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1. Introduction
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Problematics for many-body systems

 Create ansatzes that can reproduce the eigenstates of a Hamiltonian.

go |[0> — Ry —¢— Ry Ry Ry —
8 [0] o [2] 0 [4] o6]

q1|0>_RY_ — Ry —_#8__Ry _£5__ Ry _
o 1] 03] 8[5] 8[7]

Ansatz: Circuit that creates a variational quantum state |W({6})) in a quantum register.

* Find the spectrum of many-body Hamiltonians.

Excited states

Energy

Ground state

« Obtain the quantum state evolution.
e R S D =

; ) !
. AN i \ 7
’ A ’ %, #
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2. Mapping a physical problem into a
quantum computer
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Many-body Hamiltonians

Nuclear Superfluidity. Pairing in Finite
Systems, by D.M. Brink and R.A.
Broglia, Contemporary Physics. (2010)

—+

~ Bt

. o« o <3 _ A'I'/\ A 3
Pairing model (N, = a,a, + dsa;, b,

o= &N,—g ) B,
p p.q

° FermI_Hubbard model (ﬁi,o' — C’i'l' ai,g;o- — {T} l}) A. Altland and B. Simons, Interaction effects in

i,O' the tight-binding system. Condensed Matter Field Theory.
Cambridge University Press. pp. 58 (2006).

Hy =—] 2 (ai+1,aai,0 + ai,aai+1,0) +U nin;y
l,0 L
-J -J
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Jordan-Wigner transformation(JWT) and Trotter

I t. Guido Fano, S. M. Blinder, Mathematical
evo u Io n Physics in Theoretical Chemistry, 377 (2019).

Ovrum E, Hjorth-Jensen M. arXiv:0705.1928v1 (2007)
° JWT Operato s — Pau II matrlces A. Khamoshi, F. A. Evangelista, and G. E. Scuseria,

Quantum Sci. Technol. 6, 014004 (2021).

p—1 N
~+ 1 . 0 0
d-Qued @ G-jm-m-( )
k=1

k=p+1

T —

5= Q). 1 pair & 1 qubit.

Seniority zero scheme — No broken pairs: pr = &,‘;&

Py

» Trotter-Suzuki decomposition. E.g. Pairing Hamiltonian Hp = Y, &, N, —9 X0 4 pr =

H.+H,. As|H,H,| # 0:
H. F. Trotter, Proc. Am. Math. Soc. 10, 545 (1959)

A gt i k)"
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Pairing problem

* Single-particle operator:

Ug(t) — e_iﬁst — ®R(¢p) QO>_ R(¢0) -
- q1)— R(Cb1) —

. 1 0
with ¢ = —2¢,t and R(¢p) = (0 ei¢)' cssess e

. . Q ® . . . Cooper pair
- . @J‘@ ,,,,,,,,,,,,,,, . ,,,,,,,,, ® 1
* Two-particle operator: ‘ o,
P P ' ~ N --o o 0 @ .. @
i — o~ lHgt — eo00e e o0 o
Ug(t) = e 79" = ‘ ‘ Mpq
p>q "‘ . . """ & . """ . """" L
r.\ Chernodub, Maxi mC tdh ggbfs uper (2(;:!”)tora?a.w\pe luid
\JV/ \J/
1 0 0 0
M. = 0 cos(d) isin(4) O .
pa 0 isin(1) cos(1) O ® Rx(—=2\) é
0 0 0 1/, .
. _ E. A. Ruiz Guzman and D. Lacroix, arXiv:2104.08181. (2021) ~
with 4 = tg. Lversite



Hubbard Hamiltonian

 Single-particle operator:
Oy () = e Hut/h = | | CR(4)
U 1:[ ) ¢

with ¢ tUu/h
° Yamada et al. High Performance LOBPCG Metho df S\ ing MultipHigh-Performance Hubbard Model
T Efficiency of Communica tion Avoiding Neumann Expansion Precon ditioner. .10.1007/978-3-319-69953- 0 14. (2018).

— R(¢) [——

« Two-particle operator:

ﬁ](t) = et = 1_[ Mg a+1
a

dl Y fd Y
1 0 0 0 \ 3/
0 cos(d) isin(A) O
M -
aa+l 0 isin(1) cos(1) O ”

0 0 0 1/ qae )\ R (—2)) )\
. ..
with A = Jt/h. E. A. Ruiz Guzman and D. Lacroix, arXiv:i2104.08181.(2021) UNIVersite
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3. Quantum Ansatzes: Symmetry breaking
and restoration
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Variational Quantum Eigensolver (VQE)

» Hamiltonian decomposition - H = B,V; + BV, + ---.

° VQE. Tilly et al. The Variational Quantum Eigensolver: A review of methods and best
. practices. arXiv:2111.05176v1 (2021).

(6} — w({6}))

I

Qv @

(W17 |¥)

=

=

—

(H) = Bo(Vh) + BoV2) + - -
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Bardeen-Cooper-Schrieffer(BCS) ansatz

* BCS theory —first microscopic theory of superconductivity. & & & & & & &
s . ._é . . + . Coop.t.e.rpair
Bacs) = [ [ +uB)I0) o 0@ 8 4q @ ]
with Bt = atat. 1 pair & 1 qubit ’ o000 00 o
ith B, = a,a5. 1 pair & 1 qubit.
sesec 00
» Equation: ® ® & & & & ¢
N_1 Vet Proceedings of Science. (2011).
[@ecs(6,3) ) = Q) [5in(8,)10), + cos(8,)11),] = | | Re(z - 26,)10),
p=0 p=0

Symmetry breaking:
Superposition of states with different number of pairs. 4o - 0) — Ry (00]) ——

qi : ‘O> — Ry (9 [1]) université




Quantum BCS minimization

1. Define:

- &, = pAe, g — Pairing Hamiltonian.

Classical: David Brink. Nuclear Superuidity: Pairing in Finite Sys-

tems. Observatory, 126, 2006.

- Number of pairs n,.

- Tolerance €,o; for |(®pcs{0,}IN|Ppes{6,}) — np.
Guess:

- {6,} and the Fermi energy A.

--#-- classical code A
201 A
-—=- quantum code o~
4 ,«”
:_; 151 "'
8 o
w >
I 104 ,.’,
S Lo
W o
51 ’.”.’
,.l’
o-"'.
050 0.75 1.00 125 1.50 1.75 2.00
g/le

2. While |(N) — n,| = €
1. Minimize C({6,}) = (Ppcs{6p}| Hp| Ppcs{Op}) — (PaesiOp}| AN — np) | @pes{Oy)):
1. (®pcs{0, | Hp|Ppes{h,}) » Quantum Computer.
2. (Ppes{O,}IN|Ppes{,}) — Classical computer: 4.4 ‘\\ - classical code
1\3.\ -——- quantum code
(Pscs{Op}IN|Ppes{0,}) = Xy cos?(6)) " 42 ‘\"\\
%4 0 ‘\“‘\
= {92’9} - a \.\.‘\
2. /1, = A+ Ae(np — (d)BCS{H,p}lNchBCS{Hlp})) . 3-8 \1‘\\.
3. A -2and{6,}-{6,}. 3.61 .
0,50 0.75 1.00 1.25 1.50 1.75 2.00 .°
g/he universite
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Symmetry restoration on a given number of

particles with QPE

« Quantum Phase Estimation (QPE) — eigenvalues {6, } and eigenstates {¢}:

Ulpr) = e?™%|¢py)
( N
U _ eZTCl<ZTa)

Ng = [logz an

Denis Lacroix, Phys. Rev. Lett. 125, 230502 (2020)

P. Siwach and D. Lacroix, Phys. Rev. A 104, 062435 (2021)

v — v — vt = |y

///////
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Quantum-Projection After Variation (Q-PAV) and
Quantum-Variation After Projection (Q-VAP)

* Q-PAV:
VQE hal
¥ (ny, N, .. )10}) — min((Y|H|¥)) — nyg, |¥ ()
* Q-VAP:
ﬁgka VQE
(¥ (ny, nz, ... 103 — ng, [P (ng)) — min((Y(ng) |[H[W (ng)))
1007 = = . e BCS
80 ° s Q-PAV
8 sites, 4 pairs. 2 60 . ) o N b e
AE/E(%) — Percentage of error on the & ,,. © . Phys. Rev. C 105, 024324 (2022)
ground state energy. < 5. . )
0 ' LA S : : T 9 9 g o

02 04 06 08 1.0 1.2
g/le
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4. Ground and excited energies of many-body
Hamiltonians

4.1 Quantum Phase Estimation (QPE)
4.2 Generating function technique

4.3 Quantum Krylov

{ ]
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Quantum Phase Estimation(QPE) for Energy Spectrum

Hamiltonian Phase Estimation

H|py) = Ex|dr) )
) =zck|¢k> » = QPE(H,|¥)) - {lckl? Ex}

k )
) 0) —
qubits § |0) 48 orr —@
0) 4 —I
1{1) E U E U2 E Ut = |(f)k>
20

P
Um =e 2™ withm=1,2,..,r.r - Number of ancilla qubits.

|Ck|21Ek
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Quantum Phase Estimation(QPE) for Energy Spectrum

Hamiltonian Phase Estimation

E. A. Ruiz Guzman and D. Lacroix,

.. . Phys. Rev. C 105, 024324 (2022)
 E.g. Pairing, 8 levels, 4 pairs:

4 ancilla 6 ancilla 8 ancilla
1.0 g 1.0 10° - —
2 0s84(a) 0.8 4 (b) 1o-1
9 0.6 0.6 E
+ 8 A
[e) 049 _ eeactos 0.4 7 ]
E_ 024 " Exact 1st 0.2 - 1073 '%
mm QPE ]
00 = 00 T T 10_4
5 10 15 20 25 5 10 15 20 25 30
1.0 : 1.0 3 10°
> 0.8 4 (d : - ]
£ 08 ( ) 0.8 (E) 10-1
>3 06 0.6 -
§ s 1072 3
' 0.4 A 0.4 4 E
o2 103 4
S 0.2 - 0.2 -
0.0 | 0.0 T T = 1074 ]
5 10 25 5 10 15 20 25 30
1.0 g 1.0 10° -
2 084(g) 0.8 4 (h) 10-1 4 (i
oz
D 0.6 - 5 0.6 - E
g © 1072 o
19 0.4 0.4 3
o = 3
oL 1073 -
S 0.2 - 0.2 -
0.0 T T | 0.0 T T T 10_4 ] ..
5 10 15 20 25 5 10 15 20 25 30 universite
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Generating function

» Generating function of a Hamiltonian H is:

F(t) = (Yle HE )

* Moments of the Hamiltonian:

(H*) = (p|H*|yp)

e Relation between them:

d®F(t)
dtk

(#4) = =0

t=0



PIOtS generati ng fu nCtion E. A. Ruiz Guzman and D. Lacroix, arXiv:2104.08181. (2021)

* Pairing. 8 sites — 8 qubits. [g) = [00001111). g = 1. &y = 2p

« Hubbard. 4 sites — 8 qubits. |1,) = %000110011) +).U=]=1
Hubbard

Pairing

F(t)
F(t)

— Re{F(t)}
| --—- Im{F(t)}
| | | ~1.0-
0.0 0.5 1.0 1.5 2.0 0 2 4 6 3 10
t{Ae 1] t ]
e Points — Average of 10* measurements on a perfect quantum computer.
universite
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Quantum Krylov gisrzas, o, o
Moments (H*)
« Change of basis — Krylov basis of size M: ’0> — H H R

{x;} = (1®), HIW), H?|®), ..., HM~1|¥)}

W) —+ —itH

. <Xm|H|Xn> — (lP|Hm+n+1|Lp> _ im+n+1 dMAnHLE(t)

dtmtn+i

t=0

20 4 ®

 Diagonalization of (y,,|H|x,) in reduced space— Approximated E} | _

=
6]

1036+ °
. 10394 e Exact
* E.g. 8 levels, 4 particles. 1021 o GF R
4 ® ®
1012 e ® 1
106:....'... >

Energies[Ae]
|—I
o
°

—10184 i ‘Il» é é 1'0
—10%44 M
_1036: b E. A. Ruiz Guzman and D. Lacroix, arXiv:2104.08181.

{ ]
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Quantum Krylov gt oo,
Evolutions (He")
» Change of basis — Krylov basis of size M:

0/1
0) H I [ H X
A

(@} ={|¥), e" T H|W), ..., e~ Ttm-1H )}

’\If> £ e—iATI:I

 Hadamard Test — (®,,|H|®,) = (¥|He {Tm~)H |p)

E. A. Ruiz Guzman and D. Lacroix,
Phys. Rev. C 105, 024324 (2022)

. . . . 26 =
» Diagonalization of (®;|H|®;) in reduced space F— Exact —
- 24 ® HF 5 ! M
— Approximated Ej, IS P
| ¢ QVAP . o
g - L 2 a2 » 4
~ ° n ¢ L]
. 20 * 8 3 4 : .
 E.g.8levels, 4 particles. 7, = p 0.3 ol
B NN T S P ——
16 ; 3 6 ; 10 N
universite
Number of states(M) PARIS-SACLAY



Evolution of the survival probability
* Pu(1$0)) = [(tholpp()I?

Pairing. g = 2

1.2 A

3
5
7
9 .

1.0y -

M
M
M
M

0.8 1
£ 0.6-
0.4 1

0.2 A

0.0 0.5 1.0 1.5 2.0 2.5 3.0

E. A. Ruiz Guzman and D. Lacroix, arXiv:2104.08181. (2021) ®
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I m a g i na ry ti m e EVOI u tio n D. Horn and M. Weinstein, Phys. Rev. D 30, 1256 (1984)

Kazuhiro Seki, Seiji Yunoki, Phys. Rev. X Quantum 2, 010333 (2021)

» Ground state energy:

Egs = lim ((@)[A[p()) = lim E(7)

e—T/ZH

\/(1/10|3_TH [10)
» Taylor approximation of E (7):

with [ (7)) = Yo)-

dE(T) z (—=7)"

Kn+2

{H"} 42 = {Kn}L+2 and {k,} cumulants.
« Padé approximation [m,n]:

)

j=0 a]T
Pmn(T) - n b ]
j=00;T .
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I mag i na ry ti me evo I utio n - Resu Its E. A. Ruiz Guzman and D. Lacroix, arXiv:2104.08181. (2021)

12
dE(T) .
= E(T
— (1)
Hubbard
N|—| — Fad
| oN
2 . —-e=- Exact I: _5 / -e= [Exact
o -104 > s~ . Taylor Y e Taylor
— - Padé[2,8] \./ | — - Padé[2,8]
20.0
* 0 -
< —
Ty
15.0 —4 - }
00 o5 10 15 50 2% 30 00 05 1.0 1:51 20 25 3.0 .
T[Ae™?] /] universite
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5. Alternative methods for symmetry
restoration

{ ]
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Symmetry restoration on a given number of F9 100t 4 =3
particles with the IQPE-like method o

0.05 1

* lIterative-QPE(IQPE)-like: k=t
0/1 o
0) — H I R(pi) — H 5
E 064
8.
[pk-1y 2 (&) S N

1073 4

~ L T
V(K = pidkN — ® R(s) b = 2_" 10 Jk=a
p=0

10-°

107! k=3

1072 4

. I
nq B 1 10=" - T T T T T T

8 10 12 14 16

At most njgpr = llog ,(n)] + 1 B é”pairs

. o . universite
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Symmetry reStoration on a given number Of Lov K. Grover, Phys. Rev. Lett. 79, 325 (1997)
particles by Amplitude Amplification Peter Hoyer, Phys. Rev. A 62, 052304 (2000)

* Grover operator:

|
A~ a G|¥)
G — RLIJUf
. : 0 if |k) € |¥p)
— (—1)* v
Urlk) = (=1)* with x 1 if [k) € [W,) Up)
Uy|¥)
|Ws/5) = {Ik) such that: N|k) =/+ Alk)}
* E.9. P = |(W6|G™|W)|", 8 qubits, A = 4 and 6 = £|W)|¥g) =T, £°°
0.2 —e— Grover
 Grover/Hoyer method: 00l Oye;.o
T
nGz[%\ sz—g pnG:1 N )

universite
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Symmetry restoration on a given number of
particles by Oracle+Hadamard Test

* Oracle+Hadamard projection:

0) H I H W
U) — U,

% 10) @ [1 + T1%) + 11) @ [1 — T,]1¥)} = [0)[Wp) + 1) W)

[ ]
. o . universite
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Symmetry restoration on a given number of particles
Generic Projector as Linear Combination of Unitaries(LCU)

« Symmetry operator § with eigenvalues 14, 4,, ..., 1o. Generic projector:

_ b igrCatan) by = —T
M+1 a(M + 1)

M
Pu = z Bre'Prs Bk
k=0
withé, =1, — 4, = amy, my € [0,mg] and M = m,.
- IfS=N:

~ 1 n i N 2Ttk
P, = q el(PkN —
N ng+1<'k=0 Pr ng+1

universite
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Symmetry restoration on a given number of particles
Generic Projector as Linear Combination of Unitaries(LCU)

o« P |¥(no,ny, . img ) = W)

0) 0 ? H— 7
1 2™LCU -1
A~ 10) H—
n —
BlOYSmac = — %" By lk) o] |
k=0 :

Gk _ ei¢k§ |0) o o H >

‘lp} GU é1 U GQ"LCU—l

with v = /Zk|,3k|2 , Bresy = 0and Grapy = 1. G.L. Long, Theor. Phys. 45, 825-844 (2006)

S. Weij, H. Li, and G. Long, Research, 2020, (2020)

» Projected expected value of H=¥,_,¥;V;:

(P2 [ ®) = > v Be(W]7Gi ) .
K] universite
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Symmetry restoration on a given number of particles
Generic Oracle as Linear Combination of Unitaries(LCU)
y 6a(‘ﬁ»ﬂ) = eili(f_ jia) + ei<.0j5a

e'? if S|®y) = Ag|Py)

Ol 0|y =1,
a(gO ,Ll)l k> elﬂ lf S|CI)k)7'—'/1a|ch>

» Projected expected value of H = ¥;_,¥;V; . If H Hermitian and U = V:

0) H I I H >
<q1 ‘ﬁ@a (cp =0,u = §)| ‘P> = (‘1’|H\73a|q’> = Po — P1
T A A
No wasted events ’qj) 7 O U
E. A. Ruiz, D. Lacroix, arXiv:2210.11181 (2022) EAryl\s/'esxglLaéY .



Comparison of symmetry restoration methods

-m ¢ Messurements pateresouress m

Nopg = [logz an ~ pe = (Ve |¥e) M, controlled elKN
QFTT
LCU nycy = llog,(M + 1) | ~ De M, n,cy-controlled ei®xN 4
Grover/Hoyer 0 - 2 general oracles 5

ng general G, each:
- 1 general oracle
- 2 QSP over n, qubits.

|IQPE-like 1 ~ Pe At most n;opg |IQPE-like circuits 1
Oracle+Hadamard 1 ~ D¢ 1 controlled Oracle Uy 3
| o | universite
D. Lacroix, E. A. Ruiz, P. Siwach, arXiv:2208.11567 (2022)
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Conclusions

* We have implemented the Quantum Projection After Variation (Q-PAV) method
and the Quantum Variation After Projection (Q-VAP) method. Both processes
can be applied to any ansatz.

 Several post-processing methods have been explored to recover
approximations of the ground and excited states energies of a Hamiltonian. An

approximation of the evolution of |) can be obtained with the Quantum
Krylov method.

* Many approaches to performing projection have been presented. The IQPE-like
approach presents itself as the best compromise in terms of resources.
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Questions ?
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Why solve many-body problems using quantum
computers? o) Quanum 5, 106 o191,

Sam McArdle et al. Rev. Mod. Phys. 92,
015003 (2020).

* Resources for the description of
the configuration space :

Y
Classical computer — exponential scaling. ’ * :

https://www.uni-heidelberg.de/presse/news2016/pm20160128_what-are-the-special-properties-of-an-atomic-gas.html

4
s * 29
. ¢
Quantum computer — polynomial scaling. v

 Various quantum algorithms that have up to an exponential speed-up
over their classical counterparts. Montanaro, A

npj Quantum Inf 2, 15023 (2016).

« Dynamical quantum computing ecosystem with real devices available

for the public and constantly improving. UnIversite
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Application on real platforms

{ ]
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IBM experience

 Public access to quantum computers

*—0—0—09°
e o o
Athens
: Paris Bogota Johannesburg
g Montreal Rome
£ Toronto Santiago
=
..
universite
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Transpiling
* Basic gates (IBMQ Santiago CX, RZ, SX, X)

* Topology (IBMQ Santiago e—e—e—e—e )

Implemented

Written
« B 9 B Ll U
. H e B . ® bmodm
. QB | -
el x "
”

{ ]
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Generating function on a Quantum Computer

T E. A. Ruiz Guzman and D. Lacroix, arXiv:2104.08181. (2021)
» FakeSantiago.

« F(t) without (Blue) and with (Red) error correction.
e Classical (Black). Quantum (Green).

1.0

~
E 054
H—‘
15}
&

0.0

Im{F(t)}

OfO OI.2 014 0!6 0:8 1.IO
-1 ,®
t{Ae™"] universite
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