thermalization

3. Preheating

4. Backreaction

5. Signals
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nDMa3:
Non-perturbative

⇠ const.

Perturbative

(non-thermal)

⇠ a3/2

Perturbative (thermal)

⇠ a
3
8 (6�n)

Post-thermalization

⇠ const.
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Signals 2: dark matter + ϕϕ→ χχ preheating1. Perturbative
reheating

2. Thermalization

3. Preheating

4. Backreaction

5. Signals
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