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The P → ` νγ decays

Feynman diagrams (all orders in QCD implicitly included): [P = fγ5f ′]

• Diagram (b) can be computed in perturbation theory: the only lattice
input required is the meson decay constant fP [〈0|Aµ(0)|P (p)〉 ≡ ipµfP ].

• Diagram (a) can be reliably computed in a point-like approximation for
the meson P only in the limit of soft-photon emission.

• We neglect the SU(3)−vanishing diagram with photon emitted from
sea-quarks.
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Phenomenological relevance

Radiative leptonic decays P → `νγ are interesting!

• Important probes of the internal structure of pseudoscalar meson P .

• They allow for an independent extraction of |VCKM| w.r.t. purely leptonic
channels. Also relevant for VCKM at O(αem) from P → `ν[γ].

• For heavy mesons (Ds, D,B, . . .), no model-independent results for the
rate are available.

• The point-like contribution to the decay rate for P → `νγ is (helicity)
suppressed w.r.t. SD contribution by a factor r2

` = (m`/mP )2

• =⇒ for heavy-meson decays, the electron mode is very sensitive to
Structure-Dependent contributions.

• E.g. : for P = Ds and ` = e, r2
e ' 6× 10−8.

2



Experimental results for P → `νγ

For light-meson decays many accurate results available

• π → eνeγ [PIBETA arXiv:0804.1815]

• K → eνeγ [KLOE arXiv:0907.3594]

• K → µνµγ [E787 arXiv:0003019, ISTRA+ arXiv:1005.3517, . . . ]

For heavy-mesons little is known, only upper-bounds available

• Br[D → eνeγ](Eγ > 10 MeV) < 3× 10−5 [BESIII arXiv:1702.05837]

• Br[Ds → eνeγ](Eγ > 10 MeV) < 1.3× 10−4 [BESIII arXiv:1902.03351]

• Br[B → eνeγ](Eγ > 1 GeV) < 4.3× 10−6 [Belle arXiv:1810.12976]

• Br[B → µνµγ](Eγ > 1 GeV) < 3.4× 10−6 [Belle arXiv:1810.12976]

Providing a first-principle determination of the branching fractions
for heavy mesons may encourage further experimental searches! 3



Computing P → `νγ on the lattice

We need to compute the weak matrix element (JW = JV − JA):

〈γ(k, ε)|JνW |P (p)〉 ' −ie
∫
d4y 〈γ(k, ε)|Aµ(y)|0〉 × T〈0|Jµem(y)JνW (0)|P (p)〉QCD

= −ieε∗µ ×
∫
d4y eiky T〈0|Jµem(y)JνW (0)|P (p)〉QCD

All non-perturbative information encoded in the hadronic tensor

Hµν
W (k,p) ≡ i

∫
d4y eiky T〈0|JνW (0)Jµem(y)|P (p)〉

• . . .which for each pseudoscalar meson P must be computed for
different photon energies Eγ ≡ k0 = |k|.

This is done by means of LATTICE QCD simulations
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Basics of LQCD

The theoretical framework for lattice calculations is QFT in Euclidean time
(obtained through Wick-rotation t→ −iτ)

〈φ(x1)φ(x2) . . . φ(xn)〉 = 1
Z

∫
[dφ] φ(x1)φ(x2) . . . φ(xn) exp(−SE [φ])

The infinite-dimensional path integral is discretized on a 4-dimensional grid
(the lattice) : xµ → nµa, which provides an UV (1/a) and IR (1/L) cut-off.

• We evaluate lattice path integral using MC methods.

• In QCD generate a stream of gauge configurations
{U1, . . . , UN} distributed according to e−SE [U ],
then. . .

〈Ō〉 = 1
N

N∑
i=1

O[Ui] =⇒ σŌ ∝
1√
N

• Repeat the calculation for different L and lattice
spacings a and extrapolate to a, 1/L→∞. 5



Generating gauge configurations

Generating state-of-the-art gauge-field configurations is an extremely expensive
task, which requires massive HPC resources.

GPU-cluster Marconi100 at CINECA, Bologna.
It will cease its activities at the end of June. . .

. . . but will be ”replaced” by LEONARDO,
the 4th fastest supercomputer in the world.

• Within the LQCD community, it is
customary for researchers to form
collaborations where gauge
configurations are produced and then
shared among the members.

• Each collaboration has its own
favoured lattice discretization:
Wilson-clover, Twisted-mass,
Staggered, Domain Wall, Overlap...

• =⇒ Important for checks of
universality.

I am a member of the Extended Twisted-Mass Collaboration (ETMC), which has
recently produced a ”luxury” set of gauge configurations, corresponding to (four)

lattice spacings a ∈ [0.058, 0.09] fm, spatial volumes L3 up to L ' 7.7 fm and
Nf = 2 + 1 + 1 physical flavours. Let’s do some physics with them!! 6



And back to physics. . .

Hµν
W (k,p) = i

∫
d4y eik·y T 〈0

∣∣JνW (0)Jµem(y)
∣∣P (p)〉

Using Lorentz invariance, Hµν
W decomposed in terms of scalar form factors:

Hµν
W (k,p) = i

FV
mP

εµνβγkγpβ +
[
FA
mP

+ fP
p · k

]
(p · k gµν − pµkν)

+ fP
p · k pµpν︸ ︷︷ ︸

point-like contribution

+Hµν
⊥ (k,p)

• FA and FV functions of the invariant xγ = 2p·k
m2
P

, 0 ≤ xγ ≤ 1− m2
`

m2
P

.

• Point-like contribution proportional to P−meson decay constant fP .

• Hµν
⊥ term depends on two additional form factors H1 and H2, but does

not contribute to the real photon emission process. 7



Canonical decomposition of Hµν
W

Hµν
W (k,0) = i

∫ 0

−∞
dty e

iEγty 〈0
∣∣JνW (0)Jµem(ty,k)

∣∣P (0)〉

+ i

∫ ∞
0

dty e
iEγty 〈0

∣∣Jµem(ty,k)JνW (0)
∣∣P (0)〉 ≡ Hµν

W,1(k,0) +Hµν
W,2(k,0)

In the two time-orderings insert 1 =
∑

n
|n〉 1

2En 〈n| between the two currents
and perform ty-integral

1st T.O. ty < 0

Hµν
W,1(k,0) =

∑
n

Bµν;n
W (k)

En(−k) + Eγ −mP − iε

2nd T.O. ty > 0

Hµν
W,2(k,0) =

∑
n

Aµν;n
W (k)

En(k)− Eγ − iε

For real photon emission (Eγ = |k|) always a positive mass gap =⇒ no
problems of analytic continuation from Minkowskian to Euclidean time. 8



Real photon on the lattice

Extracting the form factors from Euclidean lattice correlators

• We work in the meson rest frame p = 0, and compute the Euclidean VEV

CµνW (t, Eγ) =
∫
d4y etyEγ e−ik·y〈0|T {JνW (t)Jµem(y)}φ†P (0)|0〉 , k = Eγ ẑ

• φ†P (0) is an interpolating operator for JP = 0− hadronic states with
p = 0, and same flavour content as the P meson.

• In the large (Euclidean) time limit t:

RµνW (t, Eγ) ≡ 2mP

〈0|φP |P 〉
et(E−Eγ)︸ ︷︷ ︸

amputating external states

×CµνW (t, Eγ)→ Hµν
W (k, 0)

• Simple estimators can be built to
extract the form factors:

R11
A (t, Eγ)−R11

A (t, 0) ∝
t�a

FA(Eγ)

R12
V (t, Eγ) ∝

t�a
FV (Eγ)

• We analyzed the case P = Ds.

• Simulated ten different values of
xγ ≡ 2Eγ/MP ' 0.1, 0.2, . . . , 1
using twisted b.c. [C.T. Sachrajda, G.
Villadoro Phys.Lett.B 609].
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Extracting FV and FA

Example of extraction, on a selected gauge ensemble, of FA and FV from the
large-time behavior of the estimators R̄V/A(t) ∝ RV/A(t)

Ensemble parameters: a ' 0.08 fm, L ' 5 fm, T = 2L (temporal lattice
extent). 10



Finite-volume e�ects and continuum-limit extrapolation

Finite-volume

e�ects controlled

by simulating on

L ' 5 fm (B64)

and L ' 7:7 fm

(B96) boxes.

Continuum-limit extrapolation performed using four lattice spacing. O(a2 ) scaling

observed, coarsest lattice used to estimate systematics.
FA FV

11


