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Imaginary Time propagation

We move the time from real to imaginary:

p(t)) = e HETE 13(0)) > (7)) = e DT [1(0))

t— —aT1

B |y (0)) = § e TEaBre 1)

n

T— 00 —(En—E
E; is an algorithm parameter that
stabilizes the normalization X

E, is the actual ground energy Ground state
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With the (classical) Imaginary Time Propagation we get the ground state:

e~ (H=Fr) 1h(0)) T2 ¢y e m(Fo=Br) |4

4

- Ground energy

00 0.5 1.0 15 2.0
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Can we directly port this algorithm to a
guantum computer?

NO

e_T(H_ET)

It is not a unitary operator
It cannot be described as a quantum gate
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Our Solution: extend the Hilbert Space

Add an external qubit (called ancilla qubit) to my simulation.
For instance, we prepare the ancilla qubit in the |0) state

0) @ [Winit)
\

Wavefunction of qubits
for the physical system

Ancilla qubit

Physical space +

Choi et al (2021) ancilla qubit
QITP: M. Motta et al (2020); McArdle et al (2019)

Ancilla: Z. B. Walters (2015); H. Terashima and M. Ueda (2005); D. B. Kaplan et al (2017);
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We can define in this extended Hilbert space:

e—’T(H—ET) 1
B | te2(H-Eq)T 14+e2(H—Eq)T
Uorrp = Vite . v _ZET(H—ET)
\/1_|_€—2(H—ET)T \/1_|_€—2(H—ET)T

4

This operator is unitary ——> it can be described by a quantum
gate

Turro et al, Phys. Rev. A 105, 022440 (2022)
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6—(H—ET)T

\/1 _|_ 6—2(H—ET)T
1
\/1 _|_ G—Q(H—ET)T

Uorrp |0) @ |Vinit) = |0) ® Vinit)
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This final state is always closer to
ground state than the initial one

!
U O O 6—(H—ET)T
QITP |0) ® |Yinit) = |0) @ N W T Yinit)
1

\/1 _|_ G—Q(H—ET)T
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This final state is always closer to
ground state than the initial one

!
6—(H—ET)T
UQITP ‘O> & ‘wznzt> — ‘O> &) \/1 n —2(H—Er)T |¢fmzt>
1

\/1 _|_ G—Q(H—ET)T
Measuring the ancilla state in |0) :

PoUqrrp |0) @ |Yinit) = C |0) ® \/116_2T(H_ET) Yinit)

* Success probability is the probability of measuring the ancilla
in |0)

Quantum Imaginary Time Propagation on a Quantum Chip QCMB, 23 November 2022




Quantum Imaginary Time Propagation (QITP)
algorithm in a nutshell

Algorithm:
1. Insert an ancilla qubit in |0) e
e —Er)T 1
e~ 2(H—Ep)T c—2(H—Ex)™
2. Apply Uqrre Uarrp = Vis 1 ) _\/1—2_(H—ET)7;
Ve 2(H=Fr)r Vite 2(H-ET)T

3. Measure the ancilla qubit in |0)
The result is a new state for the physical system closer to Ground State

* Two tunable parameters 7 and E;
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State Fidelity and Success Probability of QITP

Simple system with spectra E = [O, 1, %]
Fidelity definition: F' = [{(@o[tn)|”
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Test: Ground State of Hydrogen atom

* We expand the Hydrogen atom Hamiltonian using two Gaussians,
using the STO-2G basis.

* We can use a single qubit to describe the Hydrogen system

1.0

Tuning the time step 7 > 1,
we can get the Ground State

Fidelity
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QITP result of
STO-2G

Hydrogen atom
when T = 400

Quantum Imaginary Time Propagation on a Quantum Chip

Probability
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QITP device sim. qudit
exact
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= 1BM QITP
QITP result of °8 w15 QITP-+AA
- W QITP device sim. qudit
STO'ZG £0.6] == exact
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Hydrogen atom S04
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| f 08 s IBM QITP
QITP result o S 1BM QITP+AA
- W QITP device sim. qudit
STO'ZG 50'6 == exact
O
©
O
Hydrogen atom 0.4
o
when T = +o0 0.2
, 0.0 |0 >
1.0|
-... - m ] u - |
0.9
:(_fg 0.8 e IBMQITP Initial state 0.361
207 = IBMQITP + AA
= — exactQITP IBM QITP 0.942(4)
S b eee —— exact QITP + AA , o
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0.3 | | . . |
0.0 0.5 1.0 4 6 8 10

Time step ( Hartree™1)
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Short-time imaginary time propagation

We can reach the ground state with a sequence of short-time imaginary
propagators, which can be approximated via Trotter decomposition

PyUqirp (= )} 0) @ [Yinit) T ¢ 0) ® |¢o)

N

Measure the ancilla qubit in |0) QITP operator

Quantum Imaginary Time Propagation on a Quantum Chip QCMB, 23 November 2022
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Possible implementations of short-time QITP

* Reinitializing procedure: after some step QITP we identify the
state and we restart from it

System qubits | | Reinit tomography
Ugrrp

0) A

Quantum Imaginary Time Propagation on a Quantum Chip QCMB, 23 November 2022



Energy(t) (Hartree)

Imaginary Time Evolution

01J| ----- = QITP T= 1.0 Hartree™!
—— Ground energy Ep
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Possible implementations of short-time QITP

* Reinitializing procedure
* Using N ancilla qubits to propagate in N time steps:

System
qubits

Ancilla qubits -

Ugrrp

Quantum Imaginary Time Propagation on a Quantum Chip

Ugrrp

QCMB, 23 November 2022
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Imaginary Time Evolution

0.1k ., = QITP T=1.0 Hartree™!
o --%-- QITP with two ancillas T=20.75 Hartree™!
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Possible implementations of short-time QITP

* Reinitializing procedure

* Using N ancilla qubits to propagate in N time steps:

System e
qubits Ugrrp

] Uorrp

- 0) —| vy Ugrrp

Ancilla
qubits ] O> A

0)

tomography

—

* Amplitude amplification: we increase the pro

L

nabi

ity of

measuring the ancilla qubit state in the |0) state to 1 without
touching the information contained in the physical qubits

Quantum Imaginary Time Propagation on a Quantum Chip QCMB, 23 November 2022
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Imaginary Time Evolution
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Scaling: there is no free lunch ...

* The success probability may drop to 0 exponentially after r time steps

PS(T> > co | > 0

— (625T(E0—ET)—|—1)T T— 400

* We found that the fidelity goes to 1 subexponentially inr
_ 2 1 .
b= |<¢O‘¢fm>| > 1—|c0|2€_%5T<7~>A > 1

r— 400
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Scaling: there is no free lunch ...

* The success probability may drop to 0 exponentially after r time steps

PS(T> > co | > 0

— (625T(E0—ET)—|—1)T T— 400

* We found that the fidelity goes to 1 subexponentially inr
_ 2 1 .
b= |<¢O‘¢fm>| > 1—|c0|2€_%5T<7~>A > 1

r— 400

The QITP algorithm can be used for few time steps as preconditioner
for other state preparation methods that require a good initial fidelity

Lin, and Tong, Quantum 4 (2020)

Quantum Imaginary Time Propagation on a Quantum Chip QCMB, 23 November 2022
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-uture Application: Preparing Quantum
‘hermal States on a quantum computer

The density matrix of a canonical ensemble is given by:

Tr[0e =5 (H=B7)]
Tr[e_B(H_ET)]

p — e_B(H_ET) <O> —

Quantum Imaginary Time Propagation on a Quantum Chip QCMB, 23 November 2022



-uture Application: Preparing Quantum
Thermal States on a guantum computer

The density matrix of a canonical ensemble is given by:

_ _ Tr|Oe PH-ET)
p=e PUH—ET) (0) = Tl[e—B(H_ETﬂ]

a) We must consider that we work with density matrix not rather with
operator

b) We should modify the operator in the QITP

1
Viqe 2(H-Er)s \/1+e—2<H Br)p

e~ (H—ET)B 1
Ugrrp = Vige 20B07 e 2 (u HE:)Z)ﬂ
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-uture Application: Preparing Quantum
‘hermal States on a quantum computer

The density matrix of a canonical ensemble is given by:

Tr[Oe~ #H~E7)]

p = e_B(H—ET) <O> —_ Tr[e—B(H—ET)]

a) We must consider that we work with density matrix not rather with
operator > We prepare the state in quantum processors
in the “classical” state

b) We should modify the operator in the QITP

e_(H_ET)B 1 \/
. \/1_|_e—2(H—ET)B \/1+e—2(H—ET)5 j‘> B o Pse_(H—ET)B T
Uarre = 1 e (H-ET)B Ugrrp = T _\/Pse—(H—ET)B

Vide 2505 (/1 —2(H-P1)s
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Preliminary result: Thermal distribution of
two spin neutrons

4.0 & ibmg_lima ‘@ ibmqg_manila @ ibm_nairobi ibmq_quito
3.5
T 3.0
)
-
=25
o I
N 1
2.0 _”_
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1.5 1
0.00 0.02 0.04 0.06 0.08 0.10 0.12
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What to take home for QITP

What we have discussed:

* Implementation of non-unitary operator with a unitary gate with an
ancilla qubit

* Theory of QITP:

* Imaginary time evolution to prepare the Ground State
* Fidelity with GS
* Success Probability

e QITP simulations work
* Possible applications: Preparing thermal states in quantum processors

Quantum Imaginary Time Propagation on a Quantum Chip QCMB, 23 November 2022
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Thank you for your attention

Particularly thanks to all my collaborators: all the people of QCNP Trento group,
IQuS group and QCNP LLNL group




Quantum Amplitude Amplification

Initial state of the quantum amplitude ampilification:

Yinit) = cos(8) |1p) + sin(6) |¢L<
Generator of the undesired / Generator of the desired

subspace subspace with probability P,

6 is connected to the success probability: P, = sin(0)?

How could we raise the probability of measuring the desired subspace?

Brassard and Hoyer, Proceedings of the Fifth Israeli Symposium on Theory of Computing and Systems (1997) 10.1109/1STCS.1997.595153
Brassard et al, Quantum Amplitude Amplification and Estimation, arXiv:quant-ph/0005055
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Quantum Amplitude amplification
Initial state: Yinit) = cos(0) [1p) + sin(6) |tby)

We define the Amplification operator:

Q= —(1- 25mu) (1— 2lzg)

P = |¢znzt> <¢znzt| Pg — ‘¢g> <¢9|

One finds that: .
(i) = (ot o) ()

> Q" [thinit) = cos((2n+1)8) [¢hy) + sin((2n + 1)6) [,)

Brassard and Hoyer, Proceedings of the Fifth Israeli Symposium on Theory of Computing and Systems (1997) 10.1109/1STCS.1997.595153
Brassard et al, Quantum Amplitude Amplification and Estimation, arXiv:quant-ph/0005055
Backup slides ' QCMB, 23 November 2022




Quantum Amplitude amplification
Yinit) = cos(0) [1p) + sin(6) |tby)

Initial state:

The Amplification operator: Q=—(1-2P)(1—-2P,)
Pinit = |Winit) (Winiel  Pg = [thg) (Yg)

We write Q in the basis of generators:
Q=—(1-2F)(1-F,)
= — [1—2(sin(0) [thg) + cos(8) |9)) (sin(0) (tbg| + cos() (¥s| )]
1= 2ty) (yl]

Backup slides ' QCMB, 23 November 2022



The action of Q on the two generators:

Q[p) = (2cos(0)” — 1) |¢hp) + 2 sin(6) cos(6) |vg)
Qlvg) = —2 sin(0) cos(0) [¢p) + (1 — 2 sin(0)°) [1by) -

Yp)\ _ [ cos(20)  sin(20) (|ip)
—> (i) - (5t o) (1)
Applying n times Q to the initial state:

Q" [Yinit) = cos((2n +1)0) [v) +k sin((2n + 1)9)) [1g)
f

We can tunens. t.itis 1.
The probability would be 1

Backup slides ' QCMB, 23 November 2022



Q =

Backup slides

Consider now working in two Hilbert space (ancilla + physical system):

[Vinit) = cos(0) [¥e) |Pn) 1 sin(0) [1hg) [¢g)

The amplitude amplificator now is given by:

—(1-2P;)(1 - P,)

— [1 = 2(sin(0) [tbg) [@g) + cos(0) |1n) [Pn)) (sinn(0) (1hg] (dg| + cos(0) (s (¢b])]
1= 2]thy) (thy| @ 1]

So, we obtain that
Q o) [d6) = (2c08(0)° — 1) [1hy) |g) + 2 cos(0) sin(B) [1p) |¢0)
Q[1g) |6g) = 2 cos(0) sin(9) [1g) ) + (2cos(8)” — 1) |vy) y)

We see that the action of Q does not change the physical states,
but just the probability

' QCMB, 23 November 2022



Quantum Amplitude Amplification for QITP

Desired subspace: Ancilla in the |0) state. Projector to desired subspace:
Py =10), (0], ®1
Initial state of Amplitude Amplification: is the state after the implementation of
UQITP(T)
Pinit = [Vtin) (Yrin| = U(T) |Vinit) (Yinit| U(T)
Therefore, the total QITP amplitude amplificatory is given by:
Q=—1 = [Wpin) (Tsin|) (1 —2Py)
= — (1 = 2Uqr7p |Vini) (Yinil Ugrrp(1)") (1 — 2 PY)

With Q we can raise the probability of measuring the ancilla in O without
touching the information contained in the physical system qubits

Backup slides ' QCMB, 23 November 2022



e Success Probability can be increased to 1

_I
S

o 7/
c 1.0 e "
8.1
=09 " SN AWitlthmpIitudAZ
O £t
508 mplification (AA)
=) ¢ |IBMQITP
5 0.7 Bare results * IBM QITP + AA
§ 06 Without Amplitude Amplification @ —— exact QITP
c  » POV —— exact QITP + AA
5050 ¢
o 0.
2 M
= 0.4 4
o)
(©
8 0.3 . Y , , ,
= 0.0 0.5 1.0 4 6 8 10

Time step ( Hartree™!)
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(New) IBM results with Readout Mitigation

10 | i e L T O———— .. T dmaemm e E ]
e e PR
We raised the fidelity > 0.97
09 1 ,/,+
””” ’+\\ ,,,,
2 0.8 '
.";, - _,—" S ’/
T r )
:-9 \‘\\ ,/
. \\+ 7
0.7 /
. . . \\\\\",
0.6 --¢--  With Error Mitig.
"~ | --¢+- Without Error Mitig.
ibmq'_lima ibmq_'quito ibmq_belem ibmq_bogota ibmq_'manila
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We can show:

A. Limitfort » o

Uorrp |0) @ [Yinst)

T— 00 €_T<EO_ET)

> 10
) ® co VIt o 2B Fr)

B. Limit for T = 0. At first order we get

[¢o) + 1) ®

5o 1 )
UQITP ‘O> &) |wznzt> _>O> \/§ ‘O> X e (H ET) ‘wznzt e ‘1

\ )
f

In this case the success probability goes to 0.5

One can also prove the final state is always closer to ground
state than the initial one

Backup slides ' QCMB, 23 November 2022
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* Success probability:

6—(H—ET)T 2 1

= \/1 1+ e~ 2(H-E7)T ‘¢zmt> = ‘CO|2

1 _I_ GQ(EQ—ET)T

\

e State Fidelity for the Ground State: Lower bounds

/ 1
L feof? (27 (BB 4 1)
Urin) 1
= |(¢o|¥ ( _I'Z co|? 627‘(E1—ET) 1 1)
e Inthe interval £o < Er < El,we have:

P, ? C()|2 F > 1

T—00 T—00
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Success probability

o—(H—Er)T 2

PS — \/1 n 6—2(H—ET)7' |wznz>

6—(En —ET)T

D Cn V1 + e—2Bn—Er)r 9n)

—Q(En—ET)T 1

_ 2 € . 2
— Z‘C”‘ 1 + e—2Bn—Er)T Z‘C”‘ 1 + ¢27(Bn—Er)
1
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Fidelity with Ground state

—7(H-E7) 1| co|?e~27(Bo=Fr) |
2 0
F = (00| sin)|” = | {0 =

6 ini)
V1 + e-27(H-Er) MEp 14 e2r(Eo—Er) P2

For lower bound: the maximum of

B Z |C ‘2 1-|_e2T(E0—ET) denominator
n I-N 1_|_627'<En—ET> J

-1

1 - |CO‘2 (€ZT (Eo-Er) 4 ) At fixed ¢,
1 + Z 5 27 (Er—FE7) 1 - maximum when the quantum
n ‘CO| (6 R T ) system is in the first eigenstate

With probability 1-c cy?
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Scaling: for r time steps?

We use r ancilla qubits to propagate in r time steps and each qubit is
measured

Success probability after r time steps:
o—(H—Er)T 27
V1 + e—2(H-Er)7 ini)

, o—(H—Er)7 27
> Jeol {00l (=g ) 10

P(0;7)

>
utll (625’7'(E0—ET) _|_ 1)7“
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Fidelity with Ground State after r time steps:

r\ —1
(gt et
’60’2 25TT(En—ET)_|_1)T‘

1= Jeg|? (27 (FomPr) 4 1) >1

(1+Z INE 625TT(E1—ET) _|_1)7°

Considering a small enough error € or large r to be in the limit 207 A < 1,
one can prove when Fy < Er < Ey and A = F1 — Ej that

e207(Bo—Er) 4 q 7“< , 1 207A \"
e20T(B1i—Br) 1 1) — 214 257A

1 ' 1
< (1 — §5TA> < exp <—§T5TA>
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Trotter decomposition of QTP

Let H be a Hermitian operator expressed as the sum of L Hermitian opera-

tors {H1,..,Hr} as H = ZZL H; and Ar = max; H . Then,
L
Qure(n) - T[O% ()| < 1242+
k
where
()
2rp(n7) = ——
e\ 7T

Backup slides ' QCMB, 23 November 2022



Unitarity of QITP

Utu

Backup slides

1

\/1+6—2(I:I—ET)T \/jH_e—z(ﬁ—ET)T

o7 (—(H—E7)

\/1+e—2(ﬁ—ET)T

6—’7‘ (H—ET)

(\/1+€—2(FI—ET)T

\\/]H_e—Ql(H—ET)T

1
\/1+e—2(ﬁ—ET)T

eT(—(H—ET)

\/]H_G—Q(ISI—ET)T

Vite 2(A-Bp)r ]

2

e~ T (H—ET) 2 _|_ 1
Vite 2(A-Br)7 Vite 2(A-Br)7

1

1

Vite2(A—Br)r - Vite2(A—Br)T

0

0

]1_|_e—2(ﬁ—ET)T

1+€—2(ﬁ—ET)T

x

1

\/]H_e—z(ﬁ—ET)T \/1+6—2(I:I—ET)T

1 oT(—(H—Er)
2
1 B 1
Vite2(A-Br)7 Vite2(A—Er)r

o7 (—(H—Er)
Vite2(A—Br)T

1 0
0 1)—]1@]1
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QITP for Hydrogen atom

We expand the Hydrogen atom Hamiltonian with two Gaussians (STO-2G)
We implement the QITP algorithm in the limit T = oo

1. Optimal control through a § |
. Z 10
transmon qudit =
'g‘m' \} ‘ ﬂnnf\nnf\nm\ ‘\ \
o —— Real amplitude
20 | — Imag amplltude
2. IBM quantum circuit: ; ; :
Machlne Time (ns)
do
Us(2.8593, —Z,0) l Us(m, —0.0278, 4.6846) l U3(0.2823,0, —7) —
d1
Us(Z,0.2823, 2Z) —D Us(Z,35,0.7854) b—— U5(0.5031,0,0) ——
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QITP results for 2 frozen neutron spin system

1.0

B initial
MO |TP LLNL simulator
T exact

0.8

Probability
O
o

O
B

0.2

0.0 | 00 > | 01 > | 02 > | 03 >

1) ) 1) 1) .
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