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Gravitational waves and cosmology

Individual sources
and populations of sources
at cosmological distances
e.g.  binary neutron stars (BNS),  
      binary black holes (BBH),
      neutron star- black-hole binary (NS-BH)…

Iate-time universe

Stochastic background 
of GWs of cosmological origin

– quantum processes during inflation 
– primordial black holes 
– Phase transitions in Early universe
– topological defects, eg cosmic strings
– …..

– Expansion rate
–      , Hubble constant
– 
– beyond    
       dark energy         and dark matter
– modified gravity (eg. through modified GW propagation)
– astrophysics; eg BH populations, PISN mass gap?
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w(z)

0th order - GW170817 and GRB170817A

• Theoretical framework: No 
cosmology, constant and frequency 
independent speed.  

• How: It makes use of the GW-EM time 
delay to estimate the fractional 
difference between the speed of light 
and GW. Considered uncertainty of 10 s 
in the prompt time.  

• Highlight on the results: Tightest 
constrain on the GW speed.
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z ⇠ 0.01BNS-GW170817,



• Blue: SNIa nearby universe + calibration based on  
Cepheid distance scale:  distance ladder. 

• Red: from early universe CMB physics, assumes

Hubble is interesting science

•      is a fundamental quantity in cosmologyH0

• currently there 
is tension 
between CMB 
and SN 
measurements 

• Plot from 
Wendy 
Freedman 
(2017)

[W.Freedman, 1706.02739]

[2112.04510, SH0ES and Pantheon+ collaborations,  
Reiss et al]

[2018 Planck collaboration]

Hubble constant?
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H0 = 73.04± 1.04 km/s/Mpc

6 Contents

verse H0 ⇠ cz/dL, where dL is the luminosity distance, (see [6] for a discussion of
the different cosmological distance scales and their definition). However, measuring
distances in cosmology is notoriously difficult, and hence different approaches have
been proposed in the literature.

From the position of the peaks CMB spectra, it is possible to determine the phys-
ical size of the sound horizon at decoupling, and from there the Hubble parameter:
the measurement from the Planck satellite is [5]

H0 = 67.36±0.54 kms�1 Mpc�1, (9)

assuming the LCDM model is the correct model from CMB decoupling all the
way to day. However, other different methods have been developed to measure
H0. One such early universe measurement uses baryon-acoustic oscillations (BAO)
combined with physics of big bang nucleosynthesis [7] (also assuming LCDM):
it gives a similar value of H0 = 67.66 ± 0.42 kms�1 Mpc�1 [5]. In the future, the
detection of CMB B-modes should also give a new and independent early universe
measurement of H0 [8]. Different extensions of the LCDM model including, for
instance, early or late dark energy, have been considered in the literature, but to the
best of our knowledge currently none of them lead to significantly different values
of H0 using Planck data alone.

A higher value of H0 is, however, obtained by a number of different, and again
independent, methods to measure distances at low redshifts. Prominent amongst
these is that of the SH0ES collaboration, who during the last decade and half have
built a consistently measured ‘distance ladder’, starting on small scales by using
geometric distances to calibrate Cepheid variables, followed by 19 hosts to both
SNe Ia and Cepheids, and finally by hundreds of type Ia supernova in the Hubble
flow [9]. The value they obtain for the Hubble constant is

H0 = 74.03±1.42 kms�1 Mpc�1, (10)

which differs by the Planck measurement by ⇠ 4.4s . Another, independent, mea-
surement of H0 has been obtained by using the time-delay, resulting from strong
lensing, between multiple images of background quasars (H0LiCOW [10]): H0 =
73.3+1.7

�1.8 kms�1 Mpc�1. More recently, the distance ladder has been re-visted using
Tip of the Red Giant Branch (TRGB) measurements to calibrate 18 supernovae, giv-
ing a measurement of H0 = 69.8±0.8(stat)±1.7(syst) kms�1 Mpc�1 [11], which is
intermediate between that of SH0ES and Planck. We refer the reader to [12] for a
comprehensive survey of the different measurements of H0.

2.3 Distances from standard sirens

As we show in Sec. 3, gravitational waves (GWs), through standard sirens [2], pro-
vide a new and independent way to measure the Hubble constant. The crucial point
is there is no need for a distance ladder: the amplitude of the GW signal from a
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H0 = 67.36± 0.54 km/s/Mpc

• 4-sigma tension between measurements that calculate the 
sound horizon at decoupling (+assumption.          ) and 
those that do not.  
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H0 = 69+17
�8 km/Mpc/s

First measurement of H0  
using GW170817+counterpart:

[1710.05835] vH = H0 ⇥ d

3

The measurement of the GW polarization is cru-
cial for inferring the binary inclination. This in-
clination, ◆, is defined as the angle between the
line of sight vector from the source to the detec-
tor and the orbital angular momentum vector of
the binary system. For electromagnetic (EM) phe-
nomena it is typically not possible to tell whether a
system is orbiting clockwise or counter-clockwise
(or, equivalently, face-on or face-off), and sources
are therefore usually characterized by a viewing
angle: min (◆, 180� � ◆). By contrast, GW mea-
surements can identify the sense of the rotation,
and thus ◆ ranges from 0 (counter-clockwise) to
180 deg (clockwise). Previous GW detections by
LIGO had large uncertainties in luminosity dis-
tance and inclination (Abbott et al. 2016a) because
the two LIGO detectors that were involved are
nearly co-aligned, preventing a precise polariza-
tion measurement. In the present case, thanks to
Virgo as an additional detector, the cosine of the
inclination can be constrained at 68.3% (1�) con-
fidence to the range [�1.00,�0.81] corresponding
to inclination angles between [144, 180] deg. This
implies that the plane of the binary orbit is almost,
but not quite, perpendicular to our line of sight
to the source (◆ ⇡ 180 deg), which is consistent
with the observation of a coincident GRB (LVC,
GBM, & INTEGRAL 2017 in prep.; Goldstein et
al. 2017, ApJL, submitted; Savchenko et al. 2017,
ApJL, submitted). We report inferences on cos ◆
because our prior for it is flat, so the posterior is
proportional to the marginal likelihood for it from
the GW observations.

EM follow-up of the GW sky localization re-
gion (Abbott et al. 2017c) discovered an opti-
cal transient (Coulter et al. 2017; Soares-Santos
et al. 2017; Valenti et al. 2017; Arcavi et al. 2017;
Tanvir et al. 2017; Lipunov et al. 2017) in close
proximity to the galaxy NGC 4993. The location
of the transient was previously observed by the
Distance Less Than 40 Mpc (DLT40) survey on
2017 July 27.99 UT and no sources were found
(Valenti et al. 2017). We estimate the probability

Figure 1. GW170817 measurement of H0. Marginal-
ized posterior density for H0 (blue curve). Constraints
at 1- and 2� from Planck (Planck Collaboration et al.
2016) and SHoES (Riess et al. 2016) are shown in
green and orange. The maximum a posteriori value
and minimal 68.3% credible interval from this PDF is
H0 = 70.0+12.0

�8.0 km s

�1
Mpc

�1. The 68.3% (1�) and
95.4% (2�) minimal credible intervals are indicated by
dashed and dotted lines.

of a random chance association between the opti-
cal counterpart and NGC 4993 to be 0.004% (see
the Methods section for details). In what follows
we assume that the optical counterpart is associ-
ated with GW170817, and that this source resides
in NGC 4993.

To compute H0 we need to estimate the back-
ground Hubble flow velocity at the position of
NGC 4993. In the traditional electromagnetic cal-
ibration of the cosmic “distance ladder” (Freed-
man et al. 2001), this step is commonly carried
out using secondary distance indicator informa-
tion, such as the Tully-Fisher relation (Sakai et al.
2000), which allows one to infer the background
Hubble flow velocity in the local Universe scaled
back from more distant secondary indicators cal-
ibrated in quiet Hubble flow. We do not adopt
this approach here, however, in order to preserve
more fully the independence of our results from
the electromagnetic distance ladder. Instead we
estimate the Hubble flow velocity at the position
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w(z)

upper mass gap?

lower mass gap?
– Expansion rate
–      , Hubble constant
– 
– beyond    
       dark energy         and dark matter
– modified gravity (e.g. modified GW propagation)
– astrophysics + cosmo: BH populations, mass gaps?  
– primordial BH populations ? 

Observations to date (by LVK):  90 events  
2 BNS, 83 BBH, 5 NSBH or BBH  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Figure 1. Distribution of the mass and luminosity distance parameters for the 42 BBH events with SNR > 11. The figure is
generated using a Planck cosmology with H

0

= 67.9 km s�1 Mpc�1 and ⌦
m

= 0.3065 with a D2

L prior and a uniform prior on
the detector frame masses ad stacking posterior samples for each event. This figure is only representative of the events reported
in Tab. 4 and does not indicate the population reconstruction. Left: Distribution of the primary detector frame masses (blue
solid line) and source frame masses (orange dashed line). Middle: Same but for the secondary source mass. Right: Distribution
of the luminosity distance (bottom axis) and redshift (top axis).

– Fixing Planck cosmology: mass and distance distribution of the 42 loudest BBH events (SNR>11) 

[2111.03604]
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Credit: Carl Rodriguez 

• If spins are not aligned wrt orbital angular momentum:
orbital precession around total momentum

• Signal = superposition of orbital harmonics, 
dominant is 2 x orb. freq. 

[Babak et al. 2016; Cotesta et al. 2018, 2020, Ossokine et al. 2020]

[Khan et al. 2020]
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Earth-based interferometers

arm length L = 4 km 

frequency range of detection:  
10 Hz < f < 5kHZ

• Black hole coalescing binaries of masses few to hundred solar masses  
• Neutron Star and NS-BH binaries / SN explosions 
• Stochastic GW background

aLIGO/aVirgo 3rd generation (ET, CE…)

arm length L = 3 km 

frequency range of detection:  
1 Hz < f < 104 HZ

http://www.et-gw.eu/index.phphttps://www.ligo.org/

DETECTION TARGETS:

GW WORLDWIDE DETECTORS NETWORK 

TMEX 2020 - Advanced Virgo status   4 

LISA: Laser Interferometer Space Antenna

10�4 Hz < f < 1 Hz

frequency range of detection:

• no seismic noise  
• much longer arms than on Earth

• Launch in ~2034 
• two masses in free fall per spacecraft  
• 2.5 million km arms 
• picometer displacement of masses

Space-based interferometers

DECI-Hertz Observatories Arm-length ~ 108 m 

LISA collaboration arXiv:1702.00786

See e.g. arXiv:1908.11375
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1Hz < f < 104 Hz
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10Hz < f < 5 kHz

Late time universe with BBHs
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Fig. 1 GW waveforms from the Effective one body analytical model (left) and numerical relativity
simulations (right) for binary. The different lines in the left panel indicates the three phases of the
waveform. Figure from [? ].

assuming z ⌧ 1). The reader is referred to e.g. [? ? ? ] for an in-depth presentation.
For a standard siren of total mass M = m1+m2, simple dimensional arguments give
a characteristic frequency f ⇠ c3/GM. In fact, the frequency of the emitted GW
increases with time during the inspiral (figure 1) and, assuming the merger occurs at
the innermost stable circular orbit (ISCO), the corresponding merger frequency is

fmerger =
1

63/2p

✓
c3

GM

◆
. (16)

A typical BNS with m1,2 ⇠ 1.4M� has fmerger ⇠ 1.5 kHz, which falls in the upper
part of the LIGO-Virgo frequency band. For supermassive BBH with M ⇠ 106M�,
fmerger ⇠ 10�3Hz which falls in the LISA band.

If GWs from an inspiraling binary system enter the frequency band of a detector
at observed frequency flow, the observation time (or time to merger) is given by

T ⇠ 10�3 f �8/3
low

✓
c3

GM

◆5/3

. (17)

where

M =
(m1m2)3/5

(m1 +m2)1/5 (18)

is the source-frame chirp mass. As expected, the heavier the binary, the smaller the
observation time. For a BNS entering the LIGO-Virgo detector window at observed
frequency f ⇠ 20 Hz, the observation time is T ⇠ 4 min. A BBH with M ⇠ 30M�
would be observed for T ⇠ 0.01 s.

Finally, at a distance dL from the source, the amplitude of the GW emitted with
frequency f is

h ⇠ 4c
dL

✓
GM

c3

◆5/3
(p f )2/3. (19)

M=total mass

• Merger frequency (Assuming merger at ISCO, point particles, quadrupole..)

<latexit sha1_base64="TBeOFqoDoW0X1b19RZYp5qohqIw="></latexit>

h ⇠ 4c

R

✓
GM
c3

◆5/3

(⇡f)2/3

• Amplitude/distance
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• If spins are not aligned wrt orbital angular momentum:
orbital precession around total momentum

• Signal = superposition of orbital harmonics, 
dominant is 2 x orb. freq. 

[Babak et al. 2016; Cotesta et al. 2018, 2020, Ossokine et al. 2020]

[Khan et al. 2020]
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Earth-based interferometers

arm length L = 4 km 

frequency range of detection:  
10 Hz < f < 5kHZ

• Black hole coalescing binaries of masses few to hundred solar masses  
• Neutron Star and NS-BH binaries / SN explosions 
• Stochastic GW background

aLIGO/aVirgo 3rd generation (ET, CE…)

arm length L = 3 km 

frequency range of detection:  
1 Hz < f < 104 HZ

http://www.et-gw.eu/index.phphttps://www.ligo.org/

DETECTION TARGETS:

GW WORLDWIDE DETECTORS NETWORK 
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LISA: Laser Interferometer Space Antenna

10�4 Hz < f < 1 Hz

frequency range of detection:

• no seismic noise  
• much longer arms than on Earth

• Launch in ~2034 
• two masses in free fall per spacecraft  
• 2.5 million km arms 
• picometer displacement of masses

Space-based interferometers

DECI-Hertz Observatories Arm-length ~ 108 m 

LISA collaboration arXiv:1702.00786

See e.g. arXiv:1908.11375
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Alternatively, with a few tens of detection one could con-
strain the location of the upper edge of the PISN mass
gap or, equivalently, the minimum IMBH mass, to the
percent level (see Fig. 4). These bounds could be im-
proved with third generation detectors such as Einstein
Telescope or Cosmic Explorer. Knowing the breadth of
this mass gap would have important implications for the
theory of stellar evolution [6, 7], and the quest to explain
the origin of LIGO/Virgo’s black holes.

We demonstrate that the end of the PISN mass gap
could also be seen by LISA. We find that the relevant
range of masses corresponds to a ground/space “sweet
spot”, maximizing the fraction of multi-band events (see
Fig. 3). Comparing the number of detections from
ground and space would serve to constrain the redshift
evolution of the merger rate of this population. Similarly,
these merging binaries will leave a distinctive imprint on
the spectral shape of the stochastic background of unre-
solved sources, further narrowing constraints on the lower
end of the PISN gap. Moreover, as shown in Fig. 5, the
minimum IMBH mass scale could be used to “standard-
ize” GW standard sirens, enabling direct constraints on
H(z) at redshift ⇠ 0.4, 0.8 and 1.5 with LISA, aLIGO,
and ET respectively.

Looking to the future, our analysis could be extended
in several ways. First, we have neglected the e↵ects of
spins and eccentricities, which might be relevant depend-
ing on the origin of the population above the mass gap.
Second, one could extend our models for the popula-
tion, as well as combine di↵erent probes. In particular,
it would be interesting to asses how a power-law distri-
bution of source frame IMBH masses would a↵ect the
constraints on m

min

and H(z), taking into account both
resolved and unresolved sources. Finally, we note that
detecting the end of the PISN mass gap could be a key
target for deci-hertz observatories [32], possibly serving
to further strengthen these proposals.

We have shown that the existence of a far side, post
PISN gap population would provide a wealth of astro-
physical and cosmological information. Future obser-
vations will either uncover this population, or provide
strong limits on its existence.
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Appendix A: Supplemental material

1. Methods

In the following we provide further details on our
methodology. We detail the observing scenarios consid-
ered, and our methodologies for incorporating GW de-
tection e�ciencies, measurement errors, and selection bi-
ases. We use pyCBC [74] with the IMRPhenomD ap-
proximant [75] to compute the waveform of non-spinning
BBHs.
a. Observing scenarios: We consider Advanced

LIGO and Virgo runs following the latest version of [26]
(specifically LIGO public document P1200087-v58 of
early 2020). For O1/O2/O3 we consider 116/269/365
days of observation with 41/46/60% coincident opera-
tion of both aLIGO detectors. For O4 and O5 we adopt
2 years of observation at design sensitivity and 2 years
at the upgraded design (A+) with a 70% coincident op-
eration time. We use the sensitivity curves described in
[26], which can be found at [76].

For third generation detectors, Voyager, Einstein Tele-
scope and Cosmic Explorer, we adopt the sensitivity
curves given in [77]. Finally, for the future space-based
detector LISA we use the sensitivity curve defined in [78],
which can be downloaded from GitHub [79].
b. Sky localization sensitivity: In order to determine

the probability of detecting a GW from a given binary
system, defined as p

det

in the main text, we take into
account the sky position, orientation, and inclination an-
gle. For ground-based detectors, since their antenna pat-
tern is basically fixed during the detection time, we use
the cumulative distribution function p

det

(w) of having a

 Horizon redshift as a function of total source frame mass for
an SNR detection threshold of rho=8. For LISA assumes 4 yrs obs.

[figure from 2006.02211]
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Individual sources
and populations of sources
at cosmological distances
e.g.  binary neutron stars (BNS),  
      binary black holes (BBH),
      neutron star- black-hole binary (NS-BH)…

More speculative.  Early universe sources 
beyond standard model of particle physics!

– quantum processes during inflation 
– primordial black holes
– Phase transitions in Early universe
– topological defects, eg cosmic strings
– …..

Upper Limits on the Isotropic Gravitational-Wave Background from Advanced
LIGO’s and Advanced Virgo’s Third Observing Run

The LIGO Scientific Collaboration, The Virgo Collaboration, and The KAGRA Collaboration⇤

(Dated: January 29, 2021)

We report results of a search for an isotropic gravitational-wave background (GWB) using data
from Advanced LIGO’s and Advanced Virgo’s third observing run (O3) combined with upper limits
from the earlier O1 and O2 runs. Unlike in previous observing runs in the advanced detector
era, we include Virgo in the search for the GWB. The results of the search are consistent with
uncorrelated noise, and therefore we place upper limits on the strength of the GWB. We find that
the dimensionless energy density ⌦GW  5.8 ⇥ 10�9 at the 95% credible level for a flat (frequency-
independent) GWB, using a prior which is uniform in the log of the strength of the GWB, with 99%
of the sensitivity coming from the band 20-76.6 Hz; ⌦GW(f)  3.4 ⇥ 10�9 at 25 Hz for a power-law
GWB with a spectral index of 2/3 (consistent with expectations for compact binary coalescences),
in the band 20-90.6 Hz; and ⌦GW(f)  3.9 ⇥ 10�10 at 25 Hz for a spectral index of 3, in the band
20-291.6 Hz. These upper limits improve over our previous results by a factor of 6.0 for a flat GWB,
8.8 for a spectral index of 2/3, and 13.1 for a spectral index of 3. We also search for a GWB arising
from scalar and vector modes, which are predicted by alternative theories of gravity; we do not
find evidence of these, and place upper limits on the strength of GWBs with these polarizations.
We demonstrate that there is no evidence of correlated noise of magnetic origin by performing a
Bayesian analysis that allows for the presence of both a GWB and an e↵ective magnetic background
arising from geophysical Schumann resonances. We compare our upper limits to a fiducial model
for the GWB from the merger of compact binaries, updating the model to use the most recent data-
driven population inference from the systems detected during O3a. Finally, we combine our results
with observations of individual mergers and show that, at design sensitivity, this joint approach may
yield stronger constraints on the merger rate of binary black holes at z & 2 than can be achieved
with individually resolved mergers alone.

I. INTRODUCTION

The gravitational-wave background (hereafter referred
to as the GWB or the background) is a superposition of
gravitational-wave (GW) sources that is best character-
ized statistically [1]. There are many possible astrophys-
ical and cosmological contributions to the background,
including distant compact binary coalescences (CBCs)
that cannot be resolved individually [2–6], core collapse
supernovae [7–11], rotating neutron stars [12–19], stellar
core collapses [20, 21], cosmic strings [22–26], primordial
black holes [27–29], superradiance of axion clouds around
black holes [30–33], phase transitions in the early uni-
verse [34–37], and GWs produced during inflation [38–40]
or in a preheating phase at the end of inflation [41, 42].
While some sources of the GWB, such as slow roll infla-
tion, have a fundamentally stochastic character, others
like the background from CBCs are a superposition of
deterministic sources.

The LIGO Scientific Collaboration and Virgo Collab-
oration have previously placed upper limits on isotropic
[43] and anisotropic [44] GWBs using data from the first
two observing runs, in the frequency range 20-1726 Hz.
The searches were performed by calculating the cross cor-
relation between pairs of detectors. An extension of this
method has been applied to searching for a background
of non-tensor modes [43, 45, 46]; see [47, 48] for recent

⇤
Full author list given at the end of the article.

reviews. Cross-correlation methods have also been ap-
plied to publicly released LIGO data [49] by other groups,
who have obtained similar upper limits [50–52]. A new
method that does not rely on the cross-correlation tech-
nique and targets the background from CBCs was pro-
posed in [53].

In this work we apply the cross-correlation based
method used in previous analyses to Advanced LIGO’s
[54] and Advanced Virgo’s [55] first three observing runs
(O1, O2, and O3). We do not find evidence for the GWB,
and therefore place an upper limit on the strength. Un-
like in previous observing runs, in this work we present
the headline results using a log uniform prior [56]. We
find two advantages to using a log uniform prior. First, a
log uniform prior gives equal weight to di↵erent orders of
magnitude of the strength of the GWBs, which is appro-
priate given our current state of knowledge. Second, a log
uniform prior is agnostic as to which power we raise the
strain data. It is not clear whether one should put a uni-
form prior on the strain amplitude, or the strength of the
GWB, which scales like the square of the strain. On the
other hand, the log uniform prior does not depend on the
exponent of the strain data. For completeness, we also
present results with a uniform prior on the strength of the
GWB in Section IV. Results with any other prior can be
obtained by reweighing the posterior samples available at
[57].

There are several new features in our analysis of the
O3 data. First, we incorporate Virgo, by cross correlating
the three independent baselines in the LIGO-Virgo net-
work and combining them in an optimal way [58]. Sec-
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1) Assume General Relativity: constraints on cosmology with BBH 

2) Turn on modifications to GR: constraints on cosmology & modified 
gravity with BBHs

[2111.03606] 

https://arxiv.org/abs/2111.03606


• Crucial parameters for cosmology: redshifted / detector frame masses;  
                                                      luminosity distance 
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Fig. 1 GW waveforms from the Effective one body analytical model (left) and numerical relativity
simulations (right) for binary. The different lines in the left panel indicates the three phases of the
waveform. Figure from [? ].

assuming z ⌧ 1). The reader is referred to e.g. [? ? ? ] for an in-depth presentation.
For a standard siren of total mass M = m1+m2, simple dimensional arguments give
a characteristic frequency f ⇠ c3/GM. In fact, the frequency of the emitted GW
increases with time during the inspiral (figure 1) and, assuming the merger occurs at
the innermost stable circular orbit (ISCO), the corresponding merger frequency is

fmerger =
1

63/2p

✓
c3

GM

◆
. (16)

A typical BNS with m1,2 ⇠ 1.4M� has fmerger ⇠ 1.5 kHz, which falls in the upper
part of the LIGO-Virgo frequency band. For supermassive BBH with M ⇠ 106M�,
fmerger ⇠ 10�3Hz which falls in the LISA band.

If GWs from an inspiraling binary system enter the frequency band of a detector
at observed frequency flow, the observation time (or time to merger) is given by

T ⇠ 10�3 f �8/3
low

✓
c3

GM

◆5/3

. (17)

where

M =
(m1m2)3/5

(m1 +m2)1/5 (18)

is the source-frame chirp mass. As expected, the heavier the binary, the smaller the
observation time. For a BNS entering the LIGO-Virgo detector window at observed
frequency f ⇠ 20 Hz, the observation time is T ⇠ 4 min. A BBH with M ⇠ 30M�
would be observed for T ⇠ 0.01 s.

Finally, at a distance dL from the source, the amplitude of the GW emitted with
frequency f is

h ⇠ 4c
dL

✓
GM

c3

◆5/3
(p f )2/3. (19)

• GW signal from binary mergers depends on intrinsic parameters  
 (determining the phase evolution: spins, masses etc) and  
  extrinsic parameters (sky position, luminosity distance, inclination etc)
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dL(z) =
c(1 + z)

H0

Z z

0

dz0
⇥
⌦m(1 + z0)3 + ⌦⇤(1 + z0)3(1+w(z0))

⇤1/2

In general relativity, allowing for possible dark energy:
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Mz = (1 + z)M
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mdet
1,2 (z) = (1 + z)m1,2

The GW signal from binary mergers 
depends on:

• Intrinsic parameters: phase evolution 
of the signal (spins, masses, merger 
time)

• Extrinsic parameters: geometrical or 
scale factors (sky-position, luminosity 
distance, inclination w.r.t the line of 
sight and merger phase)

Likelihood 

GWs: new type of standard siren for cosmology

S. Mastrogiovanni   Geneve U seminar 3
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(m2, ~�2)

chirp mass

Cosmological parameters with binaries



(LIGO-Virgo):For z ⌧ 1
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dL(z) =
c(1 + z)

H0

Z z

0

dz0
⇥
⌦m(1 + z0)3 + ⌦⇤(1 + z0)3(1+w(z0))

⇤1/2
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dL =
cz

H0

 For larger z (ET, LISA, CE..), sensitive to other  
cosmological parameters, and can potentially access 
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H(z) = H0

h
⌦m(1 + z0)3 + ⌦⇤(1 + z0)3(1+w(z0))

i1/2

• But gravity is scale-free: for point sources, perfect  
  degeneracy between source masses, redshift, spins..  
  Some extra non gravitational information is 
necessary to determine z.

Hubble diagram

Figure 3: The dimensionless luminosity distance DL/DH. The three curves are for the three
world models, (ΩM, ΩΛ) = (1, 0), solid; (0.05, 0), dotted; and (0.2, 0.8), dashed.
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where νo and λo are the observed frequency and wavelength, and νe and λe are the emitted.
In special relativity, redshift is related to radial velocity v by

1 + z =

√

√

√

√

1 + v/c

1 − v/c
(9)

where c is the speed of light. In general relativity, (9) is true in one particular coordinate
system, but not any of the traditionally used coordinate systems. Many feel (partly for this
reason) that it is wrong to view relativistic redshifts as being due to radial velocities at all
(eg, Harrison, 1993). I do not agree. On the other hand, redshift is directly observable and
radial velocity is not; these notes concentrate on observables.

The difference between an object’s measured redshift zobs and its cosmological redshift
zcos is due to its (radial) peculiar velocity vpec; ie, we define the cosmological redshift as that
part of the redshift due solely to the expansion of the Universe, or Hubble flow. The peculiar
velocity is related to the redshift difference by

vpec = c
(zobs − zcos)

(1 + z)
(10)

where I have assumed vpec ≪ c. This can be derived from (9) by taking the derivative
and using the special relativity formula for addition of velocities. From here on, we assume
z = zcos.

For small v/c, or small distance d, in the expanding Universe, the velocity is linearly
proportional to the distance (and all the distance measures, eg, angular diameter distance,
luminosity distance, etc, converge)

z ≈
v

c
=

d

DH
(11)

where DH is the Hubble distance defined in (4). But this is only true for small redshifts! It
is important to note that many galaxy redshift surveys, when presenting redshifts as radial
velocities, always use the non-relativistic approximation v = c z, even when it may not be
physically appropriate (eg, Fairall 1992).

In terms of cosmography, the cosmological redshift is directly related to the scale factor
a(t), or the “size” of the Universe. For an object at redshift z

1 + z =
a(to)

a(te)
(12)

where a(to) is the size of the Universe at the time the light from the object is observed, and
a(te) is the size at the time it was emitted.

Redshift is almost always determined with respect to us (or the frame centered on us
but stationary with respect to the microwave background), but it is possible to define the
redshift z12 between objects 1 and 2, both of which are cosmologically redshifted relative to
us: the redshift z12 of an object at redshift z2 relative to a hypothetical observer at redshift
z1 < z2 is given by

1 + z12 =
a(t1)

a(t2)
=

1 + z2

1 + z1
(13)

3

H(z) = H0

�
�M(1 + z)3 + �k(1 + z)2 + ��(1 + z)3(1+w0+wa)e�3waz/(1+z)

DL = c(1 + z)

z�

0

dz�

H(z�)

Hogg, arXiv:astro-ph/9905116 (2000)

Varying 
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(⌦m, w(z), ..)
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�inst
dL

⇠ 2dL
⇢

• GW observations determine  
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dominant quadrupole mode: degeneracy between distance and inclination  
gives large, ~20%-40% errors on luminosity distance.

Cosmological parameters with binaries

Higher order modes: more important as difference in masses increases 
(e.g. GW-190412). Help break (distance/inclination) degeneracy.
So can spin precession effects.



Determining the redshift

• Crux of doing late-time cosmology with GWs: determining redshift of the sources. 

1. A direct EM counterpart with an associated redshift measurement [B.Schutz, '86]  
(such as the BNS GW170817 together with optical identification of host galaxy NGC4993 )  

2. A collection of galaxies localized in the GW localization volume (i.e. using galaxy catalogues) 
[B.Schutz, '86]  

3. Knowledge of the source frame mass distribution  

4. for NS, a measure of the tidal deformability + equation of state….

Michele Mancarella, 28/01/2021 - GdR GWs, Cosmology

STATISTICAL METHODS FOR DARK SIRENS

 Basic idea:

 Full bayesian formulation:

hA / 1/dGW
L (z;H0,⌅0)

 GWs from compact binaries are standard sirens 

 In absence of counterpart, take redshifts 
   from all galaxies within localization region

 Compute Ξ0 for all of them

 Doing so for many events you get a distribution
   peaked at the true value.

 GW likelihood : LVC skymaps (direction-dependent gaussian approx.)

 Use a galaxy catalogue prior on redshift and position;  marginalize

 Correct for selection bias

p(⌅0|DGW) / ⇡(⌅0)

�(⌅0)Nobs

N
obsY

i=1

Z
dzd⌦ p(Di

GW|dL(z;⌅0), ⌦̂) p0(z, ⌦̂)

Schutz 1986

Del Pozzo ’11, Chen et al ’18, Gray et al. `19, ...

Thursday 28 January 21
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Determining the redshift

1. and 2. used for all BBH events from LIGO-Virgo O3 run, 
with SNR>11, assuming GR:

Only GW170817, with z from NGC4993  
<latexit sha1_base64="eYWhlTSain8lt7seV14gjjX2IzE="></latexit>

H0 = 69+17
�8 km/Mpc/s

including BBHs leads to improvement
<latexit sha1_base64="qp42d756FsKC3pj1fa9ZJkLw3c4="></latexit>

H0 = 68+8
�6 km/s/Mpc

26 Abbott et al.

Figure 9. Hubble constant posterior for several cases. Gray
dotted line: posterior obtained using all dark standard sirens
without any galaxy catalog information and fixing the BBH
population model. Orange dashed line: posterior using all
dark standard sirens with GLADE+ K–band galaxy catalog in-
formation and fixed population assumptions. Black solid
line: posterior from GW170817 and its EM counterpart.
Blue solid line: posterior combining dark standard sirens
and GLADE+ K–band catalog information (orange dashed line)
with GW170817 and its EM counterpart (black solid line).
The pink and green shaded areas identify the 68% CI con-
straints onH

0

inferred from the CMB anisotropies (Ade et al.
2016) and in the local Universe from SH0ES (Riess et al.
2019) respectively.

Figure 10. Evolution of the Hubble parameter predicted
from the most preferred mass model Power Law + Peak
(blue lines). The yellow shaded area indicates the 90% CL
contours identified by the uniform priors on H

0

, ⌦
m

and w
0

while the blue shaded area indicates the 90% CL contours
from the posterior of the preferred mass model. The dashed
lines indicate the median of the prior and posterior for H(z)
respectively.

Figure 11. Systematic e↵ects on the inference of the Hubble
constant due to the choice of di↵erent values for the mean µg

of the Gaussian component in the source mass model, and
other population model parameters (upper panel) and dif-
ferent choices for the luminosity band and weighting scheme
adopted for the GLADE+ galaxy catalog (lower panel). The
pink and green shaded areas identify the 68% CI constraints
on H

0

inferred from the CMB anisotropies (Ade et al. 2016)
and in the local Universe from SH0ES (Riess et al. 2019)
respectively.

we explored the e↵ect of its variation is the � parameter
in the rate evolution model. In the same plot one can
see the H

0

posterior for � = 2.59. This parameter has a
stronger e↵ect on the H

0

posterior, making the posterior
less informative and at the same time moving its peak
to higher values.
The galaxy catalog brings additional information only

for GW190814, due to the much better sky localization
(⇠ 18 deg2) for this event; this has the e↵ect of providing
more support for the H

0

tension region.
In Fig. 12, we show how population assumptions im-

pact the hierarchical likelihood calculation as a func-
tion of H

0

, for the hypotheses that the host galaxy is

1. A direct EM counterpart with an associated redshift measurement [B.Schutz, '86]  
(such as the BNS GW170817 together with optical identification of host galaxy NGC4993 )  

2. A collection of galaxies localized in the GW localization volume (i.e. using galaxy catalogues) 
[B.Schutz, '86]  

3. Knowledge of the source frame mass distribution  

4. for NS, a measure of the tidal deformability + equation of state…

[B.P.Abbot et al. arXiv:2111.03604]



What are the prospects for solving H0 tension with LIGO-Virgo with methods 1 
and 2 ?

~30 events with identified host galaxy,  
~100 events with a galaxy catalogue that  
                         is 100% complete

 H0 accurate to ~3% with:
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FIG. 8. Fractional uncertainty in H0 as a function of the number N of the events for the combined H0 posteriors. The fractional uncertainty
in H0 is defined as the half-width of the 68.3% highest probability density interval divided by 70 km s�1 Mpc�1, and is shown as the plotted
dots for all cases. The error bars contain 68% of the scatter arising from di↵erent realisations of the events. (left) In purple, red, green, yellow
and blue we show the associated host galaxy case (MDA0), complete galaxy catalog (MDA1) case, and the 75%, 50% and 25% completeness
cases; we find a fractional H0 uncertainty of 1.13%, 1.84%, 2.21%, 2.48% and 3.20% respectively for the combined H0 posterior from 249
events. (right) convergence for MDA3 (event probability proportional to galaxy luminosity), analyzed with luminosity-weighted likelihood
(pink) or equally-weighted likelihood (light blue). We find fractional H0 uncertainties of 4.48% and 5.31% respectively. MDA0 (purple) is
included for reference. We plot the expected 1/

p
N scaling behavior for large values of N for all cases with the dashed lines. This scaling

behavior is met by all MDAs as the number of events reaches 249, but for the less informative, lower completeness MDAs the trend is slower
to emerge. This is even more evident in MDA3, where the density of galaxies is 100 times greater, producing more potential hosts for each
event. This is mitigated somewhat by the e↵ect of luminosity-weighting the potential hosts (pink).

larly important. With the catalog of GW events expected to
expand at an increasing rate in future observing runs, our anal-
ysis will evolve to meet the challenges that come with it, and
give us the fullest picture of cosmology as revealed by gravi-
tational waves.
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catalogue of simulated signals in 2015-2016  
observing run.



Determining the redshift

• Higher z,  galaxy catalogues will probably will be incomplete

• Approaches 3 uses no EM data, and hence work also for BBH  
(more numerous, heavier and observable to larger z).  

• Basic idea: 

from knowledge of source mass (for a population or 
individual source),  together with given observed  
mass can infer z-distribution.

Very roughly expect errors to scale as 

<latexit sha1_base64="vdZhQEEcYa+KoJGFH93AQ1Jk0yo="></latexit>

mdet

1,2 = [1 + z(dL, H0

, . . .)]msource

1,2
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1. A direct EM counterpart with an associated redshift measurement [B.Schutz, '86]  
(such as the BNS GW170817 together with optical identification of host galaxy NGC4993 )  

2. A collection of galaxies localized in the GW localization volume (i.e. using galaxy catalogues) 
[B.Schutz, '86]  

3. Knowledge of the source frame mass distribution  

4. for NS, a measure of the tidal deformability + equation of state…
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Figure 1. Graphical representations of the various mass distributions described in Section 3.1. Multi Spin, a model of both
mass and spin, is similar to the mass distribution of Power Law + Peak, with a sharp lower mass cutoff rather than the
smooth low mass turn-on.

two components: an isotropic component designed
to model dynamically assembled binaries, and a
second component in which the spins are preferen-
tially aligned with the orbital angular momentum,
as expected for isolated field binaries.4 For this lat-
ter component, the spin tilt angles are distributed
as a truncated Gaussian peaking when the black
hole spin is aligned to the orbital angular momen-
tum. We use this model in concert with the mass
models described above.

• Gaussian (5 parameters; Appendix D.2). While
the Default spin model is physically inspired, this
model, based on that of Miller et al. (2020), al-
lows us to fit the distribution of phenomenological
spin parameters �e↵ (“the effective inspiral spin
parameter,” Eq. 5) and �p (“the precession spin pa-
rameter,” Eq. 6), assuming that their distribution
is jointly described as a bivariate Gaussian. The
ensemble properties of �e↵ and �p allow us to con-
clude that the BBHs in GWTC-2 exhibit general
relativistic spin-induced precession of the orbital
plane (�p > 0), and that some systems have compo-
nent spins misaligned by more than 90

� (�e↵ < 0)
relative to their orbital angular momentum.

• Multi Spin (12 spin parameters, 10 mass pa-
rameters; Appendix D.3). This model allows for
multiple subpopulations of BBH systems with dis-
tinct mass and spin distributions. Specifically, this
model assumes a Truncated power-law mass dis-
tribution with the additional presence of a 2-D

4 Throughout the paper, spin tilt is measured at a reference
frequency of 20Hz for all events except GW190521, for which
the spin tilt is measured at 11Hz (see discussion in Abbott et al.
2020d). We verified that for GW190521, the difference between
the spin measurements at 20Hz and 11Hz are smaller than the
systematic uncertainty between the waveform models.

Gaussian subpopulation in m1 and m2, truncated
such that m1 � m2. While similar to the Power
Law + Peak mass model, there is no smooth turn
on and the mass ratio distribution is allowed to
differ between each subpopulation. Most impor-
tantly, the two subpopulations have independently
parameterized Default spin distributions. We use
this model to test whether the BBH spin distri-
bution varies as a function of mass as expected if
higher-mass systems are the products of hierarchi-
cal mergers.

3.3. Redshift evolution

• Non-Evolving (0 parameters). Our default
model posits that the merger rate is uniform in
comoving volume.

• Power-law Evolution (1 parameter; Ap-
pendix E). Following Fishbach et al. (2018), the
merger rate density is described by a power-law in
(1 + z) where z is redshift. Given the finite range
of Advanced LIGO and Virgo to BBH mergers, we
only expect to constrain the redshift evolution at
redshifts z . 1 (Abbott et al. 2013). The farthest
event in our analysis is likely GW190706_222641,
at redshift z = 0.79

+0.31
�0.28.

4. METHOD
We adopt a hierarchical Bayesian approach, marginal-

izing over the properties of individual events to measure
parameters of the population models described above;
see, e.g., (Thrane & Talbot 2019; Mandel et al. 2019; Vi-
tale 2020). Given data {di} from Ndet gravitational-wave
detections, the likelihood of the data given population
parameters ⇤ is (Loredo 2004; Mandel et al. 2019; Thrane
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FIG. 2. Posterior probability density distributions on the di↵erent population parameters (PLG mass model) as more and more
GW detections are analyzed (horizontal axis). The horizontal black dashed line indicates the true parameters of the population.
The blue posteriors are obtained by fixing ⌦m,0 = 0.308, while the orange posteriors are marginalized over the estimation of
⌦m,0.

B. Correlations between H
0

and features in the
source-frame mass spectrum

Regarding the measurement ofH
0

, the most important
parameters in the component mass spectrum are those
that govern the high-mass features such as the maximum
mass m

max

and the position of the Gaussian peak µg.

Fig. 5 shows several cumulative posterior distributions
for the source-frame masses, obtained by fixing H

0

to
di↵erent values. For reference, the maximum BH mass
m

max

and the position of the Gaussian peak are indicated

in the shaded areas. About 20% to 40% of the events have
a primary mass m

1

estimate consistent with the position
of the Gaussian component. Less than 20% (and ⇠ 10%
for H

0

⇠ 67 kmMpc�1 s�1) of the events have a primary
mass larger than m

max

. This decreases to a few percent
for the secondary mass. These fractions set the scale for
the number of events that carry information about the
exact value for m

max

and µg. In addition, Fig. 5 qualita-
tively explains the interrelation between these mass fea-
tures and H

0

. When H
0

varies between 30 kmMpc�1 s�1

and 120 kmMpc�1 s�1 the above fractions of events that

• Simulate a set of BBH GW events (power-law + gaussian peak model, described by 8 parameters) detected in LIGO 
and Virgo data assuming sensitivities comparable to the recent O2 and O3 observing runs 

• Use hierarchical Bayesian inference scheme to estimate  
jointly the source-frame mass model parameters,  
 H0, Ωm, merger rate. 

LIGO/Virgo: forecasts for cosmology with Stellar-mass BH

6

FIG. 2. Posterior probability density distributions on the di↵erent population parameters (PLG mass model) as more and more
GW detections are analyzed (horizontal axis). The horizontal black dashed line indicates the true parameters of the population.
The blue posteriors are obtained by fixing ⌦m,0 = 0.308, while the orange posteriors are marginalized over the estimation of
⌦m,0.

B. Correlations between H
0

and features in the
source-frame mass spectrum

Regarding the measurement ofH
0

, the most important
parameters in the component mass spectrum are those
that govern the high-mass features such as the maximum
mass m

max

and the position of the Gaussian peak µg.

Fig. 5 shows several cumulative posterior distributions
for the source-frame masses, obtained by fixing H

0

to
di↵erent values. For reference, the maximum BH mass
m

max

and the position of the Gaussian peak are indicated

in the shaded areas. About 20% to 40% of the events have
a primary mass m

1

estimate consistent with the position
of the Gaussian component. Less than 20% (and ⇠ 10%
for H

0

⇠ 67 kmMpc�1 s�1) of the events have a primary
mass larger than m

max

. This decreases to a few percent
for the secondary mass. These fractions set the scale for
the number of events that carry information about the
exact value for m

max

and µg. In addition, Fig. 5 qualita-
tively explains the interrelation between these mass fea-
tures and H

0

. When H
0

varies between 30 kmMpc�1 s�1
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[Mastrogiovanni et al 2103.14663]

– tight correlation between estimation of source  
frame mass spectrum + cosmo parameters.

– Effect of fixing the underlying mass model with  
  incorrect parameters => incorrect results 
     e.g. mmax in a range around its true value 
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FIG. 6. Posterior distribution on the H
0

, m
max

and µg for
64 BBH events detected with LIGO and Virgo at current
sensitivities. The blue lines show the true parameters. The
contours indicate the 1� and 2� confidence level intervals.

While other parameters such as the rate evolution pa-
rameter might cause a bias in the estimation of H

0

(see
Ref. [43] for a discussion in the context of the Einstein
Telescope), for current sensitivities m

max

and µg (or any
other equivalent parametrization of a sharp break in the
observed mass spectrum) appear crucial for the inference
of the cosmological parameters.

V. IMPACT OF POPULATION
MISCALIBRATION ON COSMOLOGICAL

PARAMETER ESTIMATION

In this section we discuss the e↵ect on the H
0

estima-
tion of choosing a di↵erent mass model from that of the
simulated population. The aim is to quantify the e↵ect
of possible population miscalibration.

A. Consequences of incorrect assumptions for the
location of the mass features

We have seen in Sec. IVB that the parameters m
max

and µg (or any other parameters related to features in the
source-frame mass spectrum) play a fundamental rôle for
the inference of H

0

. What is the consequence of fixing
m

max

and µg to a value inconsistent with their true val-
ues?

Fig. 7 shows the marginal posterior distribution ob-
tained for H

0

when fixing either µg or m
max

to a wrong

FIG. 7. Posterior distribution for H
0

obtained by fixing m
max

and µg in a range around their true values m
max

= 85M� and
µg = 40M�. The black dashed line indicates the true value
of H

0

.

value and marginalizing over the rest of the population
parameters. This figure is computed with 64 GW events,
and is thus representative of the analyses that can be
done with the current number of observed events in the
GWTC-1 and GWTC-2 catalogs. We observe that H

0

is biased toward smaller values when either m
max

or µg

are much higher than their true values. Conversely, when
they are set too low, H

0

is biased towards higher values.
In summary fixing the maximum mass for BH produc-

tion can thus lead to biased estimations of the cosmolog-
ical and source population parameters and in particular
of H

0

.

B. Consequences of using an incomplete model

We now discuss the impact of selecting an incom-
plete population model that misses some of the features
of the real underlying mass spectrum (in our case the
PLG model, with parameters specified in Section IIIA: a
Gaussian peak at µg = 40M� (with a standard deviation
of 5M�) and m

max

= 85M�). In particular, we study
the recovery of the population parameters when we fit
a PL model that thus misses the Gaussian peak compo-
nent and tapering in the low-mass range. We compare
this with the full analysis (namely using the correct PLG
population model).

First we fit a PL model to the data. Fig. 8 shows the
discrepancy (in terms of number of �) between the es-
timated and true values for the population parameters.
For low numbers of GW detections (low-sample regime)
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FIG. 11. Posterior distribution on H
0

using the 6 GWTC-
1 events with SNR > 12 and the GLADE and DES galaxy
catalogs. The plot compares the results obtained in [1] with
the new results of this paper (see discussion in Sec. VII).

region of interest for H
0

but may not for other values.

In a second step we apply the analysis of [1] using
the GLADE and DES galaxy catalogs using the new
set of population parameters. Fig. 11 shows the re-
sults for both approaches. We obtain the credible in-
terval H

0

= 68+13

�7

kmMpc�1 s�1 to be compared to

H
0

= 68+16

�8

kmMpc�1 s�1 reported in [1]. The width
of the former is about 15% narrower; the H

0

estimate is
thus more informative in the tension region. In Fig. 11
the posterior tails appear considerably reduced with the
new choice of population parameters; this is not surpris-
ing, as the population parameters are chosen to maximize
the likelihood in the central H

0

-tension region.

The analysis with galaxy catalogs entails the joint
marginalization over both the cosmological and popu-
lation parameters. If it is impossible to marginalize
because of computational limitations as explained in
App. C, the population analysis presented above allows
to quantify the potential impact of a specific choice of
population.

This case study shows population assumptions matter
as they impact on the final measurement accuracy. In
the absence of a strong prior belief for the population
model, this advocates for analysis schemes that consider
population and cosmological parameters jointly and not
separately. This suggests to perform joint source popu-
lation and cosmological inference together with the use
of galaxy catalogs. Combining the two analyses is not
obvious and likely leads to challenging computational is-
sues. If this turns out to be intractable, a comprehensive
evaluation of the systematics induced by population as-
sumptions are required to deduce robust conclusions from
analyses that treat source population and cosmology sep-
arately.

VIII. IMPACT OF THE POPULATION
PARAMETERS ON H

0

WHEN AN EM
COUNTERPART IS OBSERVED

We end this paper by considering a di↵erent situation:
namely we now suppose that an EM counterpart is de-

tected in association with each GW event in the popula-

tion. We assume this will give an independent redshift
measurement z

obs

for each event, as for GW170817, and
in this section we consider the impact of this additional
data on the estimation of H

0

. We will show (modulo
some caveats, see later) that when an EM counterpart is
observed, the choice of population parameters does not
impact the H

0

estimation.
In this case, the hierarchical posterior in Eq. (9) is

modified to account for the additional data, leading to
(we drop the subscript i):

p(⇤|x, z
obs

) / p(⇤) p(x, z
obs

|⇤)

/ p(⇤)

R
p(x|⇤, ✓)p(z

obs

|z, ✓̄)p
pop

(✓|⇤)d✓R
p
det,GW

(✓,⇤)p
det,EM

(✓,⇤)p
pop

(✓|⇤)d✓
,

(12)

where we have separated the source redshift z from the
other binary parameters, writing ✓ = {z, ✓̄}. The term
p(z

obs

|z, ✓̄) is the likelihood of measuring a redshift z
obs

given the true source redshift z and other binary param-
eters ✓̄. Finally the selection e↵ects connected to EM ob-
servations are taken into account through p

det,EM

(✓,⇤).
Eq. (12) can be simplified under the following assump-

tions (i) the redshift measurement is very accurate and
independent of the binary parameters, i.e. p(z
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|z, ✓̄) ⇡
�(z
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� z); (ii) measurement of the luminosity distance
dL and detector frame masses are mutually independent,
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Eq. (12) simplifies to (see Appendix D)

p(⇤|{x}, z
obs

) / p(⇤)

[p(D |⇤)]Nobs

⇥
N

obsY

i

p(zi
obs

|⇤c)p(x
i|dL(⇤c, z

i
obs

))

⇥
N

obsY

i

I(xi;⇤m, zi
obs

), (13)

where I is defined in Eq. (D4) and

p(D |⇤) =
Z

p
det,GW

(✓,⇤)p
det,EM

(✓,⇤) p
pop

(✓|⇤)d✓.
(14)

It is important to notice that the two last terms depend
individually on either the population or cosmological pa-
rameters.
Fixing the population parameters ⇤m to incorrect val-

ues thus results in a biased evaluation of the last line of
Eq. (13). This term enters in the inference of ⇤c simply
as a normalization constant and thus does not lead to

• Population assumptions on source-frame mass spectrum in fact are also important for “method 2” (with 
galaxy catalogues)!    They come in when dealing with the incompleteness of galaxy catalogues (these are 
flux limited and galaxies with magnitudes fainter than some threshold won’t be in there)  
 
• Source-frame mass spectrum implicitly provides information  
 
• (in O1/O2 GWTC-1 analysis, an a priori source population model was taken (a power-law).)  
 
• Impact of the assumption? 

O1/O2 result

O1/O2 re-analyzed 
with different population

Analysis schemes must consider population 
+ cosmological parameters jointly and not separately
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Our starting point is a modified dispersion relation of
the form [21]
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where, for GWs emitted at r
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and propagating radially
to the observer,
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with k the (constant) comoving wave number, and |p| =
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which depends on the physical momentum p
ph

= k/a.
When the coe�cients B

↵

vanish, the dispersion relation
Eq. (5) reduces to the standard one of a massless particle
in general relativity ! ⌘ E/h̄ = ck/a. For B

0

6= 0,
Eq. (7) is the dispersion relation for the massive graviton
B

0

= m2

g

c4 (in [eV]2). Di↵erent theories give di↵erent
predictions for the (generally ⌘-dependent) B

↵

, see [21]
for some examples. Here we aim to see what constraints
GW observations can put on the B

↵

without focusing on
any particular theory.

Let us rewrite Eq. (7) as
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Motivated by the very tight constraint on the speed of
of gravitational waves [26, 45], we will assume that GWs
are ultra-relativistic and that
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Then from Eq. (8) it follows that
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so that the frequency of the emitted GW fGW
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is related
to that of the observed GW fGW

d

by the standard redshift
relationship, namely
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Hence we can identify the the GW redshift with the usual
photon redshift z, see Eq. (4). With this approximation
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(13)

since today a = 1. This allows us to write the phase
velocity in Eq. (9) in terms of the detected GW frequency
f
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where we have defined
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= B
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(2⇡h̄)j (15)

with j = ↵ � 2. Notice that the dimensions of [↵
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] =
Hz�j . The radial propagation velocity of the waves is
given by
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and we have used the approximation Eq. (10). For mas-
sive gravitons, for example, c

T

> c, but the group veloc-
ity v

g

is smaller than c.
The dispersion relation in Eq. (8) can be obtained from

the wave equation2

�00(⌘, k) + k2c2
T

(⌘, k/a)2�(⌘, k) = 0 (18)

where 0 = d/d⌘ and � is the radial component of the
propagating wave. The GW perturbation h (we drop the
tensor indices for the moment) is related to � through
(see e.g. [41])

� = ãh. (19)

Here ã is an e↵ective scale factor that encodes additional
modifications to the GW friction term. We parameterize
it as

ã0

ã
⌘ [1 + ↵

M

(⌘)]
a0

a
(20)

where ↵
M

(⌘) is a deviation factor that can parameterize
several theories such as scalar-tensor theories with a run-
ning Planck mass or theories with extra-dimensions. On
subhorizon scales (that is, on scales smaller than ã00/ã
[43]), Eq. (18) can be obtained from

h00 + 2[1 + ↵
M

(⌘)]
a0

a
h0 + k2c2

T

(⌘, k/a)h = 0, (21)

2 This assumes that a and B↵ varies on a cosmological time scale,
which is much larger than any time-scale associated with the
GW. Or in terms frequency (and in natural units), 1/k ⌧
r
com

⌧ H�1

0

.

Applying method 3 to Modified gravity

– extra degrees of freedom: over and above the + and x polarisations of GR

GWs in modified gravity can differ from those of GR in broadly 3 different ways

[K.Leyde et al 2202.00025]
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� = ãh. (19)
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Applying method 3 to Modified gravity

– extra degrees of freedom: over and above the + and x polarisations of GR

GWs in modified gravity can differ from those of GR in broadly 3 different ways

We model a GW-EM source emitting in FLRW 
Universe

4

The idea: the model

S. Mastrogiovanni - Virgo week - 27/04/2020
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2 = a

2(⌘)[�d⌘

2 + dx
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– propagation effects:  waves can travel differently from the source  
to the detector 

e.g. whereas in GR  
    - dispersion effects 
    - modified friction terms:  
                   GW energy dissipates differently with the expansion  
                   of the universe => modified amplitude. 
    - and can modify background evolution of univ.
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cT = c = 1 <latexit sha1_base64="k/iPrRYGGpGXe0jZ1Jy6kUeIw8Y="></latexit>

mg  1.27�23eV/c2

[2112.06861]

[2203.00566]

EFT ansatz for GW phase velocity,  
see also [de Rham and Melville, 1806.09417]

[K.Leyde et al 2202.00025]
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ã0

ã
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Applying method 3 to Modified gravity

– extra degrees of freedom: over and above the + and x polarisations of GR

GWs in modified gravity can differ from those of GR in broadly 3 different ways

– propagation effects:  waves can travel differently from the source  
to the detector 

– generation: outgoing radiation and its relation to the properties of the source 
                                  Sources themselves may have different properties.  
                                  e.g. Horizons or not?  
                                        structure and evolution of stars may be modified e.g. screening 5th forces  
                                       => populations of BH may have different properties  
                        • Calculation of highly accurate waveforms in alternate theories is difficult  
[L.Bernard et al, 2201.10924; 1.5PN order in masses scalar tensor theory; Julié et al, 2202.01329; in Einstein-scalar Gauss Bonnet Langlois et al 2103.14750; in DHOST …]  

[K.Leyde et al 2202.00025]
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which depends on the physical momentum p
ph

= k/a.
When the coe�cients B

↵

vanish, the dispersion relation
Eq. (5) reduces to the standard one of a massless particle
in general relativity ! ⌘ E/h̄ = ck/a. For B

0

6= 0,
Eq. (7) is the dispersion relation for the massive graviton
B

0

= m2

g

c4 (in [eV]2). Di↵erent theories give di↵erent
predictions for the (generally ⌘-dependent) B

↵

, see [21]
for some examples. Here we aim to see what constraints
GW observations can put on the B

↵

without focusing on
any particular theory.

Let us rewrite Eq. (7) as

E2 ⌘ h̄2!2 = c2
T

(⌘, k/a)
h̄2k2

a2
(8)

where

c2
T

(⌘, k/a) ⌘ c2

"
1 +B

↵

✓
c
h̄|k|
a

◆
↵�2

#
. (9)

Motivated by the very tight constraint on the speed of
of gravitational waves [26, 45], we will assume that GWs
are ultra-relativistic and that

|B
↵

|
✓
c
h̄|k|
a

◆
↵�2

⌧ 1. (10)

Then from Eq. (8) it follows that

! ' c|k|/a, (11)

so that the frequency of the emitted GW fGW

s

is related
to that of the observed GW fGW

d

by the standard redshift
relationship, namely

a(t
d

)fGW

d

' a(t
s

)fGW

s

. (12)

Hence we can identify the the GW redshift with the usual
photon redshift z, see Eq. (4). With this approximation

k ⇡ 1

c
!(⌘

d

)a(⌘
d

) = 2⇡
f
d

c
(13)

since today a = 1. This allows us to write the phase
velocity in Eq. (9) in terms of the detected GW frequency
f
d

;

c2
T

(⌘, f
d

/a) = c2

"
1 + ↵̂

j

✓
f
d

a

◆
j

#
, (14)

where we have defined

↵̂
j

= B
j+2

(2⇡h̄)j (15)

with j = ↵ � 2. Notice that the dimensions of [↵
j

] =
Hz�j . The radial propagation velocity of the waves is
given by

dr

dt
=

pr

pt
= c2

k

a

1

a!
=

v
g

a
=

1

a

dr

d⌘
(16)

where the group velocity

v
g

' c

"
1� ↵̂

j

2

✓
f
d

a

◆
j

#
, (17)

and we have used the approximation Eq. (10). For mas-
sive gravitons, for example, c

T

> c, but the group veloc-
ity v

g

is smaller than c.
The dispersion relation in Eq. (8) can be obtained from

the wave equation2

�00(⌘, k) + k2c2
T

(⌘, k/a)2�(⌘, k) = 0 (18)

where 0 = d/d⌘ and � is the radial component of the
propagating wave. The GW perturbation h (we drop the
tensor indices for the moment) is related to � through
(see e.g. [41])

� = ãh. (19)

Here ã is an e↵ective scale factor that encodes additional
modifications to the GW friction term. We parameterize
it as

ã0

ã
⌘ [1 + ↵

M

(⌘)]
a0

a
(20)

where ↵
M

(⌘) is a deviation factor that can parameterize
several theories such as scalar-tensor theories with a run-
ning Planck mass or theories with extra-dimensions. On
subhorizon scales (that is, on scales smaller than ã00/ã
[43]), Eq. (18) can be obtained from

h00 + 2[1 + ↵
M

(⌘)]
a0

a
h0 + k2c2

T

(⌘, k/a)h = 0, (21)

2 This assumes that a and B↵ varies on a cosmological time scale,
which is much larger than any time-scale associated with the
GW. Or in terms frequency (and in natural units), 1/k ⌧
r
com

⌧ H�1

0

.

• Modified luminosity distance:

4

which is the wave equation of a GW propagating with a
modified dispersion relation in the FRLW universe. We
can solve it using the WKB approximation following [35,
37], and obtain [38]

h(⌘, k) = h
GR

(⌘
s

, k)C(⌘, ⌘
s

, k). (22)

where h
GR

(⌘
s

, k) is the solution in GR at the source at
comoving distance r

com

, and C can be interpreted as the
transfer function from the source to the detector for each
GW mode k . In terms of conformal time and detected
GW frequency f

d

(recall from Eq. (13) that k ' 2⇡f
d

/c)
it is given by

C(⌘, ⌘
s

, k) =


c
T

(⌘
s

, f
d

/a(⌘
s

))

c
T

(⌘, f
d

/a(⌘))

�
1/2

ã(⌘
s

)

ã(⌘)
⇥

exp[2⇡i(f
d

/c)

Z
⌘

⌘s

c
T

(⌘0, f
d

/a)d⌘0]

⌘ |C(⌘, ⌘
s

, f
d

)|ei (⌘,⌘s,fd). (23)

The modulus of C will contribute to the GW amplitude,
that is to a modification of the luminosity distance. Its
phase  (⌘, ⌘

s

, f
d

) leads to time delays and phase shifts,
as we now discuss.

A. Observables

1. Luminosity distance

The first estimator that we define arises from the mod-
ulus of the transfer function. In GR, the amplitude of the
GW scales as the comoving distance of the source. From
Eq. (23), in modified gravity, the GW amplitude at the
detector is is now given by

dGW(⌘
d

, f
d

) = r
com

ã(⌘
d

)

ã(⌘
s

)


c
T

(⌘
d

, f
d

/a(⌘
d

))

c
T

(⌘
s

, f
d

/a(⌘
s

))

�
1/2

. (24)

Since the results on GW dispersion relations are very
tight |c � c

T

| < 10�15 [25, 26], and measured errors on
dGW are typically of at least a few percent, usually the
e↵ect of c

T

on the distance is negligible. This is also
consistent with the assumption in Eq. (11). The term
ã encodes the deviations in the GW friction and from
Eq. (20), using redshift instead of conformal time, we
obtain

ã(z) = a(z)exp


�
Z

z

0

↵
M

(z)

1 + z
dz

�
, (25)

where we have assumed that a(0) = ã(0) = 1. In terms of
the standard luminosity distance d

EM

(z) = r
com

/a(⌘
s

) =
r
com

(1 + z), we find that the GW luminosity distance in
modified gravity is given by

dGW(z) = d
EM

(z)exp

Z
z

0

↵
M

(z)

1 + z
dz

�
. (26)

This equation is consistent with previous works [40–43],
which have shown the potential of the modified lumi-
nosity distance to be a good marker for testing possible
deviations from GR on cosmological scales.
We now deviate from these references and use Eq. (26)

to bound the parameter ↵
M

(z) such that the GW lu-
minosity distance is a monotonically increasing function
of the redshift. This condition is physically motivated,
since if it were not satisfied one would detect an infinite
number of GWs sources at higher redshifts. In order to
avoid this unphysical case, ↵

M

must satisfy

↵
M

(z) � � (1 + z)

E(z)

Z
z

0

dz0

E(z)

��1

� 1, (27)

where

E(z) =
p
⌦

M

(1 + z)3 + ⌦
⇤

. (28)

Since the right hand side of Eq. (27) is negative it fol-
lows that any positive values of ↵

M

(corresponding to a
further GW), will satisfy this condition. Of course this
is not valid for negative values of ↵

M

(GW might ap-
pear closer.) Fig. 2 shows the allowed values for GW
friction parameter ↵

M

computed with Planck values of
⌦

M

= 0.308 [3] and ⌦
⇤

= 1 � ⌦
M

. Since at lower red-
shifts the ↵

M

contribution to the GW luminosity dis-
tance is small, this term is allowed to take very large
values. However at higher redshifts, ↵

M

must be con-
strained to smaller values in order to satisfy the condition
in Eq. (27).

FIG. 2. The shaded area of on the plot shows the allowed
value for the parameter ↵M with respect to the redshift. Any
functional form of ↵M in the shaded area, will result in a
monothonically increasing GW luminosity distance.

2. Time delay

We now compute the time delay at the detector be-
tween two monochromatic GWs which were emitted at
di↵erent times from the source at fixed comoving dis-
tance r

com

, see Fig. 1. Consider a GW emitted at ⌘A
s

and received at ⌘A
d

, with detected frequency f
d,A

. From

• GWs have an additional leakage: The GW luminosity distance will be different w.r.t. 
LCMD. 
 
 

• GWs can arrive later or earlier: GWs will arrive with a time delay w.r.t an electromagnetic 
or neutrino counterpart.  
 
 

• GWs can arrive with a frequency-dependent delay: GWs will have a different phase 
evolution w.r.t GR. Observable at the PN level.  

All of these estimators depend on source redshift and H0

M. Lagos et al Phys. Rev. D 99, 
083504 (2019), 

Mirshekari, S., Phys. Rev. D 
85, 024041 (2012) 
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Applying method 3 to Modified gravity

• Simplest assumption: only a modified friction term  
 – Only 2 d of f (+,x);  wave function at source identical;  
– no modified dispersion relation, so gravitons are massless and propage with                    at all frequencies  
(e.g. certain Horndeski, DHOST..) theories

Consider 3 parametrisations: 
a) Phenomenological model of [1906.01593], two parameters 

modified propagation of GWs can be written in Fourier space h = h(⌘, k) as [59]

h00A + 2H(1� �(⌘))h0A + k2hA = 0 . (2.1)

where the index A runs over the two GW polarizations + and ⇥ and H = a0/a, where
a = a(⌘) is the scale factor of the Friedmann–Lemaître–Robertson–Walker metric. Finally,
the derivative with respect to the conformal time is @⌘ = ()0.

This equation includes a redshift (or equivalently conformal time) -dependent friction
term �(⌘) . Depending on the modified gravity theory in question, this term can take different
functional forms. When � = 0 , we find that the GW luminosity distance dGW

L coincides with
dEML . However, for all other non-zero terms, these distance measures differ. The following is
a summary of how this discrepancy can be parametrized.

2.1 ⌅
0

parametrization of the GW friction term

KL:Scalar-tensor theories can be considered as an extension of GR – they introduce a scalar
field and nonminimal couplings of this field to gravity and possibly to matter. These theories
are nowadays categorized into the Brans-Dicke, Horndeski and beyond Horndeski, as well
as DHOST classes [60–65]. As first introduced in [46], it has been shown in [66] that these
theories yield GW luminosity distances that are well parametrized by ⌅

0

and n for a broad
class of theories, namely

dGW

L = dEML

✓
⌅
0

+
1� ⌅

0

(1 + z)n

◆
. (2.2)

Both ⌅
0

and n are assumed to be positive. This approximation is constructed such that
GW and EM luminosity distances coincide at low redshifts. For large redshifts we find on
the contrary that dGW

L = ⌅
0

dEML . If ⌅
0

< 1, the apparent GW luminosity would then be
effectively higher; which results in a larger number of expected sources.2

While the above relation is phenomenological, the parameters ⌅
0

and n can generally be
related to a combination of free parameters of the considered Lagrangian, and to the matter
content of the Universe (see Table 1 of [66], for small deviations from GR). Thus, a constraint
of the parameters ⌅

0

and n translates to a constraint of the free parameters of the modified
gravity theory. However, to do this in practice is an involved task, as we will discuss in Section
5.3.

2.2 Extra dimensions

GR has passed many tests at the solar system scale and at smaller scales. Gravitational
interactions behave according to a four dimensional theory at these scales. To construct
theories that extend GR with extra dimensions (such as DGP gravity [47]), but still satisfy
the existing experimental bounds, one has to “screen” the modifications at non-cosmological
scales: The new effects of the extra dimensions are masked below a scale denoted as Rc –
KL:the comoving screening scale. Flux conservation implies that GWs decay faster (or slower)
at scales larger than Rc, where the extra dimensions have a measurable impact. This results
in a modified GW luminosity distance dGW

L , which can be parametrized as [48]

dGW

L = dEML


1 +

✓
dEML

(1 + z)Rc

◆n�D�4

2n

, (2.3)

2Recall that the observed flux F is related to the luminosity L via F = L
4⇡d2L

.
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• In some modified gravity models (beyond Horndeski, 
DHOST 1404.6495, 1510.06930, 1703.03797, 1707.03625) a friction term 
in the GW propagation equation appears 1110.2720





• Cosmological background is unchanged


• No modifications during the inspiral phase


• Modifications solely in the GW luminosity distance


• For a fixed merger rate, this implies the number of 
observed event changes


• Phenomenological model 1906.01593 

 

h′ ′ A + 2ℋ(1 − δ(η))h′ A + k2hA = 0

dGW
L = dEM

L (Ξ0 + 1 − Ξ0
(1 + z)n )

Assumption on the modifications of GR

17

 characterises 
early time behaviour

Ξ0

 characterises the 
transition from early to 

late times

n

  GR: Ξ0 = 1
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(⌅0, n)

[K.Leyde et al 2202.00025]



b) Assume friction term is linked to dark energy content of the universe [1404.3713…]

3.1 ⌅-parametrization of dGW
L

Scalar-tensor theories of gravity, in which an additional scalar field couples the spin-2 gravi-
ton, have long been studied as alternative theories of gravity. Several classes of increasing
complexity have been developed, including the Brans-Dicke [57]; Horndeski [58–60], beyond-
Horndeski [61], and DHOST [62] theories. As discussed in [63] and first proposed in [56], for
some of these theories (and also for others including the RR and RT models [64, 65]) the GW
luminosity distance is well parametrised by

dGW
L = dEML


⌅+

1� ⌅

(1 + z)n

�
, (3.3)

where ⌅, n > 0. GR is recovered when ⌅ = 1, and more generally when ⌅ 6= 1 as z ! 0. As
no external constraint on ⌅ is available from previous measurements, we probe a log-uniform
prior on ⌅ = 1 spanning in the range [0.01, 100]. The prior on the stiffness parameter n is
similarly chosen to be uniform within the range [1, 10].

3.2 Extra dimensions

Some modified gravity models, such as DGP gravity [66] and some models of quantum grav-
ity [67], have their origins in extra dimensional space-times: they are characterised by an
additional length scale Rc, beyond which gravity deviates from GR. It follows from flux con-
servation that dGW

L is modified on these scales, and a parameterisation proposed in [68] for
non-compactified extra dimensions is

dGW
L =


1 +

✓
dEML
Rc

◆n�D�2
2n

, (3.4)

where the parameter n encodes the stiffness of the transition and D the number of space-time
dimensions. Here we assume that at the cosmological scales we are probing with these GW
events, Rc ⌧ dEML . In that case Eq. (3.4) reduces to the simpler form

dGW
L = (dEML )

D�2
2 . (3.5)

In this work we take a uniform prior around the GR expected value D 2 [3, 7]. (For other
parametrisations and constraints from GWs on extra-dimensional theories, see [27].)

3.3 cM -parametrization

Rather than parametrising dGW
L (z) as above, another approach advocated in the literature is

to parametrize the friction term ↵M (z). In particular, in [11], the authors propose

↵M (z) = cM
⌦⇤(z)

⌦⇤(0)
, (3.6)

where cM is a constant, and ⌦⇤(z) is the fractional dark energy density. (GR is recovered
when cM = 0.) Indeed for modified gravity models trying to explain dark energy, it is
reasonable to assume that ↵M is linked to the evolution of the dark energy content of the
universe. Substituting in Eq. (3.2) gives [11]

dGW
L = dEML exp


cM

2⌦⇤,0
ln

1 + z

⌦m,0(1 + z)3 + ⌦⇤,0

�
(3.7)
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c) Model an extra dimensional universe with screening scale (comoving scale       ), motivated from e.g. DGP 
[0709.0003, 2109.08748]

Extra dimensions with a screening scale 0709.0003, 2109.08748
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Rc = 1 Mpc

• Consider 4 different source mass population models, motivated from [2010.14533],  

Gravity is thus modified at late times when dark energy dominates. This parametrization
is not a good description of f(R) models [77]. However, the advantage of (2.6) is its simple
parametrization in terms of a single constant cM . It then follows from Eq. (2.2), see [55], that

dGW

L = dEML exp

"
cM
2⌦

⇤

ln
1 + z

[⌦
m

(1 + z)3 + ⌦
⇤

]1/3

#
. (2.7)

In the context of bright GW standard sirens with EM counterparts, this parametrization of
the luminosity distance has been investigated in [54, 55]. We will use it for dark sirens below.

3 Analysis framework

Starting from the observed set of N
obs

GW detections associated with the data {x} =
(x

1

, ..., xN
obs

), such as the measured component masses and luminosity distance, we wish
to infer hyperparameters ⇤ that describe the properties of the source population as a whole.

A hierarchical Bayesian analysis scheme can be used to calculate the posterior distribu-
tion of ⇤ [78–80], namely

p(⇤|{x}, N
obs

) / p(⇤) e�N
exp

(⇤) [N
exp

(⇤)]Nobs

N
obsY

i=1

R
p(xi|✓,⇤)ppop(✓|⇤)d✓R
p
det

(✓,⇤)p
pop

(✓|⇤)d✓ , (3.1)

where p(⇤) is a prior on the population parameters, ✓ denotes the set of parameters intrinsic
to each GW event, such as component spins, masses, luminosity distance, sky position, polar-
ization angle, inclination, orbital angle at coalescence and the time of coalescence, N

exp

(⇤) is
the expected number of GW detections for a given ⇤ and a given observing time T

obs

, while
N

obs

is the number of detected events during an observation time T
obs

. The GW likelihood
and probability of detecting a GW event with parameters ✓ are denoted by p(xi|✓,⇤) and
p
det

(✓,⇤), respectively. These expressions will depend on the sensitivity of the detector net-
work. Furthermore, p

pop

(✓|⇤) represents the population-modeled prior. While the numerator
in Eq. (3.1) accounts for the uncertainty on the measurement of the binary properties, the
denominator correctly normalizes the posterior and includes selection effects [78].

The most probable values of ⇤ correspond to the population parameters that best fit the
observed distribution of binaries, both in terms of the intrinsic parameters and of the number
of events detectable in a given observation time. The population-modeled prior p

pop

(✓|⇤) is
central for the hierarchical Bayesian analysis. When linking the redshift of the GW events
with their luminosity distance (as measured from the data), the distribution of the component
source frame masses and redshift is particularly important [81].

The hyperparameters ⇤ include: a set of cosmological background parameters H
0

and
the matter energy density ⌦

m

, the parameters related to the GW propagation ⇤↵ (see Sec. 2)
and parameters used to describe the population of BBHs in source masses ⇤m and in redshift
⇤z (see Sec. 3.1-3.2). In this work, following [31], we assume that the source frame mass
distributions of BBHs masses are independent from their redshift distribution, namely

p
pop

(m
1,s,m2,s, z|⇤) = p(m

1,s,m2,s|⇤m) p(z|⇤z, H0

,⌦
m

) . (3.2)

We use phenomenological models for the source mass distribution p(m
1,s,m2,s|⇤m) and the

(dimensionless) source spatial distribution p(z|⇤z, H0

,⌦
m

). Once a population prior is pro-
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Figure 1. Graphical representations of the various mass distributions described in Section 3.1. Multi Spin, a model of both
mass and spin, is similar to the mass distribution of Power Law + Peak, with a sharp lower mass cutoff rather than the
smooth low mass turn-on.

two components: an isotropic component designed
to model dynamically assembled binaries, and a
second component in which the spins are preferen-
tially aligned with the orbital angular momentum,
as expected for isolated field binaries.4 For this lat-
ter component, the spin tilt angles are distributed
as a truncated Gaussian peaking when the black
hole spin is aligned to the orbital angular momen-
tum. We use this model in concert with the mass
models described above.

• Gaussian (5 parameters; Appendix D.2). While
the Default spin model is physically inspired, this
model, based on that of Miller et al. (2020), al-
lows us to fit the distribution of phenomenological
spin parameters �e↵ (“the effective inspiral spin
parameter,” Eq. 5) and �p (“the precession spin pa-
rameter,” Eq. 6), assuming that their distribution
is jointly described as a bivariate Gaussian. The
ensemble properties of �e↵ and �p allow us to con-
clude that the BBHs in GWTC-2 exhibit general
relativistic spin-induced precession of the orbital
plane (�p > 0), and that some systems have compo-
nent spins misaligned by more than 90

� (�e↵ < 0)
relative to their orbital angular momentum.

• Multi Spin (12 spin parameters, 10 mass pa-
rameters; Appendix D.3). This model allows for
multiple subpopulations of BBH systems with dis-
tinct mass and spin distributions. Specifically, this
model assumes a Truncated power-law mass dis-
tribution with the additional presence of a 2-D

4 Throughout the paper, spin tilt is measured at a reference
frequency of 20Hz for all events except GW190521, for which
the spin tilt is measured at 11Hz (see discussion in Abbott et al.
2020d). We verified that for GW190521, the difference between
the spin measurements at 20Hz and 11Hz are smaller than the
systematic uncertainty between the waveform models.

Gaussian subpopulation in m1 and m2, truncated
such that m1 � m2. While similar to the Power
Law + Peak mass model, there is no smooth turn
on and the mass ratio distribution is allowed to
differ between each subpopulation. Most impor-
tantly, the two subpopulations have independently
parameterized Default spin distributions. We use
this model to test whether the BBH spin distri-
bution varies as a function of mass as expected if
higher-mass systems are the products of hierarchi-
cal mergers.

3.3. Redshift evolution

• Non-Evolving (0 parameters). Our default
model posits that the merger rate is uniform in
comoving volume.

• Power-law Evolution (1 parameter; Ap-
pendix E). Following Fishbach et al. (2018), the
merger rate density is described by a power-law in
(1 + z) where z is redshift. Given the finite range
of Advanced LIGO and Virgo to BBH mergers, we
only expect to constrain the redshift evolution at
redshifts z . 1 (Abbott et al. 2013). The farthest
event in our analysis is likely GW190706_222641,
at redshift z = 0.79

+0.31
�0.28.

4. METHOD
We adopt a hierarchical Bayesian approach, marginal-

izing over the properties of individual events to measure
parameters of the population models described above;
see, e.g., (Thrane & Talbot 2019; Mandel et al. 2019; Vi-
tale 2020). Given data {di} from Ndet gravitational-wave
detections, the likelihood of the data given population
parameters ⇤ is (Loredo 2004; Mandel et al. 2019; Thrane
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(note: [2111.03634], GWTC3 shows inconclusive evidence for upper mass-gap)



Results using O3 data :

• Comparing Bayes factors: GR with multi-peak model is preferred! 

Figure 1: The marginal distributions for the modified gravity parameters D and ⌅
0

and cM
for all source mass models and for all three SNR cuts. Blue solid line: result obtained with
42 events with a SNR cut of 11. Orange dashed line: result obtained with a SNR cut of 12.
Green dotted line: result obtained with an SNR cut of 10. The vertical black dashed lines
indicate the value of the parameter in GR.

The parameter ⌅
0

acts similarly as H
0

on the BBH population and thus, we find the same
correlations relating them to the mass and rate evolution parameters.

The analysis shows that the Multi Peak mass model is preferred by a factor of 10
with respect to the simple broken power law model. As shown in Fig. 2 these Gaussian
features at 10M� and 35M� can help to constrain the modified GW propagation since they
yield additional redshift information.

As opposed to [32, 73] (which are standard cosmological analyses and measure exclusively
H

0

), an extra correlation between ⌅
0

and the BBH merger rate density R
0

is observed, as
previously noted in [54]. The estimation of R

0

is related to the expected number of detected
events N

exp

. In fact, in the evaluation of the expected number of events, H
0

not only modifies
the comoving volume as 1/H3

0

but also the redshift at which GW events will be detectable
(since the SNR depends on the luminosity distance). These two effects roughly balance out
such that the number of expected detections in a given time is weakly dependent on H

0

.
However, this is not the case when considering modified GW propagation. The modified
propagation leaves the comoving volume untouched (as it is defined with respect to the EM
distance measure) but affects the average redshift at which it is possible to observe GW
events. As a consequence, the number of expected detections per year strongly depends on
the modified gravity parameters.
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Blue: SNR >11, Orange SNR >12, green SNR >10

• For all modified gravity models, values of parameters are compatible with their GR values at  
90% confidence level! 

• For this mass model, posteriors on modified gravity parameters: 

Figure 1: The marginal distributions for the modified gravity parameters D and ⌅
0

and cM
for all source mass models and for all three SNR cuts. Blue solid line: result obtained with
42 events with a SNR cut of 11. Orange dashed line: result obtained with a SNR cut of 12.
Green dotted line: result obtained with an SNR cut of 10. The vertical black dashed lines
indicate the value of the parameter in GR.

significantly with the two parameters µ
g,high and µ

g,low which govern the mass features around
10M� and 34M�, and with the rate evolution parameter �. These correlations are analogous
to the correlations between H

0

and �, µ
g,high and µ

g,low observed in [31, 58, 59, 81].

Degeneracy between � and ⌅
0

— The posterior distribution in Fig. 2 shows a strong
degeneracy between � and ⌅

0

. Those two parameters appear to be approximately linearly
related. The � vs ⌅

0

distribution exhibits a “ridge” of about constant height that corresponds
to points with a comparable hierarchical likelihood that fit the data equally well. The pro-
jection of this ridge onto the � axis shown in the marginal distribution results in the rather
high preferred value for �.

Consequently, the data appear to be only informative on the ratio �/⌅
0

: neither � nor
⌅
0

can be robustly measured individually. The constraint on ⌅
0

obtained with GWTC-3 is
sensitive to the prior set on �. As shown with Fig. 12 in App. C, larger priors on � correspond
to a weaker constraint on ⌅

0

. However, as detailed in Sec. 5, future detectors will observe
much further. This will lead to the breakdown of the ��⌅

0

degeneracy, allowing more robust
constraints on the individual parameters (cf. Sec. 5.2).

The same type of degeneracy is observed between � and cM , and thus the same conclu-
sions apply to the marginal distribution obtained with this other gravity model.
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AIM: estimate jointly, using O3 data – the cosmological parameters
                                                    – source mass parameters  
                                                    – modified gravity parameters
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Forecasts for O4 and O5 :

• Simulate expected data, assuming GR, with 87 events for O4, and 423 for O5 (1 year of data). 

Figure 1 – The marginalized posteriors of the modified gravity parameter ⌅0 of Eq. 1 that modifies the GW
luminosity distance. (Left) The ⌅0 posterior from GWTC-3 data (the GR value is indicated as a dashed line).
The three colors correspond to the SNR cuts of 10 (green), 11 (blue) and 12 (orange). (Right) Forecast for the
⌅0 posterior with 510 events with an O4+O5 scenario, assuming wide priors on the cosmology (blue/Wide), or
Planck uncertainties (orange/Planck).

1 Results with GWTC-3

Using the most recent BBH catalog of the LIGO-Virgo-KAGRA collaboration, we perform a
model selection analysis between GR vs the ⌅0 gravity model, and between four di↵erent BBH
mass distributions. We find that GR and the multi peak mass distribution are consistently the
preferred models irrespective of the chosen selection cuts. All measurements of ⌅0 are consistent
with the value predicted with GR (90% confidence level). We note that the ⌅0 measurement
depends on the assumptions made on the BBH mass model. This underlines the importance of
checking the robustness of the conclusion using more than one BBH mass model. The modified
gravity parameter ⌅0 is strongly correlated with astrophysical and cosmological parameters such
as the redshift evolution parameters and the Hubble constant. The results for ⌅0 are compatible
at the 1-� level with previous works with O3 data using the broken power law mass model.3

2 Forecast for O4 and O5

We simulate the expected outcome of future O4 and O5 runs which results in 87 and 423 observed
BBH events, resp. We find that if GR is the true theory of gravity, and assuming narrow priors
on the cosmological parameters (from Planck), we recover the modified gravity parameter with a
precision of 51% with O4, and 20% with O4 and O5 combined, cf. Fig. 1 (right). The uncertainty
on ⌅0 is increased by a factor of 1.5 when using agnostic priors on H0 and ⌦m.
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(n unconstrained)

Figure 7: The ⌅
0

posterior with 510 events an O4+O5 scenario assuming wide priors on the
cosmology (blue/Wide), or Planck uncertainties (orange/Planck). The uncertainty on ⌅

0

is
reduced by a factor of 1.5 given Planck uncertainties on H

0

and ⌦
m

.

evolution is the most constrained, not surprisingly as this parameter relates to the rate evo-
lution at low redshifts. Compared to the previous case using the GWTC-3 events, the joint
posterior on ⌅

0

and � in Fig. 13 appears much more localized around the true value. The
event redshift distribution shown in Figure 6b extends further into redshift than the GWTC-3
data, allowing the ⌅

0

vs � degeneracy to be broken.
The zp posterior is flat for large values and vanishes at lower values of z (the simulated

BBH merger rate is strictly incompatible with zp = 0 as it increases at low redshifts). The
early evolution parameter  has a posterior which is almost flat, mostly because few events
are detected at redshifts z > zp. For O4, the maximum mass of the population m

max

has
a broad distribution, ranging from 81M� to 102M� at the 1 sigma confidence level. This
interval is reduced to [80, 92]M� for O4+O5 combined. Since the mass distributions follow a
steeply decreasing power law (with ↵ = 2.63), only few sources are informative on the location
of the upper mass cutoff � most observed sources have low mass.

The power law exponent for the redshift evolution � and R
0

are strongly degenerate.
This is expected as a low rate of events today can be compensated (at first order) by an
increase of the number of sources at higher redshifts. Furthermore, we find strong correlations
between H

0

and the characteristic mass scales of the GW population as elaborated previously
in [81]. Since the Hubble constant relates the source’s luminosity distance to the its redshift,
it shifts the mass distribution to lower or higher values: A lower Hubble constant places
sources generally at lower redshift and thus, source mass and detector frame mass differ less.
Conversely, given the measured distribution of detector frame masses, a shift of H

0

to larger
values can be compensated for by shifting the mass scales to lower values.

We also provide results using restricted priors on H
0

and ⌦
m

. As discussed previously,
this results in decreased error bars for ⌅

0

. Fig. 7 compares the marginal posterior of the
modified gravity parameter ⌅

0

(after O4+O5) applying agnostic priors with applying Planck
priors to the cosmological parameters. The uncertainty of ⌅

0

is reduced by a factor of 1.5 when
Planck priors on the cosmological parameters are assumed. The uncertainties on the modified
gravity parametrization are reduced to ⌅

0

= 1.47+0.92
�0.57 for O4 and ⌅

0

= 1.08+0.27
�0.16 for O4+O5.
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Conclusion and outlook

• Different ways to extract information on H0 and modified gravity using GWs.

• Expect important impact on measurements of cosmological parameters, certainly addressing H0 
tension, and constraining propagation effects in modified gravity

• Number of effects to consider: overlapping sources and parameter estimation; higher order 
modes; precessing spins; waveform accuracy ? etc

• Bright/dark siren (galaxy catalogue) methods will become less viable for sources at high z

• BBH, BNS populations. Cosmology hand in hand with astrophysics





 [2004.00036]CONSTRAINTS: simulated population of BBH in ET 

• Carry out a full hierarchical Bayesian inference to compute posterior distributions on parameters 
describing the population, including           

5

Figure 3. Joint posterior distribution of the Hubble con-
stant (H0) and matter density (⌦m) in the ⇤CDM model
estimated using 103 BBH events. The 2-D contour regions
denote the 1-�, 2-� and 3-� credible regions and the orange
lines indicate the true values.

The Bayes factor (BF) between model M
1

and model
M

2

is

BF1

2

=
Z

tot

(h|M
1

)

Z
tot

(h|M
2

)
. (13)

We impose a threshold of the natural logarithm of BF at
ln(BF ) = 8 as the point when one model is significantly
favoured against another (e.g., Mackay 2003).

4. RESULTS

In this section, we present results of hyperparameter
estimation and cosmological model selection using the
simulated BBH population that is expected to be de-
tected by third-generation detectors such as ET.

4.1. Hyperparameter estimation

Figure 3 shows the joint posterior distribution of H
0

and ⌦m using 103 BBH events detected with ET, while
ignoring the delay time between binary formation and
binary merger and assuming we know the cosmic star
formation rate and black hole mass distribution a pri-

ori. In our analysis, uniform priors are used: H
0

2
[40, 105] km s�1Mpc�1 and ⌦m 2 [0, 0.75]. In this exam-
ple, the Hubble constant is measured with a precision of
5.6%. By performing this analysis for a range of N (the
number of BBH events) assuming zero measurement un-
certainty of luminosity distance and black hole masses
(which we call zero-error injections), we find the mea-
surement precision of H

0

scales linearly with
p

N . We

Figure 4. Posteriors distribution for (H0,⌦m) with 103

zeros-error injections. Blue contours are obtained by
marginalizing over uncertainties in other hyperparameters
(⇣, tmin

d , b, c, d, �m, ↵, mpp, �pp, �, �), whereas the orange
is reconstructed with non-cosmological parameters fixed at
injection values.

expect that one year operation of ET, yielding ⇠ 105

BBH detections, will allow H
0

to be measured within
⇡ 0.6%. However, this result is too optimistic as it does
not account for uncertainties in cosmic star formation
rate, delay time distribution and black hole mass distri-
bution. In Figure 6 of the Appendix, we show that the
estimates of (H

0

, ⌦m) are biased if an incorrect model
of star formation rate is used.

To demonstrate how the marginalization over un-
knowns in non-cosmological parameters a↵ects our abil-
ity to measure H

0

and ⌦m, we repeat the analysis using
103 zero-error injections. In the reference case, only H

0

and ⌦m are considered as free parameters. We find that
the 1�� credible interval of H

0

is respectively increased
by 35%, 50%, and 250% if we add delay time distribution
parameters, cosmic star formation rate parameters and
black hole mass distribution parameters, respectively.
Figure 4 compares the posterior distribution of (H

0

, ⌦m)
for the reference case (orange) and the case where non-
cosmological parameters are sampled and marginalized
over (blue). Full posteriors (Figure 7), along with their
priors, of all hyperparameters in the latter case are pre-
sented in the Appendix. We find the marginalization
over uncertainties in non-cosmological hyperparameters
reduce the measurement precision of (H

0

, ⌦m) by about
an order of magnitude. Therefore, we conclude that one

orange: assuming 
all population parameters
known a priori

blue: marginalizing
over population parameters

<latexit sha1_base64="iQXeIIHVkh7rixoKJ8y/egxNBAs=">AAAB9XicbVBNSwMxEJ31s9avqkcvwSJUkLIroj0WvPRmBfsB7bpk02wbmmSXJKuU0v/hxYMiXv0v3vw3pu0etPXBwOO9GWbmhQln2rjut7Oyura+sZnbym/v7O7tFw4OmzpOFaENEvNYtUOsKWeSNgwznLYTRbEIOW2Fw5up33qkSrNY3ptRQn2B+5JFjGBjpYdSLXDPu7eC9nEgzoJC0S27M6Bl4mWkCBnqQeGr24tJKqg0hGOtO56bGH+MlWGE00m+m2qaYDLEfdqxVGJBtT+eXT1Bp1bpoShWtqRBM/X3xBgLrUcitJ0Cm4Fe9Kbif14nNVHFHzOZpIZKMl8UpRyZGE0jQD2mKDF8ZAkmitlbERlghYmxQeVtCN7iy8ukeVH2rsru3WWxWsniyMExnEAJPLiGKtSgDg0goOAZXuHNeXJenHfnY9664mQzR/AHzucP0xyRZg==</latexit>

(H0,⌦m)

Joint posterior on 
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(H0,⌦m)
using 1000 GW events detected by ET

“1 year observation of ET will constrain the Hubble constant to a few % given our current knowledge  
of the black hole mass distribution [.]… If/when our understanding of the above quantities is improved,  
which is plausible in the ET era, a sub-percent measurement precision is likely.”
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distance dL. (We refer the reader to [28, 30, 31] for a more in depth discussion,
including how these errors depend on the position of the source in the sky, on the
detector network, also on the degeneracies with cos i , and finally on how to go a
non-Gaussian generalisation of the Fisher matrix approach.) It will be useful for
later purposes to note that a network of a = 1, . . . ,Ndet detectors, as in LIGO-Virgo,
each with a different PSD Sn,a( f ), one often assumes that the network SNR is given
by the quadrature summation of the individual interferometers r2

network = ÂNdet
a=1 ra,

where in detector a, the SNR is ra = (ha|ha)1/2.
The high accuracy on the chirp mass is due to the large number of cycles in the

detected proportion of the gravitational waveform. Indeed, using Eq. (17), the error
on Mz scales as the inverse of the observation time of the event in the detector: light
binaries are observed for longer and hence the corresponding error on Mz is smaller.
This behaviour is generic and is also seen when doing a full Bayesian analysis:
the right-hand panel of Fig. 3 shows the 90% confidence levels for the posterior
distribution for (Mz,dL) for the 10 BBH events in the GWTC-1 catalogue of LIGO-
Virgo [32]. The errors on Mz increase with chirp mass, and relative to the error
on the luminosity distance only start becoming important for more distant events.
Furthermore, the correlation between the chirp mass and the luminosity distance is
negligible for low redshift events

Fig. 3 Left panel: 90% confidence level intervals for luminosity distance and i (indicated as q jn)
for the 10 BBH events in [32]. Right panel: 90% confidence level intervals for luminosity distance
and chirp mass for the 10 BBH events in [32].

As regards the error on dL, in most of the cases (particularly when quadrupo-
lar emission dominates), the largest source of uncertainty for dL is the well-known
distance-inclination degeneracy, i.e. the degeneracy between the luminosity distance
and cos i . Broadly speaking, a GW waveform from a close-by and face-on binary is
similar to the GW waveform of a further edge-on binary. This degeneracy is often
severe and can correspond to dL having an error budget of 20% � 40% [28, 31].
The left panel of Fig. 3 shows the degeneracy between dL � cos i for the same 10

inclination

90
%

 C
L 
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te

rv
al

s
O1+O2 catalogue

18 Contents

Fig. 4 GW190412: Posterior distribution for the luminosity distance and inclination. The central
plot shows the 90% confidence level for different waveform approximants namely: the dominant
multipole (and no precession), higher multipoles and no precession; and higher multipoles and
precession. The impact of higher multipoles on constraining the inclination and distance is clear.
The top and side plots show the marginal posteriors of i and dL respectively. Figure from [35]

4.2 Bayesian statistical method: an outline

In this subsection we outline the Bayesian statistical methods which are extensively
used to infer cosmological parameters from a number Nobs of GW events. For a de-
tailed overview and discussion of the methods described below, we refer the reader
to [39, 40] and references within. Initially, we will assume that there exists an iden-
tified EM counterpart to each of the GW events. However, this will certainly not
always be true (and is likely not be true for many BBH systems), though there ex-
ist some particular cases in which it may possible to extract the redshift from the
GW data alone. If there is no EM counterpart, the statistical method outlined below
needs to be modified, see Sec. 4.4.

Suppose we aim to estimate H0, or more generally any of the other cosmological
parameters, using observed GW data xi

GW from i = 1, . . .Nobs events, as well as data
on the redshift xi

EM. The posterior on H0 can be written as

p(H0|{xGW,xEM}) µ p(H0)p(Nobs|H0)
Nobs

’
i=1

p(xi
GW,xi

EM|H0)

b (H0)
, (38)

190412 event:  
effect of higher order 
multipoles

Higher order modes: more important as  
difference in masses increases.  
Help break (distance/inclination) degeneracy.

 
So can spin precession effects.

And the redshift?
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m1 ⇠ 30M�
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can the distance measurement of a single BBH source be precise enough to establish its primordial origin?  
[K.Ng et al, 2108.07276]. In the future, with a network of one Einstein Telescope, and 2 Cosmic Explorers (US+Australia), maybe.  
 
– single BBH event with masses between 20-40 Msun, merging at z>40, can infer z>30 at up to 97% credibility with a network of one ET, 
one CE in the US and one CE in Australia. (some caveats: depends on redshift prior, mass ratios, inclinations…)





Interféromètre	de	Michelson	:
un	“capteur” d’ondes	gravitationnelles

5

Diagramme	d’antenne
Moyenne	sur	les	polarisations

L ⇠ 3km
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Network of LIGO-Virgo-Kagra detectors: Michelson interferometers, measure one dimensionless 
quantity, the gravitational wave strain h

h(t, ✓,�, ) = F+(t, ✓,�, )h+(t) + F⇥(t, ✓,�, )h⇥(t)

waveforms of 2 physical polarisations of the GW at the  
detector, depend on: 
– all parameters describing the source, mass(es), 
spin(s), equation of state…  
– propagation of waves from source to detector

In GR:
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FIG. 2: Detector frame: The two orthogonal arms of the interferometer form the x and y axes in the detector frame while the z axis is defined
by the right circular convention. Angles ✓ and � denote the polar and azimuth angles of the binary in the sky measured in the detector frame.
These angles fix the location of the source in the sky, with respect to the detector. Radiation frame: The z axis of the radiation frame is defined
by the line-of-sight vector n from the detector to the source so that the x � y plane is the plane perpendicular to n (the “sky”); x axis is defined
by the x axis of the detector projected onto the sky. Angles ◆ and  denote the polar and azimuth angles of the total angular momentum vector J
of the binary in the radiation frame. These angles fix the relative orientation of the binary with respect to the detector. Source frame: The z axis
of the source frame is defined by the total angular momentum vector J of the binary and the x axis is defined by the projection of the line of
sight onto the binary plane. The angle '0 describes the angle between the separation vector and the x axis at some reference time. Note that the
radiation pattern of the binary depends on ◆ and '0 (see, e.g., Eq.(2.1)).

signal h. Note that, for a fixed SNR threshold, FF is directly
related to the “distance reach” of a search, and FF3 to the
“volume reach”.

It is evident [see, e.g., Eqs. (2.2), (2.6) and (2.7)] that the
distance/volume reach is a function of not only the intrinsic
parameters (m1,m2) of the binary, but also some of the ex-
trinsic parameters (✓, �, ◆, ,'0). For example the SNR, and
hence the distance/volume reach is the largest towards “face-
on” (◆ = 0, ⇡) binaries and the lowest for “edge-on” (◆ = ⇡/2)
binaries. It is useful to define the e↵ective volume of a search,
defined as the fraction of the volume reach by an optimal
search, averaged over the angles ✓, �, ◆, ,'0 after choosing
appropriate distributions for these angles:

Ve↵ (m1,m2) =
⇢3

subopt

⇢3
opt

, (2.9)

where the bars indicate averages over ✓, �, ◆, ,'0. We can
also define the e↵ective fitting factor FFe↵ , defined as the cube
root of the e↵ective volume

FFe↵ (m1,m2) = Ve↵ (m1,m2)1/3. (2.10)

If a template family has FFe↵ � 0.965, this means that the
(average) loss of search volume due to the mismatch between
the template family and the actual signal is less than ⇠ 10%.
In this paper, we will use FFe↵ = 0.965 as a benchmark for
deciding the e↵ectualness of a template family.

If we interpret the parameter set �max that maximizes the
inner product in Eq. (2.8) as the parameters of the binary,
which can be in general di↵erent from the true parameters
�true, this will result in the following systematic bias in the
estimated parameters:

�� = |�max � �true|, (2.11)

where | | denotes the absolute value.
Similar to the FF and SNR, the systematic biases also de-

pend on the parameters �. We would like to use a single
number (similar to FFe↵) that quantifies the average bias in
estimating the parameters of the binaries that are detectable.

For this purpose we use the ⇢3
subopt weighted average of the

systematic biases and call it the e↵ective bias.

��e↵(m1,m2) =
�� . ⇢3

subopt

⇢3
subopt

, (2.12)

where the bars indicate averages over ✓, �, ◆, ,'0. We use
⇢3

subopt as the weighting factor as it is proportional to the vol-
ume accessible to the search using quadrupole templates and
is therefore proportional to the number of detectable sources.

GW measurements, like any other measurement in the pres-
ence of noise, will also have an associated statistical error.
In the limit of high SNR, one reasonable way of estimating
the expected statistical error (see, e.g., [38] for caveats) is by
using the Cramer-Rao inequality: the error covariance matrix
C↵� is given by

C↵� � ��1
↵� , (2.13)

where �↵� is the Fisher information matrix:

�↵� =
D
@↵x, @�x

E
. (2.14)

Above, @↵x denotes the partial derivative of the waveform
x( f ) with respect to the parameter �↵, and the angle brackets
denote the inner products defined in Eq. (2.5). The rms error in
measuring the parameter �↵ is �↵ = C1/2

↵↵ . A template family
can be considered faithful [1] to the signal if the systematic
bias is considerably smaller than the expected statistical error.
In this paper, we will take (��e↵)↵  �↵ as the benchmark for
the faithfulness of a template family.

III. METHODOLOGY

A. Numerical-relativity simulations

We use two sets of NR waveforms: For mass ratio q  8 we
use waveforms computed by the SpEC code [21–33], kindly
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