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Introduction

One of the goals of low-energy nuclear theory is to solve the nuclear many-body problem

• specific features: the nuclear force is not fully known, non-perturbative, two species 
of non-elementary particles…   

• one feature that is shared with other quantum many-body systems is entanglement

→ see talks by T. Papenbrock 
and L. Robledo on Tuesday
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☞ Understanding the entanglement structure of many-body systems can guide:

‣ The formulation of more efficient many-body schemes amenable 
to classical computers 

→ see talk by T. Ayral on Tuesday

density matrix renormalization group (DMRG), tensor networks… 

‣ The development of quantum computations of physical systems



Introduction

Classical and Quantum Computations of nuclei currently require to truncate the Hilbert space

protonsneutrons

Then one has to make up for the truncation.

For example, one can optimize the single-particle states (orbitals) via a variational principle: 

<latexit sha1_base64="Qe5ava4jPt41nddJxUGF7r+S3SQ="></latexit>
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This can be seen as modifying the Hamiltonian as 
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Ĥ → Ĥeff = eiT Ĥe
−iT

where T is the one-body operator transforming the orbitals obtained from the variational principle
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c†i → a†
i = eiT c†ie−iT
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☞ Approach known as “Multi-Configuration Self-Consistent Field Method” in quantum chemistry  



Outline

★ Entanglement in light nuclei: How does the entanglement structure evolve with the Hamiltonian 
transformation?

CR, M. J. Savage, N. Pillet,  PRC 103, 034325 (2021)

★ Exploration of effective model spaces to describe systems using Hamiltonian-learning-VQE: 
application to the Lipkin-Meshkov-Glick model 

in collaboration with Martin J. Savage (IQuS, UW Seattle)
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binding energy

of 4He

~⌦ = 20 MeV

N2LOOPT

“exact"
(in basis with 7 shells)

variational natural basis

no 
correlations 
beyond HF

full diagonalization in active space with Nshell ≤ 7

single-particle bases expanded on 7 HO major shells

★  application to 4He with a chiral interaction (2-body force N2LOopt [Ekström et al. PRL 110 192502 (2013)])

Nshell=1 Nshell=7

Entanglement of single-particle orbitals in the nuclear ground state
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(ordering of the calculation)

4He 4He

Nshell=5 ℏΩ=30 MeV

Single-orbital entanglement in 4He

‣ Single-orbital Von Neumann entropy:  

= measure of entanglement of one orbital with the rest of the system

• the VNAT basis is naturally ordered by decreasing entanglement entropy

HO states VNAT states

S(1)
tot =

X

i

S(1)
i = 1.35 S(1)

tot =
X

i

S(1)
i = 1.04
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S(1)(i) = −Tr �⇢(i)ln⇢(i)�

• S(1)tot is in fact minimized in the (V)NAT basis [ Gigena and Rossignoli, PRA 92, 042326 (2015) ]

 ρ(i) is the one-orbital reduced density matrix:

neutrons protons

i

…

…
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Mutual information

Iij = �
⇣
S(2)
(ij) � S(1)

(i) � S(1)
(j)

⌘
(1� �ij)

VNAT

‣ localization of correlations in the VNAT basis ⇒ emergence of 4He-core + nn-valence structure
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Lipkin model on a quantum computer, M.J. Cervia et al. PRC 104, 024305 (2021)  

Quantum computing for the Lipkin model with unitary coupled cluster and structure learning ansatz,        
A. Chikaoka, H. Liang, Chin. Phys. C 46 024106 (2022) 

Solving nuclear structure problems with the adaptive variational quantum algorithm,                              
A.M. Romero et al. PRC 105, 064317 (2022) 

Simulating excited states of the Lipkin model on a quantum computer,                                                   
M. Q. Hlatshwayo et al. PRC 106, 024319 (2022) 

Several previous studies of Lipkin Model on quantum computers:

 ⇒ good benchmark for comparing different methods



exact solutions:

np-nh excitation

The Lipkin-Meshkov-Glick Model - exact solutions

Lipkin, Meshkov, Glick, Nucl. Phys. 62, 188 (1965)
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= "Jz − V

2
�J2+ + J2−�

N particles distributed on two N-fold degenerate levels 

and interacting via a monopole-monopole interaction that scatters pairs of particles: 
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Parity symmetry 
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⇧ = exp��i⇡�p c†p+cp+��
⇒ the ground state (J=N/2) only contains even n 
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With the full model space, the lowest-lying
states can be found by using, for example, on a quantum
computer via the VQE algorithm, and variants thereof, if
the system lies beyond the capabilities of classical computing. 
If available quantum resources are insufficient to
accommodate the full Hamiltonian, then truncated sys-
tems can be implemented, but the effective Hamiltonian
in the truncated (effective model) space include param-
eters that must be determined variationally, in addition
to the parameters defining the ground state, or low-lying
excited state wavefunctions.

cut-off on the np-nh excitations 

Effective wave function:

governed by an effective Hamiltonian: 

The Lipkin-Meshkov-Glick Model in truncated space
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� = rotation angle of the single-particle states 

The parameters 
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The Lipkin-Meshkov-Glick Model in truncated space: Classical Results

★Energy

<latexit sha1_base64="py9vhzC0+W+l6JOiLceoUGCKVjU="></latexit>

v̄ = V (N − 1)
"HF phase transition
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⇤ = 9

C.R., M.J. Savage, in prep.
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N=30

(Hartree-Fock)



• wave function is localized in the effective model space ➔ fall-off will increase the efficiency of 
quantum simulations 

• β decreases as model space increases and tends to exact (full-model-space) solution 

<latexit sha1_base64="KjLu8+bwqjOw7ywPBxdCsloWiKA="></latexit>

N = 30, v̄ = V (N − 1)
"

= 2.0, " = 1

★Wave function in the optimized (rotated) basis: 

The Lipkin-Meshkov-Glick Model in truncated space

state n

am
pl

it
ud

e
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⇤ = 5→ � = 0.964
⇤ = 7→ � = 0.854
⇤ = 9→ � = 0.722

C.R., M.J. Savage, in prep.



The Lipkin-Meshkov-Glick Model in truncated space

• The orbital rotation breaks parity symmetry ⇒ projection needed (here “projection after variation”) 

• For these parameters, three configurations in the rotated basis can well reproduce the exact wave function
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★Wave function in the initial basis (β=0): 

state n

C.R., M.J. Savage, in prep.
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projection onto good parity state:



The Lipkin-Meshkov-Glick Model in truncated space

F = 0.98101 , 0.99846, 0.99984, 0.99996, 0.99996

<latexit sha1_base64="mL25GBIl+qHkKYy1EYqLu97Dhnk=">AAACF3icbVDLSgMxFM34rOOr6tJNsAiuykwp6kYouHGhUNE+oDOUTCbThiaZIckIZehvCK70T9yJW5f+iGsz7Sxs64HA4Zx7cw8nSBhV2nG+rZXVtfWNzdKWvb2zu7dfPjhsqziVmLRwzGLZDZAijArS0lQz0k0kQTxgpBOMrnO/80SkorF41OOE+BwNBI0oRtpInndrRkMEr6Br98sVp+pMAZeJW5AKKNDsl3+8MMYpJ0JjhpTquU6i/QxJTTEjE9tLFUkQHqEB6RkqECfKz6aZJ/DUKCGMYmme0HCq/t3IEFdqzAMzyZEeqkUvF//zeqmOLv2MiiTVRODZoShlUMcwLwCGVBKs2dgQhCU1WSEeIomwNjXNXbkTDyZAzMwfeU5PpZwKbedFuYu1LJN2reqeV+v39UqjVlRWAsfgBJwBF1yABrgBTdACGCTgGbyCN+vFerc+rM/Z6IpV7ByBOVhfv6QsnnI=</latexit>

⇤ = 1
<latexit sha1_base64="cF6HNXEYvOtp7UljXtS33b0+X98=">AAACF3icbVDLSgMxFM3UVx1fVZdugkVwVWZqUTdCwY0LhYr2AZ2hZDKZNjSTDElGKEN/Q3Clf+JO3Lr0R1ybabuwrQcCh3PuzT2cIGFUacf5tgorq2vrG8VNe2t7Z3evtH/QUiKVmDSxYEJ2AqQIo5w0NdWMdBJJUBww0g6G17nffiJSUcEf9Sghfoz6nEYUI20kz7s1oyGCV/DM7pXKTsWZAC4Td0bKYIZGr/TjhQKnMeEaM6RU13US7WdIaooZGdteqkiC8BD1SddQjmKi/GySeQxPjBLCSEjzuIYT9e9GhmKlRnFgJmOkB2rRy8X/vG6qo0s/ozxJNeF4eihKGdQC5gXAkEqCNRsZgrCkJivEAyQR1qamuSt3/MEEEMz8kef0VBpTru28KHexlmXSqlbc80rtvlauV2eVFcEROAanwAUXoA5uQAM0AQYJeAav4M16sd6tD+tzOlqwZjuHYA7W1y+nfp50</latexit>

⇤ = 3
<latexit sha1_base64="KiscSjEWhoZxd5vHTv1/QMfkxbQ=">AAACF3icbVDLSgMxFM3UVx1fVZdugkVwVWZKfWyEghsXChXtAzpDyWQybWgmGZKMUEp/Q3Clf+JO3Lr0R1ybaWdhWw8EDufcm3s4QcKo0o7zbRVWVtfWN4qb9tb2zu5eaf+gpUQqMWliwYTsBEgRRjlpaqoZ6SSSoDhgpB0MrzO//USkooI/6lFC/Bj1OY0oRtpInndrRkMEr+CZ3SuVnYozBVwmbk7KIEejV/rxQoHTmHCNGVKq6zqJ9sdIaooZmdheqkiC8BD1SddQjmKi/PE08wSeGCWEkZDmcQ2n6t+NMYqVGsWBmYyRHqhFLxP/87qpji79MeVJqgnHs0NRyqAWMCsAhlQSrNnIEIQlNVkhHiCJsDY1zV254w8mgGDmjyynp9KYcm1nRbmLtSyTVrXinldq97VyvZpXVgRH4BicAhdcgDq4AQ3QBBgk4Bm8gjfrxXq3PqzP2WjByncOwRysr1+q0J52</latexit>

⇤ = 5
<latexit sha1_base64="l3Ilp0P3ycmjFO0uNni7tX9QAGA=">AAACF3icbVDLSgMxFM3UVx1fVZdugkVwVWZKsW6EghsXChXtAzpDyWQybWiSGZKMUEp/Q3Clf+JO3Lr0R1ybaWdhWw8EDufcm3s4QcKo0o7zbRXW1jc2t4rb9s7u3v5B6fCoreJUYtLCMYtlN0CKMCpIS1PNSDeRBPGAkU4wus78zhORisbiUY8T4nM0EDSiGGkjed6tGQ0RvIJ1u18qOxVnBrhK3JyUQY5mv/TjhTFOOREaM6RUz3US7U+Q1BQzMrW9VJEE4REakJ6hAnGi/Mks8xSeGSWEUSzNExrO1L8bE8SVGvPATHKkh2rZy8T/vF6qo0t/QkWSaiLw/FCUMqhjmBUAQyoJ1mxsCMKSmqwQD5FEWJuaFq7ciQcTIGbmjyynp1JOhbazotzlWlZJu1pxLyq1+1q5Uc0rK4ITcArOgQvqoAFuQBO0AAYJeAav4M16sd6tD+tzPlqw8p1jsADr6xeuIp54</latexit>

⇤ = 7

★Wave function in the initial basis (β=0) - convergence: 

state n

C.R., M.J. Savage, in prep.



<latexit sha1_base64="mL25GBIl+qHkKYy1EYqLu97Dhnk=">AAACF3icbVDLSgMxFM34rOOr6tJNsAiuykwp6kYouHGhUNE+oDOUTCbThiaZIckIZehvCK70T9yJW5f+iGsz7Sxs64HA4Zx7cw8nSBhV2nG+rZXVtfWNzdKWvb2zu7dfPjhsqziVmLRwzGLZDZAijArS0lQz0k0kQTxgpBOMrnO/80SkorF41OOE+BwNBI0oRtpInndrRkMEr6Br98sVp+pMAZeJW5AKKNDsl3+8MMYpJ0JjhpTquU6i/QxJTTEjE9tLFUkQHqEB6RkqECfKz6aZJ/DUKCGMYmme0HCq/t3IEFdqzAMzyZEeqkUvF//zeqmOLv2MiiTVRODZoShlUMcwLwCGVBKs2dgQhCU1WSEeIomwNjXNXbkTDyZAzMwfeU5PpZwKbedFuYu1LJN2reqeV+v39UqjVlRWAsfgBJwBF1yABrgBTdACGCTgGbyCN+vFerc+rM/Z6IpV7ByBOVhfv6QsnnI=</latexit>

⇤ = 1
<latexit sha1_base64="cF6HNXEYvOtp7UljXtS33b0+X98=">AAACF3icbVDLSgMxFM3UVx1fVZdugkVwVWZqUTdCwY0LhYr2AZ2hZDKZNjSTDElGKEN/Q3Clf+JO3Lr0R1ybabuwrQcCh3PuzT2cIGFUacf5tgorq2vrG8VNe2t7Z3evtH/QUiKVmDSxYEJ2AqQIo5w0NdWMdBJJUBww0g6G17nffiJSUcEf9Sghfoz6nEYUI20kz7s1oyGCV/DM7pXKTsWZAC4Td0bKYIZGr/TjhQKnMeEaM6RU13US7WdIaooZGdteqkiC8BD1SddQjmKi/GySeQxPjBLCSEjzuIYT9e9GhmKlRnFgJmOkB2rRy8X/vG6qo0s/ozxJNeF4eihKGdQC5gXAkEqCNRsZgrCkJivEAyQR1qamuSt3/MEEEMz8kef0VBpTru28KHexlmXSqlbc80rtvlauV2eVFcEROAanwAUXoA5uQAM0AQYJeAav4M16sd6tD+tzOlqwZjuHYA7W1y+nfp50</latexit>

⇤ = 3
<latexit sha1_base64="KiscSjEWhoZxd5vHTv1/QMfkxbQ=">AAACF3icbVDLSgMxFM3UVx1fVZdugkVwVWZKfWyEghsXChXtAzpDyWQybWgmGZKMUEp/Q3Clf+JO3Lr0R1ybaWdhWw8EDufcm3s4QcKo0o7zbRVWVtfWN4qb9tb2zu5eaf+gpUQqMWliwYTsBEgRRjlpaqoZ6SSSoDhgpB0MrzO//USkooI/6lFC/Bj1OY0oRtpInndrRkMEr+CZ3SuVnYozBVwmbk7KIEejV/rxQoHTmHCNGVKq6zqJ9sdIaooZmdheqkiC8BD1SddQjmKi/PE08wSeGCWEkZDmcQ2n6t+NMYqVGsWBmYyRHqhFLxP/87qpji79MeVJqgnHs0NRyqAWMCsAhlQSrNnIEIQlNVkhHiCJsDY1zV254w8mgGDmjyynp9KYcm1nRbmLtSyTVrXinldq97VyvZpXVgRH4BicAhdcgDq4AQ3QBBgk4Bm8gjfrxXq3PqzP2WjByncOwRysr1+q0J52</latexit>

⇤ = 5
<latexit sha1_base64="l3Ilp0P3ycmjFO0uNni7tX9QAGA=">AAACF3icbVDLSgMxFM3UVx1fVZdugkVwVWZKsW6EghsXChXtAzpDyWQybWiSGZKMUEp/Q3Clf+JO3Lr0R1ybaWdhWw8EDufcm3s4QcKo0o7zbRXW1jc2t4rb9s7u3v5B6fCoreJUYtLCMYtlN0CKMCpIS1PNSDeRBPGAkU4wus78zhORisbiUY8T4nM0EDSiGGkjed6tGQ0RvIJ1u18qOxVnBrhK3JyUQY5mv/TjhTFOOREaM6RUz3US7U+Q1BQzMrW9VJEE4REakJ6hAnGi/Mks8xSeGSWEUSzNExrO1L8bE8SVGvPATHKkh2rZy8T/vF6qo0t/QkWSaiLw/FCUMqhjmBUAQyoJ1mxsCMKSmqwQD5FEWJuaFq7ciQcTIGbmjyynp1JOhbazotzlWlZJu1pxLyq1+1q5Uc0rK4ITcArOgQvqoAFuQBO0AAYJeAav4M16sd6tD+tzPlqw8p1jsADr6xeuIp54</latexit>

⇤ = 7
<latexit sha1_base64="BEYAqRJZji52zz6s5IZikMA5sw0=">AAACF3icbVDLSgMxFM3UVx1fVZdugkVwVWZK8bEQCm5cKFS0D+gMJZPJtKGZZEgyQin9DcGV/ok7cevSH3Ftpp2FbT0QOJxzb+7hBAmjSjvOt1VYWV1b3yhu2lvbO7t7pf2DlhKpxKSJBROyEyBFGOWkqalmpJNIguKAkXYwvM789hORigr+qEcJ8WPU5zSiGGkjed6tGQ0RvIKXdq9UdirOFHCZuDkpgxyNXunHCwVOY8I1Zkiprusk2h8jqSlmZGJ7qSIJwkPUJ11DOYqJ8sfTzBN4YpQQRkKaxzWcqn83xihWahQHZjJGeqAWvUz8z+umOrrwx5QnqSYczw5FKYNawKwAGFJJsGYjQxCW1GSFeIAkwtrUNHfljj+YAIKZP7KcnkpjyrWdFeUu1rJMWtWKe1ap3dfK9WpeWREcgWNwClxwDurgBjRAE2CQgGfwCt6sF+vd+rA+Z6MFK985BHOwvn4BsXSeeg==</latexit>

⇤ = 9wave function in the initial basis

<latexit sha1_base64="Kl2mS4ETWTYSV4P/89ELGOVMkuU="></latexit>

N = 30, v̄ = V (N − 1)
"

= 1.2, " = 1

<latexit sha1_base64="mL25GBIl+qHkKYy1EYqLu97Dhnk=">AAACF3icbVDLSgMxFM34rOOr6tJNsAiuykwp6kYouHGhUNE+oDOUTCbThiaZIckIZehvCK70T9yJW5f+iGsz7Sxs64HA4Zx7cw8nSBhV2nG+rZXVtfWNzdKWvb2zu7dfPjhsqziVmLRwzGLZDZAijArS0lQz0k0kQTxgpBOMrnO/80SkorF41OOE+BwNBI0oRtpInndrRkMEr6Br98sVp+pMAZeJW5AKKNDsl3+8MMYpJ0JjhpTquU6i/QxJTTEjE9tLFUkQHqEB6RkqECfKz6aZJ/DUKCGMYmme0HCq/t3IEFdqzAMzyZEeqkUvF//zeqmOLv2MiiTVRODZoShlUMcwLwCGVBKs2dgQhCU1WSEeIomwNjXNXbkTDyZAzMwfeU5PpZwKbedFuYu1LJN2reqeV+v39UqjVlRWAsfgBJwBF1yABrgBTdACGCTgGbyCN+vFerc+rM/Z6IpV7ByBOVhfv6QsnnI=</latexit>

⇤ = 1
<latexit sha1_base64="cF6HNXEYvOtp7UljXtS33b0+X98=">AAACF3icbVDLSgMxFM3UVx1fVZdugkVwVWZqUTdCwY0LhYr2AZ2hZDKZNjSTDElGKEN/Q3Clf+JO3Lr0R1ybabuwrQcCh3PuzT2cIGFUacf5tgorq2vrG8VNe2t7Z3evtH/QUiKVmDSxYEJ2AqQIo5w0NdWMdBJJUBww0g6G17nffiJSUcEf9Sghfoz6nEYUI20kz7s1oyGCV/DM7pXKTsWZAC4Td0bKYIZGr/TjhQKnMeEaM6RU13US7WdIaooZGdteqkiC8BD1SddQjmKi/GySeQxPjBLCSEjzuIYT9e9GhmKlRnFgJmOkB2rRy8X/vG6qo0s/ozxJNeF4eihKGdQC5gXAkEqCNRsZgrCkJivEAyQR1qamuSt3/MEEEMz8kef0VBpTru28KHexlmXSqlbc80rtvlauV2eVFcEROAanwAUXoA5uQAM0AQYJeAav4M16sd6tD+tzOlqwZjuHYA7W1y+nfp50</latexit>

⇤ = 3
<latexit sha1_base64="KiscSjEWhoZxd5vHTv1/QMfkxbQ=">AAACF3icbVDLSgMxFM3UVx1fVZdugkVwVWZKfWyEghsXChXtAzpDyWQybWgmGZKMUEp/Q3Clf+JO3Lr0R1ybaWdhWw8EDufcm3s4QcKo0o7zbRVWVtfWN4qb9tb2zu5eaf+gpUQqMWliwYTsBEgRRjlpaqoZ6SSSoDhgpB0MrzO//USkooI/6lFC/Bj1OY0oRtpInndrRkMEr+CZ3SuVnYozBVwmbk7KIEejV/rxQoHTmHCNGVKq6zqJ9sdIaooZmdheqkiC8BD1SddQjmKi/PE08wSeGCWEkZDmcQ2n6t+NMYqVGsWBmYyRHqhFLxP/87qpji79MeVJqgnHs0NRyqAWMCsAhlQSrNnIEIQlNVkhHiCJsDY1zV254w8mgGDmjyynp9KYcm1nRbmLtSyTVrXinldq97VyvZpXVgRH4BicAhdcgDq4AQ3QBBgk4Bm8gjfrxXq3PqzP2WjByncOwRysr1+q0J52</latexit>

⇤ = 5
<latexit sha1_base64="l3Ilp0P3ycmjFO0uNni7tX9QAGA=">AAACF3icbVDLSgMxFM3UVx1fVZdugkVwVWZKsW6EghsXChXtAzpDyWQybWiSGZKMUEp/Q3Clf+JO3Lr0R1ybaWdhWw8EDufcm3s4QcKo0o7zbRXW1jc2t4rb9s7u3v5B6fCoreJUYtLCMYtlN0CKMCpIS1PNSDeRBPGAkU4wus78zhORisbiUY8T4nM0EDSiGGkjed6tGQ0RvIJ1u18qOxVnBrhK3JyUQY5mv/TjhTFOOREaM6RUz3US7U+Q1BQzMrW9VJEE4REakJ6hAnGi/Mks8xSeGSWEUSzNExrO1L8bE8SVGvPATHKkh2rZy8T/vF6qo0t/QkWSaiLw/FCUMqhjmBUAQyoJ1mxsCMKSmqwQD5FEWJuaFq7ciQcTIGbmjyynp1JOhbazotzlWlZJu1pxLyq1+1q5Uc0rK4ITcArOgQvqoAFuQBO0AAYJeAav4M16sd6tD+tzPlqw8p1jsADr6xeuIp54</latexit>

⇤ = 7
<latexit sha1_base64="BEYAqRJZji52zz6s5IZikMA5sw0=">AAACF3icbVDLSgMxFM3UVx1fVZdugkVwVWZK8bEQCm5cKFS0D+gMJZPJtKGZZEgyQin9DcGV/ok7cevSH3Ftpp2FbT0QOJxzb+7hBAmjSjvOt1VYWV1b3yhu2lvbO7t7pf2DlhKpxKSJBROyEyBFGOWkqalmpJNIguKAkXYwvM789hORigr+qEcJ8WPU5zSiGGkjed6tGQ0RvIKXdq9UdirOFHCZuDkpgxyNXunHCwVOY8I1Zkiprusk2h8jqSlmZGJ7qSIJwkPUJ11DOYqJ8sfTzBN4YpQQRkKaxzWcqn83xihWahQHZjJGeqAWvUz8z+umOrrwx5QnqSYczw5FKYNawKwAGFJJsGYjQxCW1GSFeIAkwtrUNHfljj+YAIKZP7KcnkpjyrWdFeUu1rJMWtWKe1ap3dfK9WpeWREcgWNwClxwDurgBjRAE2CQgGfwCt6sF+vd+rA+Z6MFK985BHOwvn4BsXSeeg==</latexit>

⇤ = 9

Closer to the phase transition 
the exact wave function is 
already localized near n=0 

The Lipkin-Meshkov-Glick Model in truncated space

<latexit sha1_base64="ROhBnFFOB58xzGAllWVD6wUrVRE="></latexit>

⇤ = 1→ � = 0.586
⇤ = 3→ � = 0.495
⇤ = 5→ � = 0.370
⇤ = 7→ � = 0.128
⇤ = 9→ � = 0.0275

wave function in the rotated basis

★Near the phase transition:

state n C.R., M.J. Savage, in prep.

→ no “scale separation”

state n



★ Implementation on a digital quantum computer:

The Lipkin-Meshkov-Glick Model in truncated space: Quantum Simulations

Map the many-body states onto qubits, similarly to what is done in QFT*

⇒

* see e.g. Klco and Savage PRA 99, 052335 (2019); PRA 102, 012612 (2020), … 

✴ nqubits determined by number of states, not by particle number N

✴ localization of the effective wave function around n=0 (0p0h) reduces the number of required 
qubits for given desired precision

✴ The (real) effective wave function can be parametrized by Λ-1 angles and can be implemented by 
unitary operators 

C.R., M.J. Savage, in prep.

<latexit sha1_base64="bQsn2jL/aPO5hNJhXfxHrB8C5No=">AAACJnicbVBNSwJBGJ61L7OvrU7RZUiCTrIrUl4CoUuHAqP8ADWZHUcdnJ3dZt4NZJF+TdCp/km3iG79is7NqofUHhh4eN6vZx4vFFyD43xZqaXlldW19HpmY3Nre8fe3avqIFKUVWggAlX3iGaCS1YBDoLVQ8WI7wlW8wYXSb32yJTmgbyDYchaPulJ3uWUgJHa9kHzyjR3CD7H+ftYtuOHyOOgR6NM2846OWcMvEjcKcmiKcpt+6fZCWjkMwlUEK0brhNCKyYKOBVslGlGmoWEDkiPNQyVxGe6FY+/MMLHRungbqDMk4DH6t+JmPhaD33PdPoE+nq+loj/1RoRdIutmMswAibp5FA3EhgCnOSBO1wxCmJoCKGKG6+Y9okiFExqM1eu5a0xEAizI/HZ1JHPJWSSoNz5WBZJNZ9zT3OFm0K2VJxGlkaH6AidIBedoRK6RGVUQRQ9oWf0it6sF+vd+rA+J60pazqzj2Zgff8CyxWk3w==</latexit>

⇤ = 2nqubits



The Lipkin-Meshkov-Glick Model in truncated space: Quantum Simulations

<latexit sha1_base64="kIbGt6j41A4eT8y+ZMiD0nuJdcg="></latexit>

� (✓)� = cos�✓
2
� �0� + sin�✓

2
� �1�

Examples:

✴ 1 qubit (Λ = 2):

|0> RY(θ)

<latexit sha1_base64="8fHVMM2r2e9UxxlZ0h+L8E07zZI="></latexit>� (✓0, ✓1, ✓2)�
✴ 2 qubits (Λ = 4):

C.R., M.J. Savage, in prep.

|0>

|0>

S

RY(θ0)

Rzx(θ1)
Z

X RY(θ2)S
<latexit sha1_base64="i9KunKZk1t31DZTWYjRvD4OUQIA=">AAACE3icbVBNS8MwGE7n16xfU49egkPwNFoR3XHgxYsw0X3AWkaapl1YmpQkFUbZnxA86T/xJl79Af4Rz6ZbD27zgcDD8349eYKUUaUd59uqrK1vbG5Vt+2d3b39g9rhUVeJTGLSwYIJ2Q+QIoxy0tFUM9JPJUFJwEgvGN8U9d4TkYoK/qgnKfETFHMaUYy0kfpeiOKYSHtYqzsNZwa4StyS1EGJ9rD244UCZwnhGjOk1MB1Uu3nSGqKGZnaXqZIivAYxWRgKEcJUX4+8zuFZ0YJYSSkeVzDmfp3IkeJUpMkMJ0J0iO1XCvE/2qDTEdNP6c8zTTheH4oyhjUAhafhyGVBGs2MQRhSY1XiEdIIqxNRAtX7viDMSCY2VH49FSWUK7tIih3OZZV0r1ouFeNy/vLeqtZRlYFJ+AUnAMXXIMWuAVt0AEYMPAMXsGb9WK9Wx/W57y1YpUzx2AB1tcvKb2dyw==</latexit>

†

<latexit sha1_base64="975pEMVY/87b+LNwpDmMYpLA4PI="></latexit>

Rzx(✓) = e−i ✓
2 X̂⊗Ẑ native IBM gate

→ replaces at least 3 CNOTs



Cost function to minimize:

The Lipkin-Meshkov-Glick Model in truncated space: Quantum Simulations

★Hamiltonian-Learning-VQE:

⇒ learns the effective Hamiltonian and identifies the associated ground state simultaneously 

<latexit sha1_base64="6rg4oeUwScbDYxd+SBNmMSI7bbc="></latexit>

E(�,✓) = � (✓)�Ĥ(�)� (✓)�

state preparation 

classical optimization of 

(gradient descent)

Measurement of cost function 
and derivatives

k=k+1

<latexit sha1_base64="6iYBlLPbJEmGkDIklnIw2kUZlh8="></latexit>= �
i1,..,inq

hii,..,inq
(�) � (✓)��i1 ⊗ ...⊗ �inq

� (✓)�

<latexit sha1_base64="Vz3RHX1X+B4qKdohEoZ2V+jk4tA="></latexit>

� = {Î , X̂, Ŷ , Ẑ}
C.R., M.J. Savage, in prep.

<latexit sha1_base64="8VUhkKR35U+5pHasjbLRr3MYnWM="></latexit>

@E(�(k),✓(k))
@�(k)

<latexit sha1_base64="J2Vkc11+3d1h0+Z/52txgt3pAoM="></latexit>

E(�(k),✓(k))

<latexit sha1_base64="6QO/kfQ/8hTF4Y6jwmFHciK/dLQ="></latexit>

 (✓(k))

<latexit sha1_base64="9CjlRdZR3lp4Y3lSQRm4DzDGPKM="></latexit>�✓(k),�(k)�

<latexit sha1_base64="WuMxg5oP2SDZVqgiajFml5AOqzI="></latexit>

@E(�(k),✓(k))
@✓(k)i



The Lipkin-Meshkov-Glick Model in truncated space: Quantum Simulations

C.R., M.J. Savage, in prep.

★Energies:

VQE iterations

en
er

gy

<latexit sha1_base64="KjLu8+bwqjOw7ywPBxdCsloWiKA="></latexit>

N = 30, v̄ = V (N − 1)
"

= 2.0, " = 1

<latexit sha1_base64="a/0S7dfVEs92ucdVOaL/MOQ8FUY=">AAACGHicbVDLSsNAFJ3UV42vqks3g0Wom5KUom6EghsXChXtA5pQJpNJO3QyiTMToYR+h+BK/8SduHXnj7h20mZhWw8MHM65d+7heDGjUlnWt1FYWV1b3yhumlvbO7t7pf2DtowSgUkLRywSXQ9JwignLUUVI91YEBR6jHS80VXmd56IkDTiD2ocEzdEA04DipHSkltxbvSsj+AlrJ32S2Wrak0Bl4mdkzLI0eyXfhw/wklIuMIMSdmzrVi5KRKKYkYmppNIEiM8QgPS05SjkEg3nYaewBOt+DCIhH5cwan6dyNFoZTj0NOTIVJDuehl4n9eL1HBhZtSHieKcDw7FCQMqghmDUCfCoIVG2uCsKA6K8RDJBBWuqe5K7f8XgeImP4jy+nIJKRcmaYuyl6sZZm0a1X7rFq/q5cbdl5ZERyBY1ABNjgHDXANmqAFMHgEz+AVvBkvxrvxYXzORgtGvnMI5mB8/QJCLZ7D</latexit>(⇤ = 2)
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0p-0h (HF) state does not couple to 1p-1h 
⇒ A1 =0

<latexit sha1_base64="LZ1t6YLfm3El59ltbwBcdrzDM8Q="></latexit>� � = A0�0� +A1�1�

Results for 1 qubit (Λ=2)
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Results for 2 qubits (Λ=4)

The Lipkin-Meshkov-Glick Model in truncated space: Quantum Simulations

C.R., M.J. Savage, in prep.

IBM AER simulator
preliminary 
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★Wave functions (in the optimized basis): 



The Lipkin-Meshkov-Glick Model in truncated space: Quantum Simulations
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★Wave functions (in the initial basis): 

preliminary 

state n



The Lipkin-Meshkov-Glick Model in truncated space: Quantum Simulations

★ Fidelity 

preliminary 

VQE iterations
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2(1 − �� � ex��) (Bures distance*)

*Bures, American Mathematical Society (AMS). 135: 199 (1969)



Conclusion

 Entanglement rearrangement and wave-function localization appear crucial for fast convergence of 
classical calculations and efficient quantum computations.

 Entanglement is a useful tool for exploration of the nuclear wave function and to reveal physical phenomena

➔ Next: adapt and apply this procedure to more general nuclear interactions and systems

 We have developed a Hamiltonian-Learning-VQE procedure to be used with quantum computers, to 
simultaneously determine the Hamiltonian and ground-state wave function in effective model spaces. 
Good results were obtained for the Lipkin model.

Thank you!
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Multi-configuration self-consistent field method

Variational principle determines:

★ The expansion coefficients: Large-scale 
diagonalization

to introduce explicit correlations in the truncated configuration space

Generalized  
mean-field 
equation

★ The single-particle states: 

general mean field 
(↠ single-particle energies)

One-nucleon density 

Source term 
σ = two-body correlation matrix

0

@ H

1

A

0

@C

1

A = E

0

@C

1

A

to partly compensate for the truncations made on the nuclear state

h
ĥ(�), �̂

i
= Ĝ(�)

⇒ “variational natural orbitals” (VNAT)

�ij = h |a†jai| i
(↠ single-particle states)

�kiml = h |a†ka
†
malai| i

| i =
X

n⇡1n⇡2 ...n⌫1n⌫2 ...

Cn⇡1n⇡2 ...n⌫1n⌫2 ...
|n⇡1n⇡2 ...n⌫1n⌫2 ...i - truncated!

�(�ki�lm � �km�li)



Application to Helium isotopes

…

✴ With variational orbital equation:

active space

inactive 
space 

(empty)

active 
space 

(partially 
filled)

★ Role of the variational orbital equation: 

✴ Without variational orbital equation:
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�ij = h |a†jai| i

if i,j active

=0 if i,j inactive{

⇒ the density operator is modified

⇒ coupling between active and inactive spaces



The full solution is obtained via a doubly-iterative algorithm:

C.R., N. Pillet, D. Peña Arteaga & J.-F. Berger, PRC 93, 024302 (2016). 

Solve the 2nd equation 

… until convergence

{'i}⇒ single-particle orbitals  

starting point:  
Harmonic Oscillator 

h
ĥ(�), �̂

i
= Ĝ(�)

Multi-configuration self-consistent field method

Calculation of the densities 
and source term 

�kiml = h |a†ia
†
malak| i

) G(�)

�ij = h |a†jai| i•  

•  
�(�ki�lm � �km�li)

Solve the 1st equation 
0

@ H

1

A

0

@C

1

A = E

0

@C

1

A

    ⇒ Mixing coefficients  {C⇡⌫}



‣ Convergence of the single-orbital Von Neumann entropy:  
S(1)
tot =

X

i

S(1)
i

✴ HF bad convergence properties 
also reflected on entanglement 

2� 4 shells :

5 shells :

6 shells :

| HF i ' 70% SD

| HF i ' 56% SD

| HF i ' 91% SD7 shells :

| HF i ' 94� 98% SD

✴ NAT & VNAT typically have similar 
entanglement patterns

Single-orbital entanglement in 4He



“Entanglement distance”:

‣ In DMRG the entanglement distance is used to group the most interacting orbitals 
together, here such grouping occurs naturally

“localization of correlations” in the basis - ordering of the calculations

Idistij = Iij ⇥ |i� j|2

Idisttot =
X

ij

Idistij

Idisttot = 621.22 Idisttot = 119.4

Idisttot = 116.36 Idisttot = 43.60

Two-orbital mutual information in 4He
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‣ HO orbitals: correlations distributed over the basis 
‣ variational orbitals: decoupling of the 1p shell ⇒ clear emergence of 4He-core + nn-valence structure 

VNAT

Two-orbital mutual information in 6He

Idisttot = 565.24 Idisttot = 115.90



NAT

VNAT

✴ Comparison NAT and VNAT bases:

so far, similar entanglement patterns but 
different convergence of energy

NAT basis mixes active HO states only 
while  

VNAT basis mixes the full basis 

➙ Test: Use NAT and VNAT basis obtained for Ntot=3 to perform 
calculation with N’tot=5> Ntot

active orbitals

empty orbitals
……

vs

➙ How to differentiate them from the point of view of 
entanglement/correlations?

6He

nn MI

nn MI
‣ VNAT decouples inactive and active spaces

Two-orbital mutual information in 6He



‣ Negativity:  

• Negativity identically cancels in the (V)NAT basis because γ diagonal ➙ true for all nuclei

HO

VNAT

4He

⇒ no distillable entanglement

Two-orbital negativity in 4He

unitary transformations of modes

• Would be useful to have a measure of bound entanglement, difficult 

Faba, Martín, Robledo, PRA 103, 032426 (2021) “Two-orbital quantum discord in fermion systems”

⇒ no bound entanglement in (V)NAT basis 


