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Lovelock’s Theorem

The only second-order, local gravitational field equations derivable from an action
containing solely the 4-dimensional metric tensor (plus related tensors) are the
Einstein field equations with a cosmological constant.

Our options for modifying gravity:
New field content
Higher dimensions

Derivatives of higher order in the field equations

Non-locality

LR N =

Non-derivable from an action principle
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Lovelock’s Theorem
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Lovelock’s Theorem

‘ 1 I
B D o (RGN THY ;B
Sp = /d x\/ng“jR]/ R = Eéalﬁl...a;ﬁ]jHR Hivi
]

i=1

The above action changes depending on the number of spacetime dimensions

Sy, = /dzx\/—goco,
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Lovelock’s Theorem

‘ 1 i
_ D H1vy-. vy D‘zﬁz
SD = /d X/ —8 E DC]'R], R = 2]51)(1[31 uc;‘B]] | 1| R wiv;
]
The above action changes depending on the number of spacetime dimensions
g P g p

Sz = /dzx\/ gy, 53 = /dSX\/ D€0+061R 54 = /d4x\/ 060+0(1R
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Lovelock’s Theorem

‘ 1 i
_ D H1vy-. vy azﬁz
Sp = / dPx\/—g LR, R = o] HR .
]
The above action changes depending on the number of spacetime dimensions

Sz /dzx\/ gy, 53 /dSX\/ 0€0+061R 54 /d4x\/ 060+0(1R

S5 = /d5x\/ —g (ao + a1 R+ DCQQ) , g= R? - 4R#VRHV + RHWﬁR#WXﬁ
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Horndeski gravity and the Gauss-Bonnet term

Horndeski gravity is analogous to Lovelock gravity, but addresses the most general
scalar-tensor theory with second-order equations of motion [Horndeski, 1974]

L = Ga(¢p, X) — Ga(¢p, X)O¢p + Ga(¢p, X)R + Gyx [(O¢)* — " oy ]

G
+Gs(9, X) G gy — = | (3)* = 3009" dyu + 209" ¢4 -
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Horndeski gravity and the Gauss-Bonnet term

Horndeski gravity is analogous to Lovelock gravity, but addresses the most general
scalar-tensor theory with second-order equations of motion [Horndeski, 1974]

L = Ga(¢p, X) — Ga(¢p, X)O¢p + Ga(¢p, X)R + Gyx [(O¢)* — " oy ]
G
+Gs(9, X) G gy — = | (3)* = 3009" dyu + 209" ¢4 -

In Horndeski’s theory, scalar field couplings to curvature scalars are only allowed
when the curvature scalar is either R or G

G5 xIn X...

Allows for spontaneous black hole scalarization in some cases
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String Theory and the Gauss-Bonnet term

String theory predicts that at the classical level the Einstein equations are subject to
NLO corrections, typically described by higher-order curvature terms in the action.
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String Theory and the Gauss-Bonnet term

String theory predicts that at the classical level the Einstein equations are subject to
NLO corrections, typically described by higher-order curvature terms in the action.

» M-theory compactified on a Calabi-Yau threefold down to D = 5 takes the

form
eff—/dSX\/ <R—‘r CZ V[Q)
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String Theory and the Gauss-Bonnet term

String theory predicts that at the classical level the Einstein equations are subject to
NLO corrections, typically described by higher-order curvature terms in the action.

» M-theory compactified on a Calabi-Yau threefold down to D = 5 takes the
form
eff—/dSX\/ <R—‘r CZ V[Q)

» The 1-loop 4D effective action for heterotic string theory in the Einstein frame
is of the form

Seff = /d4x\/—g <R — % (Vo)* —|—oc’e‘/’g> .
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The trace anomaly

One-loop quantum corrections to a classically conformally invariant theory result
in a renormalized stress-energy tensor with expectation value (T,) and a non-zero
trace

8" (Tyw) = gcz - %g

This is a general feature of quantum theories in curved spacetimes
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What happens if we consider the Gauss-Bonnet action in 4D?
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The Gauss-Bonnet Term in 4D

Consider the Einstein-Gauss-Bonnet theory in D-dimensions

1
Sp = ﬁ/deJjg(—ZA+R+ag)+SM,
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The Gauss-Bonnet Term in 4D

Consider the Einstein-Gauss-Bonnet theory in D-dimensions

Sp = ﬁ /de\/Tg(—zA + R+ aG) + Swm,
Extremization of the action gives the equations of motion
Agu + Guy +aHyy = 81Ty,
where

1
Hyw = 2R, Rynpor — 4RP"Rypve — 4R, Ryp + 2R Ry — ngg.
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The Gauss-Bonnet Term in 4D

In four-dimensions H,, vanishes identically for all metrics. This is a consequence
of Chern’s theorem: in 4D, the Gauss-Bonnet invariant is the Euler density — its
integral is a topological invariant x called the Euler characteristic [Chern, 1945]

X & /d4x\/—7gg.
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The Gauss-Bonnet Term in 4D

In four-dimensions H,, vanishes identically for all metrics. This is a consequence
of Chern’s theorem: in 4D, the Gauss-Bonnet invariant is the Euler density — its
integral is a topological invariant x called the Euler characteristic [Chern, 1945]

X & /d4x\/—gg.
Trace of the field equations:
gh (Aglﬂf + G + DCHW) = Sng;thW

(D-2),  (D-4)

DA —
2 2

G=8nT
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What is the most natural generalization of Gauss-Bonnet gravity to
four-dimensions?
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2. Einstein-Gauss-Bonnet gravity in 4D
2.1 The rise and fall of (pure) 4DEGB
2.2 Well-defined 4DEGB theories
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4D Einstein-Gauss-Bonnet Gravity — a regularization procedure

We will first consider a dimensional regularization procedure introduced by
Glavan & Lin in PRL 124 (2020) 8, 081301

PHYSICAL REVIEW LETTERS 124, 081301 (2020)

Einstein-Gauss-Bonnet Gravity in Four-Dimensional Spacetime
Drazen Glavan'” and Chunshan Lin®*'
Centre for Cosmology, Particle Physics and Phenomenology (CP3), Université catholique de Louvain,
Chemin du Cyclotron 2, 1348 Louvain-la-Neuve, Belgium
“Institute of Theoretical Physics, Faculty of Physics, University of Warsaw, Pasteura 5, 02-093 Warsaw, Poland

®| (Received 6 June 2019; revised manuscript received 26 September 2019; accepted 3 February 2020; published 26 February 2020)

In this Letter we present a general covariant modified theory of gravity in D = 4 spacetime dimensions
which propagates only the massless graviton and bypasses Lovelock’s theorem. The theory we present is
formulated in D > 4 dimensions and its action consists of the Einstein-Hilbert term with a cosmological
constant, and the Gauss-Bonnet term multiplied by a factor 1/(D —4). The four-dimensional theory is
defined as the limit D — 4. In this singular limit the Gauss-Bonnet invariant gives rise to nontrivial
contributions to gravitational dynamics, while preserving the number of graviton degrees of freedom and
being free from Ostrogradsky instability. We report several appealing new predictions of this theory,
including the corrections to the dispersion relation of cosmological tensor and scalar modes, singularity

resolution for spherically symmetric solutions, and others.




4D Einstein Gauss-Bonnet Gravity — a regularization procedure

1. Start with the Einstein-Gauss-Bonnet action in D dimensions and introduce a
divergent factor for the Gauss-Bonnet sector

S:ll)igi[mn/de«/ <R+Q>+5M}
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4D Einstein Gauss-Bonnet Gravity — a regularization procedure

1. Start with the Einstein-Gauss-Bonnet action in D dimensions and introduce a
divergent factor for the Gauss-Bonnet sector

S:ll)igi[mn/de«/ <R+Q>+5M}

2. Vary the action and obtain the equations of motion

hm [Gw + 4HW = 87TTVV:|

D —
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4D Einstein Gauss-Bonnet Gravity — a regularization procedure

3. The trace equation, for instance, takes the finite form

1131314 [g” (G;w+ D 4H ) = 87TT] &

(D—2) x  (D—4)
> Ao n 2

lim [

g = —87tGT] =
D—4

R+ %g — —8nT,
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4D Einstein Gauss-Bonnet Gravity — a regularization procedure

3. The trace equation, for instance, takes the finite form

%1314 [g” (G;w+ D 4H ) = 87TT] &

(D—2) x  (D—4)
> Ao n 2

lim [

g = —87tGT] =
D—4

o
R+ -G = -8nT,
2
4. When computing the equations of motion for certain line elements, such as

static spherically symmetric or FLRW, it has been observed that these
equations of motion do not diverge in the 4D limit.
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4D Einstein Gauss-Bonnet Gravity — Black holes and Friedmann equations

Gauss-Bonnet corrected black holes:

dr? 2 (102 | w2 2

m—i—r (d6° + sin® 6dp?) ,
2

f<r>:1+§<1— 1+8”§"‘>:1—2><2M,
14 T r 1_|_ 1_'_811’\2106

ds* = — f(r)dt?* +

Gauss-Bonnet corrected Friedmann equations:

871G A
R
(142aH?*) H = —47G (p+p).

H? +aH* =
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Have we broke Lovelock’s theorem?
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4D Einstein Gauss-Bonnet Gravity — Shortcomings

» The process relies on the specification of the geometry of the extra dimensional
space before taking the 4D limit. There are countless ways to do this.

» In spacetimes that lack explicit symmetries, the equations of motion (other
than the trace equation) will not be well-defined in general in the 4D limit

H 1 1
. W e . app L 2
11)13}1 1= finite term + 11)1314 D1 <Cmﬁpcv 4gWC )

The finite term does not obey the Bianchi identities [Gurses et. al, 2004.03390].
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Are there well-defined 4D theories that mimic the solutions obtained with this
regularization?
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Dimensional Regularization of the Gauss-Bonnet term (2004.08362)

PHYSICAL REVIEW D 102, 024025 (2020)

Derivation of regularized field equations for the Einstein-Gauss-Bonnet
theory in four dimensions

Pedro G.S. Femandes®,” Pedro Carrilho®, Timothy Clifton, and David J. Mulryne
School of Physics and Astronomy, Queen Mary University of London, Mile End Road,
London EI 4NS, United Kingdom

M| (Received 21 April 2020; revised 15 June 2020; accepted 24 June 2020; published 6 July 2020)

We propose a regularization procedure for the novel Einstein-Gauss-Bonnet theory of gravity, which
produces a set of field equations that can be written in closed form in four dimensions. Our method consists
of introducing a counterterm into the action, and does not rely on the embedding or compactification of any
higher-dimensional spaces. This counterterm is sufficient to cancel the divergence in the action that would
otherwise occur, and exactly reproduces the trace of the field equations of the original formulation of the
theory. All other field equations display an extra scalar gravitational degree of freedom in the gravitational
sector, in keeping with the requirements of Lovelock’s theorem. We discuss issues concerning the
equivalence between our new regularized theory and the original.

DOL 10.1103/PhysRevD.102.024025

See also [Hennigar et. al, 2004.09472]
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Dimensional Regularization of the Gauss-Bonnet term (2004.08362)

» We will construct a well-defined 4DEGB theory by removing the divergent
terms in the field equations.
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Dimensional Regularization of the Gauss-Bonnet term (2004.08362)

» We will construct a well-defined 4DEGB theory by removing the divergent
terms in the field equations.

» The problematic term in the field equations is

. 1 app 1 2
mw(w@ ~g8mC
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Dimensional Regularization of the Gauss-Bonnet term (2004.08362)

> Recall that the Weyl tensor is conformally invariant, i.e., C", o = C" ; given

app
two conformally related metrics g, = e 20 Suv-

» We will then remove the divergences of the theory by adding to our action the

counterterm
D T D —=5
= tim [ /=5 (R4 556 ) —tim [ 4% v
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Dimensional Regularization of the Gauss-Bonnet term (2004.08362)

Writing /— gg" in terms of g,

V=36 =\/—ge!P~ 4>4’{Q+(D 3)V,J' + (D —3)(D - 4)1<]

where

" = 8GM V¢ +4(D —2) [vﬂqﬂp — VIV GV + Vi (w;)z}

K = 4G"V, V. + (D —2) [4 (V)2 O+ (d — 1) (w)ﬂ
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Dimensional Regularization of the Gauss-Bonnet term (2004.08362)

To obtain the 4D limit, we expand the exponential around D = 4
V=36 = \/—gelP~H¢ {g+ (D-3)V P,]H+(D—3)(D—4)K}
= \/—g[g + (D =3y + (D —3)(D —4)K+ (D — 4)¢ (G + (D —3)V,J")

+O ((D - 4)2)

Rearranging we get

\/—79[;—_4\/?89 =(D=3)K+¢(G+(D=3)V,J') + O((D—4))
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Dimensional Regularization of the Gauss-Bonnet term (2004.08362)

Taking D — 4 we get

s [dixy/=g[R—a(pG ~ 46"V, 9V, — 409(V9)* ~2(V9)*)],
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Dimensional Regularization of the Gauss-Bonnet term (2004.08362)

Taking D — 4 we get

5= /d4x‘ /=3 [R—u(pG — 4G ,9V.p — 40p(V9)? —2(V9)*) |,
The theory belongs to the shift-symmetric (¢ — ¢ + ¢) Horndeski class of theories

G, = 8aX?, G; = 8aX, Gy = 1+4aX, Gs = 4alog X.
g
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Dimensional Regularization of the Gauss-Bonnet term (2004.08362)

Taking D — 4 we get
5= /d‘*x\/?g [R—a (96— 46" V9. — 409(V9)* — 2(V9)*)],
The theory belongs to the shift-symmetric (¢ — ¢ + ¢) Horndeski class of theories
Gy =8aX?,  G3=8aX, Gy=1+4aX, Gs=4alogX.
Remarkably, a linear combination of the trace and scalar field equations leads to

R+%gm—f
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In this well-defined regularized theory we can recover the same static black holes
and Friedmann equations as in the original regularization procedure!

Pedro G. S. Fernandes; p, a g AstroParticle osium 2023



Other known regularization procedures leading to scalar-tensor theories

Regularized Kaluza-Klein reduction [Lu and Pang, 2003.11552]
ds?, = ds] + 672‘1501212374’)L

where d¥2, , , is the line element of a (D — 4)-dimensional maximally symmetric
space with curvature A.

Performing a KK reduction, « — a/(D — 4), and removing divergent terms leaves
5= / d*x\/—g {R By <¢g —4GMV Vo — ATP(V)? — 2(Vp)?
+2Ae*? [R+ 6(V)? + 31e*| )}

The same combination of the trace and scalar field equations leads to the purely
geometrical equation
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» We observe that both regularized 4DEGB theories possess the same simple
equation, R + 3G o T, despite their complicated structure.

» One is then left to wonder about the relationship that connects these threads,
and why it should be that a special combination of the field equations
completely decouples from the scalar field.

Pedro G. S. Fernandes; pgsfernandes@cp3.sdu. AstroParticle Symposium 2023
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Conformally coupled scalar field (2105.04687)

PHYSICAL REVIEW D 103, 104065 (2021)

Gravity with a generalized conformal scalar field: Theory and solutions

Pedro G.S. Fernandes®’
School of Physics and Astronomy, Queen Mary University of London,
Mile End Road, London EI 4NS, United Kingdom

M (Received 2 December 2020; accepted 10 May 2021; published 28 May 2021)

We naturally extend general relativity with a conformally coupled scalar field by only requiring
conformal invariance of the scalar field equation of motion and not of the action. The classically extended
theory incorporates a scalar-Gauss-Bonnet sector and has second-order equations of motion, belonging to
the Horndeski class. Remarkably, the theory features a purely geometrical field equation that allows for
closed-form black hole solutions and cosmologies to be easily found. These solutions permit investigations
of in-vogue scalar-Gauss-Bonnet corrections to the gravitational action without the need of resorting to
approximations or numerical methods.

DOL: 10.1103/PhysRevD.103.104065

ium 2023



Conformally coupled scalar field (2105.04687)

» The answer is related to the conformal symmetry of the scalar field equation
of motion:

2
S — §ue”, P> Pp—0

» Usual conformally coupled scalar field theory:

s_/d‘*xﬁ( —ez"’{ R+ (V9) D /d‘*xﬁ(R—R (ch))

Combination of the trace equation and scalar field equation leads to R = —T.
Well-known analytical solution: BBMB black hole. Only the scalar field
equation possesses conformal invariance.
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Conformally coupled scalar field (2105.04687)

» Under a (infinitesimal) conformal transformation, a generic action depending
on the metric and the scalar, S [gw, ¢], varies by an amount S — S + 6,S where

(03w 85 6465
_ 4 "
(5‘75_/51 x( I (5gw,+(5054)>

55
= [ d*x (2 . )
/ 8 oguw 0P

o S
+m/;m and(g,,l%q;”e o —¢—0

_ 8w §
Because 30 = “ov em
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Conformally coupled scalar field (2105.04687)

» If the scalar field equation 2—5) is conformally invariant, it should be the same

before and after the conformal transformation

5 5 5
@s_%(smgshx@(sgs_o

» Therefore, the combination
5 o5 6§
Suvs S 0P

is independent of ¢
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Conformally coupled scalar field (2105.04687)

» The most general theory with second-order equations of motion and whose
scalar field equation is conformally invariant is given by

L =R—2A— e [R+6(V$)*] —2Ae*
— o (¢G — 4GV, pV g — 409 (V)2 —2(V9)" )

» For suitably chosen f and A we can recover both the counterterm (§ = A = 0)
and the KK (A = 38%/4«) regularized theories

» In terms of ® = ¢?

2
L=R—-2A—6B [q;R + (VCD)Z} —2\o*

4

4 2
—a [log(@)g ~ 20" ViV, @ — aDcI>(Vc1>)2 + @(VQD)‘*
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Conformally coupled scalar field (2105.04687)

» Generalizations to Lovelock theory [Babichev et. al, 2302.02920]

» Generalization by restricting only the SF equation to second-order
[Ayon-Beato and Hassaine, 2305.09806]

Pedro G. S. Fernandes; pgsfernandes@cp3. AstroParticle Symposium 2023 36 / 55



Outline

3. Black Holes
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Static black holes

First, we will consider vacuum static and spherically symmetric solutions to the
generalized conformal scalar field theory

L=R—6p [ R+ (VD) ] 204
—a [log(q))g - éGWV;ﬁDVVq} - %D@(V@) + *(V(D)

of the form

2 _2M(7) 2 dr? 2 (302 | ain2 2
ds® = <1 p dt +1—2./\/l(r)/r+r (d6” + sin” 0 d”)

2
= —f(r)dt* + ;(:) + % (d6* + sin* 0 dg?)
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Static black holes

» Counterterm regularized theory (8 = A = 0)

2M r1—
M(r) = ————, d = exp </ )
1+ /14 8Me
» KK regularized theory with maximally symmetric internal space (A = 3% /4«)

M) 2M o V/—2u/p

1+\/1+% r cosh (cl—kfr\/;(—r)dr)

» Horizons located at ry = M+ vV M? —«

Pedro G. S. Fernandes; pgsfernandes@cp3.sdu.dk AstroParticle Symposium 2023



Static black holes

» KK regularized theory with product of two spheres as the internal space

(A = p?/4u)

M(r) = 2(M+ %) q):\/—th/ﬁ

11 s Mty ’

» Horizons located at ry = M + VM2 +«
» Also, the BBMB black hole is formally a solution for A = a =0
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Similar static black holes in other theories

» Recently in Babichev et. al [2303.04126], these static and spherically symmetric
solutions were generalized by including new terms in the action, without any
apparent symmetries in 4D

» These terms were chosen as to guarantee integrability of the field equations

L =R — Bs*" [R+6(0D)?] — 2A4e*
—as (¢ — 4G1V,9pV.p — 409 (V)* —2(V9)*)
—Bse*? [R+12(0®)?] — 275¢™
—ase? (g — 8GMV ¢V — 1200 (Vp)* — 12(V4>)4)
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Static black holes

» By choosing the coupling constants in the Lagrangian appropriately, we get
the solution

M(r) = ,
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Rotating black holes (based on 2305.10382)

PHYSICAL REVIEW D 108, L061502 (2023)

Rotating black holes in semiclassical gravity

Pedro G. S. Fernandes
School of Physics and A. y, University of Nottingh
University Park, Nottingham, NG7 2RD, United Kingdom

®  (Received 22 May 2023; accepted 1 September 2023; published 25 September 2023)

‘We present analytic stationary and axially symmetric black hole solutions to the semiclassical Einstein
equations that are sourced by the trace anomaly. We also find evidence that the same spacetime geometry
satisfies the field equations of a subset of Horndeski theories featuring a conformally coupled scalar field.
We explore various properties of these solutions and determine the domain of existence of black holes.
These black holes display distinctive features, such as noncircularity, a non-spherically-symmetric event
horizon, and violations of the Kerr bound.

DOL: 10.1103/PhysRevD.108.L061502
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Rotating black holes (based on 2305.10382)

» When considering a stationary and axially-symmetric setting, the field
equations tend to get quite complicated in modified gravity scenarios

» Not many analytic solutions are known

» In theories with Gauss-Bonnet terms, only numerical solutions have been
constructed so far

Pedro G. S. Fernandes; pgsfernandes@cp3.sdu.dk
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Rotating black holes (based on 2305.10382)

» Recall the trace equation of the theory:
«
R— -G =
> G=0

» In the static case we could easily obtain a black hole solution because the
metric depended on a single function, and the trace equation is integrable.

» Motivated by the regularized/conformal scalar theories, and by the trace
anomaly, can we find an analytical candidate rotating solution that solves the
trace equation?

» In the context of semiclassical gravity, the expectation value of the
stress-energy tensor is typically unknown, making exact solutions very
difficult to find
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Rotating black holes (based on 2305.10382)

» The simplest class of stationary and axially symmetric spacetimes one can
consider follows from a Kerr-Schild ansatz:

ds? = ds2, + H(x) (L,dx")?

» In Kerr-type coordinates (with H(x) = 2rM(r,0)/ (r* + a* cos? 6)):
2M(r,0)r . 2
2 . o 2
ds® = <1 2 2ol 9> (dv — asin® 0dg)
+2 (dv — asin® 0d¢) (dr — asin® 0dy)
+ (r* + a® cos? 0) (d6* + sin” 0d¢?),
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Rotating black holes (based on 2305.10382)

» The Kerr geometry in these coordinates corresponds to the choice
M(r,0) = M = constant
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Rotating black holes (based on 2305.10382)

» The Kerr geometry in these coordinates corresponds to the choice
M(r,0) = M = constant

» The key to find a rotating solution for the trace (anomaly) equation is to notice
that for this line element we have

(r* + a*cos® 0) R = 207 (rM)

PP oo [[PMP(r* — 34 cos?6)
(r* +a”cos”0) G = 80;

(r2 + a2 cos? 0)°
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Rotating black holes (based on 2305.10382)

» Substituting these expressions in the trace (anomaly) equation we get

2 (or - 2Dérzj\/lz (r? — 3a% cos? 0) 0
' (r2 + a2 cos? )’

» We get the following solution
2M
1+ \/1 _ 8Mar(r2—3a2 cos? §)

(r2+a? cos? 6)°

M(r,0) =

» The remaining field equations of the conformally coupled theory can be
formally solved if ®> = 6
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Rotating black holes (based on 2305.10382)

» We recover the static solution in the ¢ — 0 limit

» The Newman-Janis algorithm applied to the static solution does not yield a
solution

» Algebraically special — Petrov Type type 11

» Does not satisfy the circularity conditions
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Rotating black holes (based on 2305.10382)

» Domain of existence for black hole solutions:

1.0

0.8

0.6

a/M

0.4 : —— Extremal Black Holes

0.2 — Singular Black Holes

0.0!

alM?

» Violations of the Kerr bound (a/M < 1) for 4.5 < a/M? < 6.5, with a
maximum of a/M =~ 1.07.
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Conclusions

» We started by motivating the Gauss-Bonnet term on theoretical grounds
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Conclusions

» We started by motivating the Gauss-Bonnet term on theoretical grounds

» Described and discussed a regularization procedures that enable non-trivial
Gauss-Bonnet effects in 4D

» Showed how these different procedures are all related by conformal properties
of the scalar field
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Conclusions

» Discussed the black holes of the conformally coupled and related theories.

» Derived an analytic rotating black hole which solves the trace equation
R+ 5G = 0, motivated by these theories and by the trace anomaly

» Phenomenology of the rotating black holes is largely unexplored so far

» Non-constant ® solution?
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Conclusions

If you're interested in learning more please check the review “The 4D
Einstein-Gauss-Bonnet theory of gravity: a review”, arXiv:2202.13908
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Thank you for your attention!

AstroParti ium 2023



	Motivating the Gauss-Bonnet term
	Einstein-Gauss-Bonnet gravity in 4D
	The rise and fall of (pure) 4DEGB
	Well-defined 4DEGB theories

	Black Holes
	Conclusions

