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DM scenarios in SUSY models and CMSSM

Gravitino DM models, calculation of gravitino thermal 

density 

Discussion on SUGRA models that can produce PBH

Summary   

Outline



The most well studied SUSY DM candidate particle, both 

theoretically and experimentally

Motivated by the so-called WIMP miracle, it has been studied in 

various SUSY models: CMSSM/mSUGRA, NUHM, pMSSM etc

Ωh2 ~0.12 is achieved  in particular regions of the parameter space: 

coannihilation regions (stop, stau, gauginos), focus point region, A-

funnel region

Possible tension in these regions between direct and indirect DM 

constraints 

Neutralino (χ) as DM



Revisit the χ DM regions in CMSSM, locate the strips  

Use indirect constraints from neutrino fluxes from Sun (IceCube 

data) and gammas from dSph (Fermi-LAT data)

Recent  study



➊ m0
Common mass for sfermion: sleptons, squarks

➋ m1/2
Common mass for gauginos, M1, M2, M3

➌ tan β
The ratio of the vev’s of two Higgs fields, tan β =

〈
H0

2

〉
/

〈
H0

1

〉

➍ A0
Trilinear parameter, affects the sfermion masses and couplings

➎ sign(µ)
sign of Higgs mixing parameter µ
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Soft parameters for 
Constrained Minimal SUSY SM (CMSSM) 



χ LSP

τ̃ NSP region

χ NSP region

u, d, c, s, t, b

e, µ, τ , νe, νµ, ντ
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τ̃ NSP region

χ NSP region

u, d, c, s, t, b

e, µ, τ , νe, νµ, ντ

γ, Z, W ±, g
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fermions (spin 1/2) 

gauge bosons (spin 1)

SM

τ̃ NSP region

χ NSP region

u, d, c, s, t, b

e, µ, τ , νe, νµ, ντ

γ, Z, W ±, g

ũ, d̃, c̃, s̃, t̃, b̃

ẽ, µ̃, τ̃ , ν̃e, ν̃µ, ν̃τ

γ̃, Z̃, W̃ ±, g̃

h

⇐⇒
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Higgs boson (spin 0)

Supersymmetric particles  

τ̃ NSP region

χ NSP region

u, d, c, s, t, b

e, µ, τ , νe, νµ, ντ

γ, Z, W ±, g

ũ, d̃, c̃, s̃, t̃, b̃

ẽ, µ̃, τ̃ , ν̃e, ν̃µ, ν̃τ

γ̃, Z̃, W̃ ±, g̃
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τ̃ NSP region

χ NSP region

u, d, c, s, t, b

e, µ, τ , νe, νµ, ντ

γ, Z, W ±, g

ũ, d̃, c̃, s̃, t̃, b̃

ẽ, µ̃, τ̃ , ν̃e, ν̃µ, ν̃τ

γ̃, Z̃, W̃ ±, g̃

⇐⇒

V.C. Spanos, Univ. of Minnesota VCMSSM 41

sfermions (spin 0) 

gauginos (spin 1/2)

more Higgs bosons (spin 0)

τ̃ NSP region

χ NSP region

u, d, c, s, t, b

e, µ, τ , νe, νµ, ντ

γ, Z, W ±, g

ũ, d̃, c̃, s̃, t̃, b̃

ẽ, µ̃, τ̃ , ν̃e, ν̃µ, ν̃τ

γ̃, Z̃, W̃ ±, g̃

h, H, A, H±

⇐⇒
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τ̃ NSP region

χ NSP region

u, d, c, s, t, b

e, µ, τ , νe, νµ, ντ

γ, Z, W ±, g

ũ, d̃, c̃, s̃, t̃, b̃

ẽ, µ̃, τ̃ , ν̃e, ν̃µ, ν̃τ

γ̃, Z̃, W̃ ±, g̃

H̃1,2

⇐⇒
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 Higgsinos (spin 1/2)

NSP



SUSY and Higgs mass

3

depend on the combination b1+ b3y
2
b
. We thus introduce

one additional parameter

⇣ =
b1y

2
t
+ b3y

2
b
y
2
t

b1y
2
t
+ b2y

2
b
+ 2b3y2by

2
t

, (2)

which reflects the alignment of the splitting in the left-
handed squark masses and hence parametrizes the frac-
tion of the splitting in the masses leading to flavor vi-
olation in the down sector. We assume ⇣ is real in the
following.1 We see that formally ⇣ = 1 + O(y2

b
). If we

consider a splitting in the squark masses that is radia-
tively induced through RGE running, then considering
only the top Yukawa in the running leads to ⇣ = 1. Bot-
tom Yukawa e↵ects become important for large tan� and
can lead to 0 < ⇣ < 1. Typically we expect that yb is at
most as large as yt, however, which implies 1/2 < ⇣ < 1.

We note that an expansion analogous to (1) also ex-
ists for the trilinear couplings [85]. In particular, higher
order terms in the expansion can lead to flavor violating
trilinear terms. Such terms only lead to corrections of the
holomorphic Higgs couplings, however. These corrections
can induce flavor changing neutral Higgs couplings, that
are especially interesting beyond MFV, where the corre-
sponding e↵ects can be chirally enhanced [95, 96]. In the
MFV framework considered here, these e↵ects are less
important compared to contributions that are related to
the loop-induced non-holomorphic Higgs couplings. The
only relevant trilinear couplings for our analysis are those
for the third generation squarks, At and Ab, which we will
take to be independent parameters.

For simplicity, we will also assume universal soft
masses m

2
L

and m
2
E
, in the slepton sector. The phe-

nomenology of flavor non-universalities in the lepton sec-
tor will be reserved for future study. The only relevant
trilinear term in the slepton sector is the tau trilinear
coupling A⌧ , which, along with At and Ab and all other
parameters, we will take to be real.

B. Higgs Spectrum

The physical Higgs spectrum of the MSSM consists of
two neutral scalar bosons h and H, one neutral pseu-
doscalar A, and a pair of charged Higgs bosons H±. At
tree level, the full spectrum is determined by only two
real parameters: the mass of the pseudoscalar Higgs,
MA, and the ratio of the two vacuum expectation val-
ues, tan� = t� = vu/vd, with v

2
u
+v

2
d
= v

2 = 1742 GeV2.
In the so-called decoupling limit, M2

A
� M

2
W
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of the Higgs bosons, A, H and H
±, are

M
2
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' M
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A
, M
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2
A
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2
W

. (3)

1
Note that while b1 and b2 have to be real due to hermiticity of

the squark masses, b3 can in principle be complex. Indeed, as

shown in [93], a tiny phase for b3 is always generated during RGE

running.

In this limit, the mass of the lightest Higgs h is given at
tree level by

M
2
h
' M

2
Z
cos 2� . (4)

As is well known, moderate or large values of tan� and
large 1-loop corrections are required to lift Mh up to phe-
nomenologically viable values. Moreover, at large tan�,
the sbottom and stau 1-loop corrections can lower Mh by
a few GeV, which cannot be neglected given the current
Higgs mass precision data. The dominant stop, sbottom,
and stau loop contributions for large tan� read
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where Xt = At � µ/ tan� ⇡ At for large tan�, and
m

t̃
, m

b̃
and m⌧̃ are the average stop, sbottom, and stau

masses, respectively. The stop loop corrections, reported
in the first line of (5), are maximized for At '

p
6m

t̃
.

The contributions from the sbottom and stau loops, in
the second and third lines, always reduce the light Higgs
mass and can be particularly important for large tan�,
large values of the Higgsino mass parameter, µ, and light
sbottom or stau masses [97]. The ✏i factors come from
an all-order resummation of tan� enhanced corrections
to the Higgs–fermion couplings and are discussed in detail
in Sec. II C.
The couplings of the lightest Higgs to SM fermions

and gauge bosons are mainly controlled by tan� and the
angle ↵ that diagonalizes the mass matrix of the two
scalar Higgs bosons. If

↵ = � � ⇡/2 , (8)

the couplings of h are exactly SM-like. At the tree level,
Eq. (8) holds up to corrections of order M

2
Z
/(t�M2

A
).

Correspondingly, for large tan� and moderately heavy
MA, the couplings of h are already SM-like to a good
approximation. At 1-loop, Eq. (8) gets corrected by an
additional term ⇠ �7v

2
/M

2
A
, where �7 is a loop-induced

quartic Higgs coupling that reads
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The contributions from the sbottom and stau loops, in
the second and third lines, always reduce the light Higgs
mass and can be particularly important for large tan�,
large values of the Higgsino mass parameter, µ, and light
sbottom or stau masses [97]. The ✏i factors come from
an all-order resummation of tan� enhanced corrections
to the Higgs–fermion couplings and are discussed in detail
in Sec. II C.
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calculated using FeynHiggs 2.18.1 and allowing an uncertainty of 1.5 GeV, on the dark
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Figure 9: Calculations of spin-independent WIMP-nucleon scattering for points along the

dark matter strips for tan � = 5, 20, 40, 50, 55 and 56 with A0 = 0 and µ > 0 compared with
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2� LZ sensitivities.

18



10-48

10-47

10-46

10-45

10-44

10-43

101 102 103 104

S
I 

σ
[c

m
2
]

mχ [GeV]

tanβ=5, A0=0, µ>0

LZ(2022)

10-48

10-47

10-46

10-45

10-44

10-43

101 102 103 104

S
I 

σ
[c

m
2
]

mχ [GeV]

tanβ=20, A0=0, µ>0

LZ(2022)

10-48

10-47

10-46

10-45

10-44

10-43

101 102 103 104

S
I 

σ
[c

m
2
]

mχ [GeV]

tanβ=40, A0=0, µ>0

LZ(2022)

10-48

10-47

10-46

10-45

10-44

10-43

101 102 103 104

S
I 

σ
[c

m
2
]

mχ [GeV]

tanβ=50, A0=0, µ>0

LZ(2022)

10-48

10-47

10-46

10-45

10-44

10-43

10-42

101 102 103 104

S
I 

σ
[c

m
2
]

mχ [GeV]

tanβ=55, A0=0, µ>0

LZ(2022)

10-48

10-47

10-46

10-45

10-44

10-43

10-42

101 102 103 104
S

I 
σ

[c
m

2
]

mχ [GeV]

tanβ=56, A0=0, µ>0

LZ(2022)

Figure 9: Calculations of spin-independent WIMP-nucleon scattering for points along the

dark matter strips for tan � = 5, 20, 40, 50, 55 and 56 with A0 = 0 and µ > 0 compared with

the LUX-ZEPLIN upper limit (solid black line). The green and yellow bands are the 1� and

2� LZ sensitivities.

18



10-2

10-1

100

 600  800  1000  1200

∆
χ

2
d
S

p
h

mχ [GeV]

tanβ=5, A0=0, µ>0

10-2

10-1

100

 600  800  1000  1200

∆
χ

2
d
S

p
h

mχ [GeV]

tanβ=20, A0=0, µ>0

10-4

10-3

10-2

10-1

100

 0  1000  2000  3000  4000  5000

∆
χ

2
d
S

p
h

mχ [GeV]

tanβ=40, A0=0, µ>0

10-4

10-3

10-2

10-1

100

101

 0  1000  2000  3000  4000  5000

∆
χ

2
d
S

p
h

mχ [GeV]

tanβ=50, A0=0, µ>0

10-2

10-1

100

101

 0  200  400  600  800  1000  1200  1400  1600

∆
χ

2
d
S

p
h

mχ [GeV]

tanβ=55, A0=0, µ>0

10-2

10-1

100

101

 0  200  400  600  800  1000  1200  1400  1600

∆
χ

2
d
S

p
h

mχ [GeV]

tanβ=56, A0=0, µ>0

Figure 11: Contributions to the global �
2
likelihood function from a comparison of the Fermi-

LAT upper limit on the flux of �-rays from dwarf spheroidal satellite galaxies with calculations

for points along the dark matter strips for tan � = 5, 20, 40, 50, 55 and 56 with A0 = 0 and

µ > 0.

23



 8000

 10000

 12000

 14000

 16000

 18000

 20000

 22000

 24000

 0  2000  4000  6000  8000  10000

m
0
 [
G

e
V

]

m1/2 [GeV]

tanβ=5, A0=0, µ>0 

 5000

 6000

 7000

 8000

 9000

 10000

 11000

 12000

 13000

 14000

 15000

 0  1000  2000  3000  4000  5000  6000  7000

m
0
 [
G

e
V

]

m1/2 [GeV]

tanβ=20, A0=0, µ>0 

 4000

 6000

 8000

 10000

 12000

 14000

 16000

 18000

 20000

 1000  3000  5000  7000  9000  11000

m
0
 [
G

e
V

]

m1/2 [GeV]

tanβ=40, A0=0, µ>0 

 4000

 6000

 8000

 10000

 12000

 14000

 16000

 18000

 20000

 0  2000  4000  6000  8000  10000

m
0
 [
G

e
V

]

m1/2 [GeV]

tanβ=50, A0=0, µ>0 

Figure 14: The portions of the dark matter strips for tan � = 5, 20, 40 and 50, calculated
assuming A0 = 0 and µ > 0, that are allowed by all the constraints, assuming an uncertainty

of 1.5 GeV in the calculation of mh. There are no allowed regions for tan � = 55 or 56.

A0/m0 is increased, there is increased splitting in the squark sector, and most notably, one
of the stop masses becomes relatively light and comparable to the LSP mass allowing for the
possibility that LSP-stop coannihilations determine the relic density [5, 46, 48]. When this
occurs, there is again a thin dark matter strip adjacent to the boundary of the region where
the light stop becomes the LSP. At still higher m0, the lighter stop becomes tachyonic.
Examples of the stop coannihilation strips for the representative choice A0/m0 = 3 with
tan � = 5 and tan � = 20 are shown in the top left panels of Figs. 16 and 17. Along
these strips, the complicated interplay of dark matter mechanisms such as annihilation via
s-channel resonances, well-tempered neutralino composition, etc., does not recur, and there
are no other dark matter strips of interest. The uncertainty in the FeynHiggs 2.18.1
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Figure 6: The lighter stop mass along the dark matter strips for tan � =
5, 20, 40, 50, 55 and 56, with A0 = 0 and µ > 0.
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Neutralino DM is *well*  studied in CMSSM

The combination of Higgs mass bound and direct DM 

searches can be fulfilled in large parts of the parameter 

space, BUT well beyond the LHC reach  

The indirect searches gamma and neutrino  fluxes do not 

constraint the parameter space

Recap  for neutralinos



Gravitino as DM
Gravitino is the s=3/2 superpartner of graviton. Naturally is in the spectrum of 
any SUGRA model [Ellis, Hagelin, Nanopoulos, Olive, Srednicki (1983), Khlopov, Linde (1984)]  

The “classic” freeze-in DM candidate particle   

Naturally escapes all the direct and indirect DM searches

 Can be produced non-thermally: (i) inflaton decays [Giudice, Riotto, Tkachev (1999); Kallosh, Kofman, 

Linde, Van Proeyen (2000); Nilles, Peloso, Sorbo (2001), Endo, Kawasaki, Takahashi, Yanagida (2006)] (ii) decays from unstable 
particles, eg NLSP decays in GDM models [Cyburt, Ellis, Field, Olive, VSC (2006); Kawasaki, Kohri, Moroi, 

Yotsuyanagi (2008)]

In the later case the BBN constraints should be applied [Cyburt, Ellis, Field, Luo, Olive, VSC (2012)]

In any case the thermal gravitino production rate is vital to apply cosmological 
constraints 



Effective theory of light gravitinos, only 1/2 goldstino components 
[Ellis, Kim, Nanopoulos (1984); Moroi, Murayama, Yamagushi, Kawasaki (1993,1994) ]

Use of the Braaten, Pisarksi, Yan method including 3/2 components 
[Ellis, Nanopoulos, Olive, Rey (1996), Bolz, Buchmuller, Plumacher, Brandenburger (1998,2001); Pedlar, Steffen (2007) ]

1-loop calculation beyond the HTL approximation [Rychkov, Strumia (2007)]

Our calculation: error corrections and proper parametrization  of the 

result  [Eberl, Gialamas, VCS (2021)] 

More improvements in the calculation will come  [Eberl, Gialamas, VCS (2022) to 

appear]

Background of the calculation



The setup of the calculation

The Braaten-Yuan prescription   

Hard part is calculated from squared matrix elements 

7

FIG. 3. The cosmologically accepted 3� regions for the gravitino thermal abundance, for various values of the m1/2 between
750 GeV and 4 TeV. The trilinear coupling At has been ignored and the top Yukawa coupling is �t = 0.7.
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where ⇢cr = 3H2
0M

2
P is the critical energy density. H0 = 100h km/(sMpc) is the Hubble constant and T0 = 2.725K

the cosmic microwave background temperature today. The entropy degrees of freedom at the associated temperatures
are g⇤s(T0) = 43/11 and g⇤s(Treh) = 915/4. The last number equals to the e↵ective energy degrees of freedom for
H(Treh) in the MSSM too. Fig. 3 illustrates the 3� regions resulting from (19), for various values of m1/2. In this
figure the trilinear coupling At has been ignored and the top Yukawa coupling is �t = 0.7, as previously. As before,
gauge coupling unification is assumed, as well as a universal gaugino mass m1/2 at the GUT scale.

For large gravitino mass the reheating temperature is m1/2 independent, as the characteristic factor m2
�N

/(3m2
3/2)

becomes negligible for m1/2 ⌧ m3/2. Assuming that m1/2 & 750 GeV, as it is suggested by the recent LHC
data [52, 53] on gluino searches, from Fig. 3 we infer that for maximum Treh ' 109 GeV the corresponding gravitino
mass is m3/2 ' 550 GeV. Allowing for a reheating temperature an order of magnitude smaller, Treh ' 108 GeV, for
the same gravitino mass, m1/2 can go up to 3� 4 TeV.

Conclusions.– In this Letter we have calculated the gravitino thermal abundance, using the full one-loop thermally
corrected gravitino self-energy. Having rectified the main analytical formulae for the gravitino production rate, we
have computed it numerically without approximation. We o↵er a simple and useful parametrization of our final result.
In the context of minimal supergravity models, assuming gaugino mass unification, we have updated the bounds on
the reheating temperature for certain gravitino masses. In particular, saturating the current LHC gluino mass limit
mg̃ & 2100 GeV, we find that a maximum reheating temperature Treh ' 109 GeV is compatible to a gravitino mass
m3/2 ' 500� 600 GeV.

It should be noted that, trying to constrain the reheating temperature by applying the cosmological data on gravitino
DM scenarios, illuminates us whether thermal leptogenesis is a possible mechanism for generating baryon asymmetry
or not. Successful thermal leptogenesis requires high temperature, Treh & 2 ⇥ 109 GeV [54–56], which is marginally
bigger than the maximum reheating temperature obtained in our model using the lowest m1/2 mass demonstrated
in the recent LHC data [52, 53]. In any case, there are many alternative models for baryogenesis. In addition, as it
has been pointed out before, the thermal gravitino abundance is in general a part of the whole DM density and the
inclusion of other components will a↵ect the phenomenological analysis.

� = �|hard + �|soft (20)

|M(a b ! c eG)|2 (21)

Soft part is calculated from Imaginary part of the  gravitino self-energy 
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In the context of minimal supergravity models, assuming gaugino mass unification, we have updated the bounds on
the reheating temperature for certain gravitino masses. In particular, saturating the current LHC gluino mass limit
mg̃ & 2100 GeV, we find that a maximum reheating temperature Treh ' 109 GeV is compatible to a gravitino mass
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It should be noted that, trying to constrain the reheating temperature by applying the cosmological data on gravitino
DM scenarios, illuminates us whether thermal leptogenesis is a possible mechanism for generating baryon asymmetry
or not. Successful thermal leptogenesis requires high temperature, Treh & 2 ⇥ 109 GeV [54–56], which is marginally
bigger than the maximum reheating temperature obtained in our model using the lowest m1/2 mass demonstrated
in the recent LHC data [52, 53]. In any case, there are many alternative models for baryogenesis. In addition, as it
has been pointed out before, the thermal gravitino abundance is in general a part of the whole DM density and the
inclusion of other components will a↵ect the phenomenological analysis.
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Beyond the HTL approx

Calculate the full 1-loop gravitino self-energy beyond 
HTL approximation

Calculate the so-called subtracted part of the |M|2  [Rychkov, 

Strumia (2007)]

The subtracted part of the squared  amplitude is this that cannot

be part of the gravitino self-energy 
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This process is named F in Table 1 in [? ].
There are three Feynman diagrams, with a g propagator in the s-channel (1), t-channel (2) and u-channel (3), all
connected by crossing symmetries. Here one has to be careful because M2 gets an additional minus sign from the
fermionic statistics.

M1 = � gs

4MPs
fabcv̄(k2)�µu(k1)ū(p1)�

⇢[/k1 + /k2, �
µ]v⇢(p2) , (27)

M2 =
gs

4MPt
fabcū(p1)�µu(k1)v̄(k2)�

⇢[/p1 � /k1, �
µ]v⇢(p2) , (28)

M3 = � gs

4MPu
fabcū(p1)�µu(k2)v̄(k1)�

⇢[/k2 � /p1, �
µ]v⇢(p2) . (29)

3. Amplitudes for gg ! g̃ eG

gaµ

gbν

g̃c

˜Gρ

gcλ
+

gaµ g̃c

˜Gρgbν

g̃b + g̃a

gaµ

gbν
˜Gρ

g̃c

+

˜Gρ
gbν

gaµ g̃c

FIG. 4. Feynman graphs for the process gg ! g̃ eG .

This process is named A in Table 1 in [? ].
There are four Feynman diagrams, (1): with the four-point interaction, (2): with a g propagator in the s-channel,
(3): a g̃ propagator in the t-channel, and (4): a g̃ propagator in the u-channel,

M1 = � gs

4MP

fabcū(p1)�
⇢[�µ

, �
⌫ ]v⇢(p2)✏µ(k1)✏⌫(k2) . (30)

M2 =
gs

4MPs
fabcV

µ⌫�(k1, k2,�k1�k2)ū(p1)�
⇢[/k1 + /k2, ��]v⇢(p2)✏µ(k1)✏⌫(k2) , (31)

M3 =
gs

4MP

fabc

t�m
2

g̃

ū(p1)�
µ(/k2 � /p2 +mg̃)�

⇢[/k2, �
⌫ ]v⇢(p2)✏µ(k1)✏⌫(k2) , (32)

M4 = � gs

4MP

fabc

u�m
2

g̃

ū(p1)�
⌫(/k1 � /p2 +mg̃)�

⇢[/k1, �
µ]v⇢(p2)✏µ(k1)✏⌫(k2) . (33)

ηa

η̄b

g̃c

˜Gρ

gcµ
+

η̄b

gcµ

ηa g̃c

˜Gρ

FIG. 5. Feynman graphs with FP-ghosts in the ⇠ = 1 gauge for the process A.

For the ⇠ = 1 gauge we also need the matrix elements with the incoming FP-ghosts for the gluon. There are two
graphs possible,

M⌘ =
gs

4MP

fabcū(p1)�
⇢[/k1 + /k2, /k2]v⇢(p2) , (34)

related to 

which is part of 

3

processes A and B. Noting that in [26] the subtracted part
for the processes H and J is also non-zero, we assume that
the authors had used the squark-squark-gluino-goldstino
Feynman rule as given in [22], where a factor �5 is indeed
missing. In contrast we are using the correct Feynman
rule as given in [27].

To calculate the subtracted rate for the processes a b !
c eG, we use the general form

� =
1

(2⇡)8

Z
d3pa

2Ea

d3pb

2Eb

d3pc

2Ec

d3peG
2EeG

|M|2 fa fb (1± fc)

⇥ �
4(Pa + Pb � Pc � PeG) ,

(6)
where the fi stands for the usual Bose and Fermi statis-
tical densities

fB|F =
1

e
E
T ⌥ 1

. (7)

In the temperature range of interest all particles but the
gravitino are in thermal equilibrium. For the gravitino
the statistical factor feG is negligible. Thus 1 � feG ' 1,
as it is already used in (6). Furthermore, backward
reactions are neglected. In addition, the simplification
1± fc ' 1 is usually applied, making the analytic calcu-
lation of (6) possible. In our case there is no such reason.
We keep the factor 1 ± fc and consequently we proceed
calculating the subtracted rate numerically [36].

The contribution of the processes A and B, for each
gauge group, can be read from Table I as

|MA,sub|2+|MB,sub|2 =
g
2
N

M
2
P

 
1 +

m
2
�N

3m2
3/2

!
CN (�s+2t) .

(8)
In (8) a factor 1/2 is already included for the process A
due to the 2 identical incoming particles. Substituting
(8) in (6), the subtracted rate is obtained as

�sub =
T

6

M
2
P

3X

N=1

g
2
N

 
1 +

m
2
�N

3m2
3/2

!
CN

�
�Cs

BBF + 2 Ct
BFB

�
.

(9)

The numerical factors, calculated by using the
Cuba library [37], are Cs

BBF = 0.25957 ⇥ 10�3 and
Ct

BFB = �0.13286⇥10�3
. The subscripts B and F specify

if the particles are bosons or fermions respectively and
the superscripts determine if the squared amplitude is
proportional to s or t. It is easy to see that our result for
the subtracted part unlike in [26] is negative. This is not
unphysical, since the total rate and not the subtracted
one is bound to be positive.

The D�graph contribution.– As it has been discussed
above, Eq. (3) describes the relation between the
D�graph and the sum of the squared amplitudes for

G~ G~K

QP

g~

g

FIG. 1. The one-loop thermally corrected gravitino self-
energy (D�graph) for the case of SU(3)c. The thick gluon
and gluino lines denote resummed thermal propagators. In
our calculation we have taken also into account the equiva-
lent in SU(2)L and U(1)Y .

the s, t, and u channels. In the D�graph contribu-
tion we will implement the resummed thermal correc-
tions to the gauge boson and gaugino propagators [38].
Although in Fig. 1 the gluino-gluon thermal loop is dis-
played, the contributions of all the gauge groups have
been included in our analysis. The momentum flow used
to calculate the D�graph can be depicted in Fig. 1. That
is eG(P ) ! g(K) + g̃(Q), with P = (p, p, 0, 0) , K =
(k0, k cos ✓k, k sin ✓k, 0) and Q = (q0, q cos ✓q, q sin ✓q, 0),
where ✓k,q are the polar angles of the corresponding 3-
momenta k,q in spherical coordinates.

The non-time-ordered gravitino self-energy ⇧<(P ) can
be expressed in terms of the thermally resummed gaugino
⇤
S
<(Q) and gauge boson ⇤

D
<
µ⌫(K) propagators as [21,

26]

⇧<(P ) =
1

16M2
P

3X

N=1

nN

 
1 +

m
2
�N

3m2
3/2

!Z
d4K

(2⇡)4
Tr
⇥
/P [ /K, �

µ] ⇤S<(Q)[ /K, �
⌫ ] ⇤D<

µ⌫(K)
⇤
, (10)

where

⇤
S
<(Q) =

fF (q0)

2
[(�0 � � · q/q) ⇢+(Q) + (�0 + � · q/q) ⇢�(Q)] ,

⇤
D

<
µ⌫(K) = fB(k0)


⇧T

µ⌫ ⇢T (K) +⇧L
µ⌫

k
2

K2
⇢L(K) + ⇠

KµK⌫

K4

�
, (11)

with ⇠ being the gauge parameter, taken ⇠ = 1 [35] in our calculation and nN = {1, 3, 8}. ⇧L
µ⌫ , ⇧

T
µ⌫ , ⇢L,T and ⇢± are

the longitudinal, the transverse projectors and the spectral densities for the bosons and fermions, respectively. To

where thick lines denote resumed thermal propagators 
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TABLE I. Squared matrix elements for gravitino production
in SU(3)c in terms of g23 Y3/M

2
P assuming massless particles,

Y3 = 1 +m2
g̃/(3m

2
3/2), C3 = 24 and C0

3 = 48.

X process |MX,full|2 |MX,sub|2

A gg ! g̃ eG 4C3(s+ 2t+ 2t2/s) �2sC3

B gg̃ ! g eG �4C3(t+ 2s+ 2s2/t) 2tC3

C q̃g ! q eG 2sC0
3 0

D gq ! q̃ eG �2tC0
3 0

E q̃q ! g eG �2tC0
3 0

F g̃g̃ ! g̃ eG 8C3(s
2 + t2 + u2)2/(stu) 0

G qg̃ ! q eG �4C0
3(s+ s2/t) 0

H q̃g̃ ! q̃ eG �2C0
3(t+ 2s+ 2s2/t) 0

I qq̃ ! g̃ eG �4C0
3(t+ t2/s) 0

J q̃q̃ ! g̃ eG 2C0
3(s+ 2t+ 2t2/s) 0

The setup.– As the gravitino is the superpartner of the
graviton, its interactions are suppressed by the inverse
of the reduced Planck mass MP = (8⇡G)�1/2. Hence,
the dominant contributions to its production, in leading
order of the gauge group couplings, are processes of the
form a b ! c eG, where eG stands for gravitino and a, b, c
can be three superpartners or one superpartner and two
SM particles. The possible processes and the correspond-
ing squared amplitudes in SU(3)c are given in Table I,
where for their denotation by the letters A to J we follow
the “historical” notation of [14]. In SU(3)c the particles
a, b and c could be gluons g, gluinos g̃, quarks q or/and
squarks q̃. Analogous processes happen in SU(2)L or
U(1)Y , where the gluino mass mg̃ ⌘ M3 becomes M2 or
M1, respectively. In the factor YN ⌘ 1 +m

2
�N

/(3m2
3/2),

where m�N = {M1,M2,M3} and m3/2 is the gravitino
mass, the unity is related to the 3/2 gravitino compo-
nents and the rest to the 1/2 goldstino part. For the
calculation of the spin 3/2 part in the amplitudes, fol-
lowing [26], we have employed the gravitino polarization
sum

⇧3/2
µ⌫ (P ) =

X

i=±3/2

 (i)
µ  

(i)
⌫ = �1

2
�µ /P�⌫ � /Pgµ⌫ , (1)

where  µ is the gravitino spinor and P its momentum.
As in [26], for the goldstino spin 1/2 part the non-
derivative approach is used [18, 27]. The result for the full
squared amplitude has been proved to be the same, either
in the derivative or the non-derivative approach [34].

The Casimir operators in Table I are CN =P
a,b,c |fabc|2 = N(N2 � 1) = {0, 6, 24} and C

0
N =

P�
a,i,j |T a

ij |2 = {11, 21, 48}, where
P�

a,i,j denotes the sum

over all involved chiral multiplets and group indices. fabc

and T
a are the group structure constants and generators,

respectively. Processes A, B and F are not present in

U(1)Y because C1 = 0. The masses for the particles a,
b and c are assumed to be zero. In the third column of
Table I we present for each process the square of the full
amplitude, which is the sum of individual amplitudes,

|MX,full|2 = |MX,s +MX,t +MX,u +MX,x|2 , (2)

where the indices s, t, u indicate the diagrams which
are generated by the exchange of a particle in the corre-
sponding channel and the index x stands for the diagram
involving a quartic vertex. The so-called D�graph, fol-
lowing the terminology of [26], is illustrated in Fig. 1 for
the case of the gluino-gluon loop. Its contribution is the
sum of the squared amplitudes for the s, t and u channel
graphs,

|MX,D|2 = |MX,s|2 + |MX,t|2 + |MX,u|2 , (3)

plus 1 ! 2 processes. This can be understood, by apply-
ing the optical theorem. Hence, from the imaginary part
of the loop graphs one computes the sum of the decays
(1 ! 2) and the scattering amplitudes (2 ! 2). In our
case, we use resummed thermal propagators for the gauge
boson and gaugino and by applying cutting rules one sees
that D�graph describes both the scattering amplitudes
appearing in (3) and decay amplitudes.
The subtracted part of the squared amplitudes is the

di↵erence between the full amplitudes (2) and the ampli-
tudes already included in the D�graph (3), that is

|MX,sub|2 = |MX,full|2 � |MX,D|2 . (4)

For the processes B, F, G and H the corresponding
amplitudes are IR divergent. For this reason we fol-
low the more elegant method comprising the separa-
tion of the total scattering rate into two parts, the sub-
tracted and the D�graph part. It is worth to mention
that for the processes with incoming or/and outgoing
gauge bosons, we have checked explicitly the gauge in-
variance for |MX,full|2. On the other hand, we note that
|MX,sub|2 is gauge dependent [35].
To sum up, the gravitino production rate �3/2 con-

sists of three parts: (i) the subtracted rate �sub (ii) the
D�graph contribution �D and (iii) the top Yukawa rate
�top,

�3/2 = �sub + �D + �top . (5)

Below, these three contributions are discussed in detail.

The subtracted rate.– In the fourth column of Table I
we present the so-called subtracted part (4), which is
the sum of the interference terms among the four types
of diagrams (s, t, u, x), plus the x-diagram squared, for
each process. The subtracted part is non-zero only for the

=

X:

(D-graph)

2

TABLE I. Squared matrix elements for gravitino production
in SU(3)c in terms of g23 Y3/M

2
P assuming massless particles,

Y3 = 1 +m2
g̃/(3m

2
3/2), C3 = 24 and C0

3 = 48.

X process |MX,full|2 |MX,sub|2

A gg ! g̃ eG 4C3(s+ 2t+ 2t2/s) �2sC3

B gg̃ ! g eG �4C3(t+ 2s+ 2s2/t) 2tC3

C q̃g ! q eG 2sC0
3 0

D gq ! q̃ eG �2tC0
3 0

E q̃q ! g eG �2tC0
3 0

F g̃g̃ ! g̃ eG 8C3(s
2 + t2 + u2)2/(stu) 0

G qg̃ ! q eG �4C0
3(s+ s2/t) 0

H q̃g̃ ! q̃ eG �2C0
3(t+ 2s+ 2s2/t) 0

I qq̃ ! g̃ eG �4C0
3(t+ t2/s) 0

J q̃q̃ ! g̃ eG 2C0
3(s+ 2t+ 2t2/s) 0

The setup.– As the gravitino is the superpartner of the
graviton, its interactions are suppressed by the inverse
of the reduced Planck mass MP = (8⇡G)�1/2. Hence,
the dominant contributions to its production, in leading
order of the gauge group couplings, are processes of the
form a b ! c eG, where eG stands for gravitino and a, b, c
can be three superpartners or one superpartner and two
SM particles. The possible processes and the correspond-
ing squared amplitudes in SU(3)c are given in Table I,
where for their denotation by the letters A to J we follow
the “historical” notation of [14]. In SU(3)c the particles
a, b and c could be gluons g, gluinos g̃, quarks q or/and
squarks q̃. Analogous processes happen in SU(2)L or
U(1)Y , where the gluino mass mg̃ ⌘ M3 becomes M2 or
M1, respectively. In the factor YN ⌘ 1 +m

2
�N

/(3m2
3/2),

where m�N = {M1,M2,M3} and m3/2 is the gravitino
mass, the unity is related to the 3/2 gravitino compo-
nents and the rest to the 1/2 goldstino part. For the
calculation of the spin 3/2 part in the amplitudes, fol-
lowing [26], we have employed the gravitino polarization
sum

⇧3/2
µ⌫ (P ) =

X

i=±3/2

 (i)
µ  

(i)
⌫ = �1

2
�µ /P�⌫ � /Pgµ⌫ , (1)

where  µ is the gravitino spinor and P its momentum.
As in [26], for the goldstino spin 1/2 part the non-
derivative approach is used [18, 27]. The result for the full
squared amplitude has been proved to be the same, either
in the derivative or the non-derivative approach [34].

The Casimir operators in Table I are CN =P
a,b,c |fabc|2 = N(N2 � 1) = {0, 6, 24} and C

0
N =

P�
a,i,j |T a

ij |2 = {11, 21, 48}, where
P�

a,i,j denotes the sum

over all involved chiral multiplets and group indices. fabc

and T
a are the group structure constants and generators,

respectively. Processes A, B and F are not present in

U(1)Y because C1 = 0. The masses for the particles a,
b and c are assumed to be zero. In the third column of
Table I we present for each process the square of the full
amplitude, which is the sum of individual amplitudes,

|MX,full|2 = |MX,s +MX,t +MX,u +MX,x|2 , (2)

where the indices s, t, u indicate the diagrams which
are generated by the exchange of a particle in the corre-
sponding channel and the index x stands for the diagram
involving a quartic vertex. The so-called D�graph, fol-
lowing the terminology of [26], is illustrated in Fig. 1 for
the case of the gluino-gluon loop. Its contribution is the
sum of the squared amplitudes for the s, t and u channel
graphs,

|MX,D|2 = |MX,s|2 + |MX,t|2 + |MX,u|2 , (3)

plus 1 ! 2 processes. This can be understood, by apply-
ing the optical theorem. Hence, from the imaginary part
of the loop graphs one computes the sum of the decays
(1 ! 2) and the scattering amplitudes (2 ! 2). In our
case, we use resummed thermal propagators for the gauge
boson and gaugino and by applying cutting rules one sees
that D�graph describes both the scattering amplitudes
appearing in (3) and decay amplitudes.
The subtracted part of the squared amplitudes is the

di↵erence between the full amplitudes (2) and the ampli-
tudes already included in the D�graph (3), that is

|MX,sub|2 = |MX,full|2 � |MX,D|2 . (4)

For the processes B, F, G and H the corresponding
amplitudes are IR divergent. For this reason we fol-
low the more elegant method comprising the separa-
tion of the total scattering rate into two parts, the sub-
tracted and the D�graph part. It is worth to mention
that for the processes with incoming or/and outgoing
gauge bosons, we have checked explicitly the gauge in-
variance for |MX,full|2. On the other hand, we note that
|MX,sub|2 is gauge dependent [35].
To sum up, the gravitino production rate �3/2 con-

sists of three parts: (i) the subtracted rate �sub (ii) the
D�graph contribution �D and (iii) the top Yukawa rate
�top,

�3/2 = �sub + �D + �top . (5)

Below, these three contributions are discussed in detail.

The subtracted rate.– In the fourth column of Table I
we present the so-called subtracted part (4), which is
the sum of the interference terms among the four types
of diagrams (s, t, u, x), plus the x-diagram squared, for
each process. The subtracted part is non-zero only for the

Thus

For example if 
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TABLE I. Squared matrix elements for gravitino production
in SU(3)c in terms of g23 Y3/M

2
P assuming massless particles,

Y3 = 1 +m2
g̃/(3m

2
3/2), C3 = 24 and C0

3 = 48.

X process |MX,full|2 |MX,sub|2

A gg ! g̃ eG 4C3(s+ 2t+ 2t2/s) �2sC3

B gg̃ ! g eG �4C3(t+ 2s+ 2s2/t) 2tC3

C q̃g ! q eG 2sC0
3 0

D gq ! q̃ eG �2tC0
3 0

E q̃q ! g eG �2tC0
3 0

F g̃g̃ ! g̃ eG 8C3(s
2 + t2 + u2)2/(stu) 0

G qg̃ ! q eG �4C0
3(s+ s2/t) 0

H q̃g̃ ! q̃ eG �2C0
3(t+ 2s+ 2s2/t) 0

I qq̃ ! g̃ eG �4C0
3(t+ t2/s) 0

J q̃q̃ ! g̃ eG 2C0
3(s+ 2t+ 2t2/s) 0

The setup.– As the gravitino is the superpartner of the
graviton, its interactions are suppressed by the inverse
of the reduced Planck mass MP = (8⇡G)�1/2. Hence,
the dominant contributions to its production, in leading
order of the gauge group couplings, are processes of the
form a b ! c eG, where eG stands for gravitino and a, b, c
can be three superpartners or one superpartner and two
SM particles. The possible processes and the correspond-
ing squared amplitudes in SU(3)c are given in Table I,
where for their denotation by the letters A to J we follow
the “historical” notation of [14]. In SU(3)c the particles
a, b and c could be gluons g, gluinos g̃, quarks q or/and
squarks q̃. Analogous processes happen in SU(2)L or
U(1)Y , where the gluino mass mg̃ ⌘ M3 becomes M2 or
M1, respectively. In the factor YN ⌘ 1 +m

2
�N

/(3m2
3/2),

where m�N = {M1,M2,M3} and m3/2 is the gravitino
mass, the unity is related to the 3/2 gravitino compo-
nents and the rest to the 1/2 goldstino part. For the
calculation of the spin 3/2 part in the amplitudes, fol-
lowing [26], we have employed the gravitino polarization
sum

⇧3/2
µ⌫ (P ) =

X

i=±3/2

 (i)
µ  

(i)
⌫ = �1

2
�µ /P�⌫ � /Pgµ⌫ , (1)

where  µ is the gravitino spinor and P its momentum.
As in [26], for the goldstino spin 1/2 part the non-
derivative approach is used [18, 27]. The result for the full
squared amplitude has been proved to be the same, either
in the derivative or the non-derivative approach [34].

The Casimir operators in Table I are CN =P
a,b,c |fabc|2 = N(N2 � 1) = {0, 6, 24} and C

0
N =

P�
a,i,j |T a

ij |2 = {11, 21, 48}, where
P�

a,i,j denotes the sum

over all involved chiral multiplets and group indices. fabc
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U(1)Y because C1 = 0. The masses for the particles a,
b and c are assumed to be zero. In the third column of
Table I we present for each process the square of the full
amplitude, which is the sum of individual amplitudes,

|MX,full|2 = |MX,s +MX,t +MX,u +MX,x|2 , (2)

where the indices s, t, u indicate the diagrams which
are generated by the exchange of a particle in the corre-
sponding channel and the index x stands for the diagram
involving a quartic vertex. The so-called D�graph, fol-
lowing the terminology of [26], is illustrated in Fig. 1 for
the case of the gluino-gluon loop. Its contribution is the
sum of the squared amplitudes for the s, t and u channel
graphs,

|MX,D|2 = |MX,s|2 + |MX,t|2 + |MX,u|2 , (3)

plus 1 ! 2 processes. This can be understood, by apply-
ing the optical theorem. Hence, from the imaginary part
of the loop graphs one computes the sum of the decays
(1 ! 2) and the scattering amplitudes (2 ! 2). In our
case, we use resummed thermal propagators for the gauge
boson and gaugino and by applying cutting rules one sees
that D�graph describes both the scattering amplitudes
appearing in (3) and decay amplitudes.
The subtracted part of the squared amplitudes is the

di↵erence between the full amplitudes (2) and the ampli-
tudes already included in the D�graph (3), that is

|MX,sub|2 = |MX,full|2 � |MX,D|2 . (4)

For the processes B, F, G and H the corresponding
amplitudes are IR divergent. For this reason we fol-
low the more elegant method comprising the separa-
tion of the total scattering rate into two parts, the sub-
tracted and the D�graph part. It is worth to mention
that for the processes with incoming or/and outgoing
gauge bosons, we have checked explicitly the gauge in-
variance for |MX,full|2. On the other hand, we note that
|MX,sub|2 is gauge dependent [35].
To sum up, the gravitino production rate �3/2 con-

sists of three parts: (i) the subtracted rate �sub (ii) the
D�graph contribution �D and (iii) the top Yukawa rate
�top,

�3/2 = �sub + �D + �top . (5)

Below, these three contributions are discussed in detail.

The subtracted rate.– In the fourth column of Table I
we present the so-called subtracted part (4), which is
the sum of the interference terms among the four types
of diagrams (s, t, u, x), plus the x-diagram squared, for
each process. The subtracted part is non-zero only for the
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The setup.– As the gravitino is the superpartner of the
graviton, its interactions are suppressed by the inverse
of the reduced Planck mass MP = (8⇡G)�1/2. Hence,
the dominant contributions to its production, in leading
order of the gauge group couplings, are processes of the
form a b ! c eG, where eG stands for gravitino and a, b, c
can be three superpartners or one superpartner and two
SM particles. The possible processes and the correspond-
ing squared amplitudes in SU(3)c are given in Table I,
where for their denotation by the letters A to J we follow
the “historical” notation of [14]. In SU(3)c the particles
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squarks q̃. Analogous processes happen in SU(2)L or
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II. The setup

As the gravitino is the superpartner of the graviton, its interactions are suppressed by the inverse of the reduced
Planck mass MP = (8⇡G)�1/2. Hence, the dominant contributions to its production, in leading order of the gauge
group couplings, are processes of the form a b ! c eG, where eG stands for gravitino and a, b, c can be three superpartners
or one superpartner and two SM particles. The possible processes and the corresponding squared amplitudes in SU(3)c
are given in Table I, where for their denotation by the letters A to J we follow the “historical” notation of [? ]. In
SU(3)c the particles a, b and c could be gluons g, gluinos g̃, quarks q or/and squarks q̃. Analogous processes
happen in SU(2)L or U(1)Y , where the gaugino mass mg̃ ⌘ M3 becomes M2 or M1, respectively. In the factor
YN ⌘ 1 + m

2

�N
/(3m2

3/2
), where m�N = {M1,M2,M3} and m3/2 is the gravitino mass, the unity is related to the

3/2 gravitino components and the rest to the 1/2 goldstino part. For the calculation of the spin 3/2 part in the
amplitudes, following [? ], we have employed the gravitino polarization sum
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where  µ is the gravitino spinor and P its momentum. As in [? ], for the goldstino 1/2 part the non-derivative
approach is used [? ? ]. The result for the full squared amplitude has been proved to be the same, either in the
derivative or the non-derivative approach [? ].
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the group structure constants and generators, respectively. Processes A, B and F are not present in U(1)Y because
C1 = 0. The masses for the particles a, b and c are assumed to be zero. In the third column of Table I we present for
each process the square of the full amplitude, which is the sum of individual amplitudes,

|MX,full|2 = |MX,s +MX,t +MX,u +MX,x|2 , (2)

where the indices s, t, u indicate the diagrams which are generated by the exchange of a particle in the corresponding
channel and the index x stands for the diagram involving a quartic vertex. The so-called D�graph is illustrated in
Fig. 1 for the case of the gluino-gluon loop. We call it D�graph following the terminology of [? ]. Its contribution is
the sum of the squared amplitudes for the s, t and u channel graphs,

|MX,D|2 = |MX,s|2 + |MX,t|2 + |MX,u|2 . (3)

The subtracted part of the squared amplitudes is the di↵erence

|MX,sub|2 = |MX,full|2 � |MX,D|2 . (4)

For the processes B, F, G and H the corresponding amplitudes are IR divergent. For this reason we follow the more
elegant method comprising the separation of the total scattering rate into two parts, the subtracted and the D�graph
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processes A and B. Noting that in [26] the subtracted part
for the processes H and J is also non-zero, we assume that
the authors had used the squark-squark-gluino-goldstino
Feynman rule as given in [22], where a factor �5 is indeed
missing. In contrast we are using the correct Feynman
rule as given in [27].
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In the temperature range of interest all particles but the
gravitino are in thermal equilibrium. For the gravitino
the statistical factor feG is negligible. Thus 1 � feG ' 1,
as it is already used in (6). Furthermore, backward
reactions are neglected. In addition, the simplification
1± fc ' 1 is usually applied, making the analytic calcu-
lation of (6) possible. In our case there is no such reason.
We keep the factor 1 ± fc and consequently we proceed
calculating the subtracted rate numerically [36].
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due to the 2 identical incoming particles. Substituting
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The numerical factors, calculated by using the
Cuba library [37], are Cs

BBF = 0.25957 ⇥ 10�3 and
Ct

BFB = �0.13286⇥10�3
. The subscripts B and F specify

if the particles are bosons or fermions respectively and
the superscripts determine if the squared amplitude is
proportional to s or t. It is easy to see that our result for
the subtracted part unlike in [26] is negative. This is not
unphysical, since the total rate and not the subtracted
one is bound to be positive.

The D�graph contribution.– As it has been discussed
above, Eq. (3) describes the relation between the
D�graph and the sum of the squared amplitudes for
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FIG. 1. The one-loop thermally corrected gravitino self-
energy (D�graph) for the case of SU(3)c. The thick gluon
and gluino lines denote resummed thermal propagators. In
our calculation we have taken also into account the equiva-
lent in SU(2)L and U(1)Y .

the s, t, and u channels. In the D�graph contribu-
tion we will implement the resummed thermal correc-
tions to the gauge boson and gaugino propagators [38].
Although in Fig. 1 the gluino-gluon thermal loop is dis-
played, the contributions of all the gauge groups have
been included in our analysis. The momentum flow used
to calculate the D�graph can be depicted in Fig. 1. That
is eG(P ) ! g(K) + g̃(Q), with P = (p, p, 0, 0) , K =
(k0, k cos ✓k, k sin ✓k, 0) and Q = (q0, q cos ✓q, q sin ✓q, 0),
where ✓k,q are the polar angles of the corresponding 3-
momenta k,q in spherical coordinates.
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with ⇠ being the gauge parameter, taken ⇠ = 1 [35] in our calculation and nN = {1, 3, 8}. ⇧L
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the statistical factor feG is negligible. Thus 1 � feG ' 1,
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reactions are neglected. In addition, the simplification
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Although in Fig. 1 the gluino-gluon thermal loop is dis-
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is eG(P ) ! g(K) + g̃(Q), with P = (p, p, 0, 0) , K =
(k0, k cos ✓k, k sin ✓k, 0) and Q = (q0, q cos ✓q, q sin ✓q, 0),
where ✓k,q are the polar angles of the corresponding 3-
momenta k,q in spherical coordinates.
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the statistical factor feG is negligible. Thus 1 � feG ' 1,
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with ⇠ being the gauge parameter, taken ⇠ = 1 [35] in our calculation and nN = {1, 3, 8}. ⇧L
µ⌫ , ⇧

T
µ⌫ , ⇢L,T and ⇢± are

the longitudinal, the transverse projectors and the spectral densities for the bosons and fermions, respectively. To
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processes A and B. Noting that in [26] the subtracted part
for the processes H and J is also non-zero, we assume that
the authors had used the squark-squark-gluino-goldstino
Feynman rule as given in [22], where a factor �5 is indeed
missing. In contrast we are using the correct Feynman
rule as given in [27].

To calculate the subtracted rate for the processes a b !
c eG, we use the general form
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where the fi stands for the usual Bose and Fermi statis-
tical densities
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In the temperature range of interest all particles but the
gravitino are in thermal equilibrium. For the gravitino
the statistical factor feG is negligible. Thus 1 � feG ' 1,
as it is already used in (6). Furthermore, backward
reactions are neglected. In addition, the simplification
1± fc ' 1 is usually applied, making the analytic calcu-
lation of (6) possible. In our case there is no such reason.
We keep the factor 1 ± fc and consequently we proceed
calculating the subtracted rate numerically [36].

The contribution of the processes A and B, for each
gauge group, can be read from Table I as
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In (8) a factor 1/2 is already included for the process A
due to the 2 identical incoming particles. Substituting
(8) in (6), the subtracted rate is obtained as
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The numerical factors, calculated by using the
Cuba library [37], are Cs

BBF = 0.25957 ⇥ 10�3 and
Ct

BFB = �0.13286⇥10�3
. The subscripts B and F specify

if the particles are bosons or fermions respectively and
the superscripts determine if the squared amplitude is
proportional to s or t. It is easy to see that our result for
the subtracted part unlike in [26] is negative. This is not
unphysical, since the total rate and not the subtracted
one is bound to be positive.

The D�graph contribution.– As it has been discussed
above, Eq. (3) describes the relation between the
D�graph and the sum of the squared amplitudes for
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g

FIG. 1. The one-loop thermally corrected gravitino self-
energy (D�graph) for the case of SU(3)c. The thick gluon
and gluino lines denote resummed thermal propagators. In
our calculation we have taken also into account the equiva-
lent in SU(2)L and U(1)Y .

the s, t, and u channels. In the D�graph contribu-
tion we will implement the resummed thermal correc-
tions to the gauge boson and gaugino propagators [38].
Although in Fig. 1 the gluino-gluon thermal loop is dis-
played, the contributions of all the gauge groups have
been included in our analysis. The momentum flow used
to calculate the D�graph can be depicted in Fig. 1. That
is eG(P ) ! g(K) + g̃(Q), with P = (p, p, 0, 0) , K =
(k0, k cos ✓k, k sin ✓k, 0) and Q = (q0, q cos ✓q, q sin ✓q, 0),
where ✓k,q are the polar angles of the corresponding 3-
momenta k,q in spherical coordinates.
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TABLE I. Squared matrix elements for gravitino production
in SU(3)c in terms of g23 Y3/M

2
P assuming massless particles,

Y3 = 1 +m2
g̃/(3m

2
3/2), C3 = 24 and C0

3 = 48.

X process |MX,full|2 |MX,sub|2

A gg ! g̃ eG 4C3(s+ 2t+ 2t2/s) �2sC3

B gg̃ ! g eG �4C3(t+ 2s+ 2s2/t) 2tC3

C q̃g ! q eG 2sC0
3 0

D gq ! q̃ eG �2tC0
3 0

E q̃q ! g eG �2tC0
3 0

F g̃g̃ ! g̃ eG 8C3(s
2 + t2 + u2)2/(stu) 0

G qg̃ ! q eG �4C0
3(s+ s2/t) 0

H q̃g̃ ! q̃ eG �2C0
3(t+ 2s+ 2s2/t) 0

I qq̃ ! g̃ eG �4C0
3(t+ t2/s) 0

J q̃q̃ ! g̃ eG 2C0
3(s+ 2t+ 2t2/s) 0

The setup.– As the gravitino is the superpartner of the
graviton, its interactions are suppressed by the inverse
of the reduced Planck mass MP = (8⇡G)�1/2. Hence,
the dominant contributions to its production, in leading
order of the gauge group couplings, are processes of the
form a b ! c eG, where eG stands for gravitino and a, b, c
can be three superpartners or one superpartner and two
SM particles. The possible processes and the correspond-
ing squared amplitudes in SU(3)c are given in Table I,
where for their denotation by the letters A to J we follow
the “historical” notation of [14]. In SU(3)c the particles
a, b and c could be gluons g, gluinos g̃, quarks q or/and
squarks q̃. Analogous processes happen in SU(2)L or
U(1)Y , where the gluino mass mg̃ ⌘ M3 becomes M2 or
M1, respectively. In the factor YN ⌘ 1 +m

2
�N

/(3m2
3/2),

where m�N = {M1,M2,M3} and m3/2 is the gravitino
mass, the unity is related to the 3/2 gravitino compo-
nents and the rest to the 1/2 goldstino part. For the
calculation of the spin 3/2 part in the amplitudes, fol-
lowing [26], we have employed the gravitino polarization
sum

⇧3/2
µ⌫ (P ) =

X

i=±3/2

 (i)
µ  

(i)
⌫ = �1

2
�µ /P�⌫ � /Pgµ⌫ , (1)

where  µ is the gravitino spinor and P its momentum.
As in [26], for the goldstino spin 1/2 part the non-
derivative approach is used [18, 27]. The result for the full
squared amplitude has been proved to be the same, either
in the derivative or the non-derivative approach [34].

The Casimir operators in Table I are CN =P
a,b,c |fabc|2 = N(N2 � 1) = {0, 6, 24} and C

0
N =

P�
a,i,j |T a

ij |2 = {11, 21, 48}, where
P�

a,i,j denotes the sum

over all involved chiral multiplets and group indices. fabc

and T
a are the group structure constants and generators,

respectively. Processes A, B and F are not present in

U(1)Y because C1 = 0. The masses for the particles a,
b and c are assumed to be zero. In the third column of
Table I we present for each process the square of the full
amplitude, which is the sum of individual amplitudes,

|MX,full|2 = |MX,s +MX,t +MX,u +MX,x|2 , (2)

where the indices s, t, u indicate the diagrams which
are generated by the exchange of a particle in the corre-
sponding channel and the index x stands for the diagram
involving a quartic vertex. The so-called D�graph, fol-
lowing the terminology of [26], is illustrated in Fig. 1 for
the case of the gluino-gluon loop. Its contribution is the
sum of the squared amplitudes for the s, t and u channel
graphs,

|MX,D|2 = |MX,s|2 + |MX,t|2 + |MX,u|2 , (3)

plus 1 ! 2 processes. This can be understood, by apply-
ing the optical theorem. Hence, from the imaginary part
of the loop graphs one computes the sum of the decays
(1 ! 2) and the scattering amplitudes (2 ! 2). In our
case, we use resummed thermal propagators for the gauge
boson and gaugino and by applying cutting rules one sees
that D�graph describes both the scattering amplitudes
appearing in (3) and decay amplitudes.
The subtracted part of the squared amplitudes is the

di↵erence between the full amplitudes (2) and the ampli-
tudes already included in the D�graph (3), that is

|MX,sub|2 = |MX,full|2 � |MX,D|2 . (4)

For the processes B, F, G and H the corresponding
amplitudes are IR divergent. For this reason we fol-
low the more elegant method comprising the separa-
tion of the total scattering rate into two parts, the sub-
tracted and the D�graph part. It is worth to mention
that for the processes with incoming or/and outgoing
gauge bosons, we have checked explicitly the gauge in-
variance for |MX,full|2. On the other hand, we note that
|MX,sub|2 is gauge dependent [35].
To sum up, the gravitino production rate �3/2 con-

sists of three parts: (i) the subtracted rate �sub (ii) the
D�graph contribution �D and (iii) the top Yukawa rate
�top,

�3/2 = �sub + �D + �top . (5)

Below, these three contributions are discussed in detail.

The subtracted rate.– In the fourth column of Table I
we present the so-called subtracted part (4), which is
the sum of the interference terms among the four types
of diagrams (s, t, u, x), plus the x-diagram squared, for
each process. The subtracted part is non-zero only for the
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compute the production rate related to the D�graph �D, we will use its definition [39]
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and after appropriate manipulations [40] we obtain
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where q0 = p� k0 .

The spectral functions ⇢L,T and ⇢± can be found in
Eqs. (3.7) in [26]. The thermally corrected one-loop
self-energy for gauge bosons, scalars and fermions that
we have used in calculating these spectral functions,
can be found in [42–47]. Comparing (13) with the
corresponding analytical result given in Eqs. (4.6) and
(4.7) in [26], one can notice that they di↵er on the overall
factor and on the number of independent phase-space
integrations. Our analytical result has been checked
using various frames for the momenta flow into the loop.

The top Yukawa rate.– The production rate resulting
from the top-quark Yukawa coupling �t is given by [26]

�top =
T

6

M
2
P

72 Cs
BBF �

2
t

 
1 +
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2
t

3m2
3/2

!
, (14)

where At is the trilinear stop supersymmetry breaking
soft parameter and Cs

BBF = 0.25957 ⇥ 10�3. Since this
contribution stems from the process squark-squark !
higgsino-gravitino, only the numerical factor Cs

BBF is in-
volved.

TABLE II. The values of the constants cN and kN that
parametrize our result (15) for the subtracted and the
D�graph part. Each line corresponds to the particular gauge
group, U(1)Y , SU(2)L or SU(3)c.

Gauge group cN kN
U(1)Y 41.937 0.824
SU(2)L 68.228 1.008
SU(3)c 21.067 6.878

The parameterization of the result.– Following [6] we
parametrize the results (9) and (13) using the gauge cou-

FIG. 2. The gravitino production rates divided by YN T 6/M2
P.

The solid curves represent in order, the total rate (black) given
by (5), the SU(3)c (red), SU(2)L (blue) and U(1)Y (green)
rates given by (15) and the top Yukawa rate (purple) given
by (14). The upper dashed curve is the total production rate
obtained in [26]. The top Yukawa coupling �t has been taken
equal to 0.7 so that our result can be directly compared with
that in [26].

plings g1, g2 and g3 . Thus
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where q0 = p� k0 .

The spectral functions ⇢L,T and ⇢± can be found in
Eqs. (3.7) in [26]. The thermally corrected one-loop
self-energy for gauge bosons, scalars and fermions that
we have used in calculating these spectral functions,
can be found in [42–47]. Comparing (13) with the
corresponding analytical result given in Eqs. (4.6) and
(4.7) in [26], one can notice that they di↵er on the overall
factor and on the number of independent phase-space
integrations. Our analytical result has been checked
using various frames for the momenta flow into the loop.
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TABLE I. Squared matrix elements for gravitino production
in SU(3)c in terms of g23 Y3/M

2
P assuming massless particles,

Y3 = 1 +m2
g̃/(3m

2
3/2), C3 = 24 and C0

3 = 48.

X process |MX,full|2 |MX,sub|2

A gg ! g̃ eG 4C3(s+ 2t+ 2t2/s) �2sC3

B gg̃ ! g eG �4C3(t+ 2s+ 2s2/t) 2tC3

C q̃g ! q eG 2sC0
3 0

D gq ! q̃ eG �2tC0
3 0

E q̃q ! g eG �2tC0
3 0

F g̃g̃ ! g̃ eG 8C3(s
2 + t2 + u2)2/(stu) 0

G qg̃ ! q eG �4C0
3(s+ s2/t) 0

H q̃g̃ ! q̃ eG �2C0
3(t+ 2s+ 2s2/t) 0

I qq̃ ! g̃ eG �4C0
3(t+ t2/s) 0

J q̃q̃ ! g̃ eG 2C0
3(s+ 2t+ 2t2/s) 0

The setup.– As the gravitino is the superpartner of the
graviton, its interactions are suppressed by the inverse
of the reduced Planck mass MP = (8⇡G)�1/2. Hence,
the dominant contributions to its production, in leading
order of the gauge group couplings, are processes of the
form a b ! c eG, where eG stands for gravitino and a, b, c
can be three superpartners or one superpartner and two
SM particles. The possible processes and the correspond-
ing squared amplitudes in SU(3)c are given in Table I,
where for their denotation by the letters A to J we follow
the “historical” notation of [14]. In SU(3)c the particles
a, b and c could be gluons g, gluinos g̃, quarks q or/and
squarks q̃. Analogous processes happen in SU(2)L or
U(1)Y , where the gluino mass mg̃ ⌘ M3 becomes M2 or
M1, respectively. In the factor YN ⌘ 1 +m

2
�N

/(3m2
3/2),

where m�N = {M1,M2,M3} and m3/2 is the gravitino
mass, the unity is related to the 3/2 gravitino compo-
nents and the rest to the 1/2 goldstino part. For the
calculation of the spin 3/2 part in the amplitudes, fol-
lowing [26], we have employed the gravitino polarization
sum

⇧3/2
µ⌫ (P ) =

X

i=±3/2

 (i)
µ  

(i)
⌫ = �1

2
�µ /P�⌫ � /Pgµ⌫ , (1)

where  µ is the gravitino spinor and P its momentum.
As in [26], for the goldstino spin 1/2 part the non-
derivative approach is used [18, 27]. The result for the full
squared amplitude has been proved to be the same, either
in the derivative or the non-derivative approach [34].

The Casimir operators in Table I are CN =P
a,b,c |fabc|2 = N(N2 � 1) = {0, 6, 24} and C

0
N =

P�
a,i,j |T a

ij |2 = {11, 21, 48}, where
P�

a,i,j denotes the sum

over all involved chiral multiplets and group indices. fabc

and T
a are the group structure constants and generators,

respectively. Processes A, B and F are not present in

U(1)Y because C1 = 0. The masses for the particles a,
b and c are assumed to be zero. In the third column of
Table I we present for each process the square of the full
amplitude, which is the sum of individual amplitudes,

|MX,full|2 = |MX,s +MX,t +MX,u +MX,x|2 , (2)

where the indices s, t, u indicate the diagrams which
are generated by the exchange of a particle in the corre-
sponding channel and the index x stands for the diagram
involving a quartic vertex. The so-called D�graph, fol-
lowing the terminology of [26], is illustrated in Fig. 1 for
the case of the gluino-gluon loop. Its contribution is the
sum of the squared amplitudes for the s, t and u channel
graphs,

|MX,D|2 = |MX,s|2 + |MX,t|2 + |MX,u|2 , (3)

plus 1 ! 2 processes. This can be understood, by apply-
ing the optical theorem. Hence, from the imaginary part
of the loop graphs one computes the sum of the decays
(1 ! 2) and the scattering amplitudes (2 ! 2). In our
case, we use resummed thermal propagators for the gauge
boson and gaugino and by applying cutting rules one sees
that D�graph describes both the scattering amplitudes
appearing in (3) and decay amplitudes.
The subtracted part of the squared amplitudes is the

di↵erence between the full amplitudes (2) and the ampli-
tudes already included in the D�graph (3), that is

|MX,sub|2 = |MX,full|2 � |MX,D|2 . (4)

For the processes B, F, G and H the corresponding
amplitudes are IR divergent. For this reason we fol-
low the more elegant method comprising the separa-
tion of the total scattering rate into two parts, the sub-
tracted and the D�graph part. It is worth to mention
that for the processes with incoming or/and outgoing
gauge bosons, we have checked explicitly the gauge in-
variance for |MX,full|2. On the other hand, we note that
|MX,sub|2 is gauge dependent [35].
To sum up, the gravitino production rate �3/2 con-

sists of three parts: (i) the subtracted rate �sub (ii) the
D�graph contribution �D and (iii) the top Yukawa rate
�top,

�3/2 = �sub + �D + �top . (5)

Below, these three contributions are discussed in detail.

The subtracted rate.– In the fourth column of Table I
we present the so-called subtracted part (4), which is
the sum of the interference terms among the four types
of diagrams (s, t, u, x), plus the x-diagram squared, for
each process. The subtracted part is non-zero only for the
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FIG. 9. The D�graph contribution divided by Y3 T
6/M2

P for the SU(3)c gauge group. The upper dashed curve is the cont-pole
contribution, the dotted one in the middle is the cont-cont contribution and the dotdashed is the pole-pole one.

VI. The D�graph contribution

As it has been discussed above, Eq. (3) describes the relation between the D�graph and the sum of the
squared amplitudes for the s, t, and u channels. In the D�graph contribution we will implement the resummed
thermal corrections to the gauge boson and gaugino propagators 3. Although in Fig. 1 the gluino-gluon ther-
mal loop is displayed, the contributions of all the gauge groups have been included in our analysis. The mo-
mentum flow used to calculate the D�graph can be depicted in Fig. 1. That is eG(P ) ! g(K) + g̃(Q), with
P = (p, p, 0, 0) , K = (k0, k cos ✓k, k sin ✓k, 0) and Q = (q0, q cos ✓q, q sin ✓q, 0), where ✓k,q are the polar angles of
the corresponding 3-momenta k,q in spherical coordinates.

The non-time-ordered gravitino self-energy ⇧<(P ) can be expressed in terms of the thermally resummed gaugino
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<(Q) and gauge boson ⇤
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with ⇠ being the gauge parameter, taken ⇠ = 1 in our calculation and nN = {1, 3, 8}. ⇧L

µ⌫
, ⇧T

µ⌫
, ⇢L,T and ⇢± are the

longitudinal, the transverse projectors and the spectral densities for bosons and fermions, respectively. To compute
the production rate related to the D�graph �D, we will use its definition [? ]

�D =

Z
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2p0(2⇡)3
⇧<(p) (78)

and after appropriate manipulations we obtain
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3 Like in [? ] using the gravitino polarization sum (1), we nullify the corresponding quark-squark D�graph.
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squared amplitudes for the s, t, and u channels. In the D�graph contribution we will implement the resummed
thermal corrections to the gauge boson and gaugino propagators 3. Although in Fig. 1 the gluino-gluon ther-
mal loop is displayed, the contributions of all the gauge groups have been included in our analysis. The mo-
mentum flow used to calculate the D�graph can be depicted in Fig. 1. That is eG(P ) ! g(K) + g̃(Q), with
P = (p, p, 0, 0) , K = (k0, k cos ✓k, k sin ✓k, 0) and Q = (q0, q cos ✓q, q sin ✓q, 0), where ✓k,q are the polar angles of
the corresponding 3-momenta k,q in spherical coordinates.

The non-time-ordered gravitino self-energy ⇧<(P ) can be expressed in terms of the thermally resummed gaugino
⇤
S
<(Q) and gauge boson ⇤

D
<

µ⌫
(K) propagators as [? ? ]
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with ⇠ being the gauge parameter, taken ⇠ = 1 in our calculation and nN = {1, 3, 8}. ⇧L

µ⌫
, ⇧T

µ⌫
, ⇢L,T and ⇢± are the

longitudinal, the transverse projectors and the spectral densities for bosons and fermions, respectively. To compute
the production rate related to the D�graph �D, we will use its definition [? ]
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and after appropriate manipulations we obtain
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3 Like in [? ] using the gravitino polarization sum (1), we nullify the corresponding quark-squark D�graph.
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processes A and B. Noting that in [26] the subtracted part
for the processes H and J is also non-zero, we assume that
the authors had used the squark-squark-gluino-goldstino
Feynman rule as given in [22], where a factor �5 is indeed
missing. In contrast we are using the correct Feynman
rule as given in [27].

To calculate the subtracted rate for the processes a b !
c eG, we use the general form
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(6)
where the fi stands for the usual Bose and Fermi statis-
tical densities

fB|F =
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. (7)

In the temperature range of interest all particles but the
gravitino are in thermal equilibrium. For the gravitino
the statistical factor feG is negligible. Thus 1 � feG ' 1,
as it is already used in (6). Furthermore, backward
reactions are neglected. In addition, the simplification
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The numerical factors, calculated by using the
Cuba library [37], are Cs

BBF = 0.25957 ⇥ 10�3 and
Ct

BFB = �0.13286⇥10�3
. The subscripts B and F specify

if the particles are bosons or fermions respectively and
the superscripts determine if the squared amplitude is
proportional to s or t. It is easy to see that our result for
the subtracted part unlike in [26] is negative. This is not
unphysical, since the total rate and not the subtracted
one is bound to be positive.

The D�graph contribution.– As it has been discussed
above, Eq. (3) describes the relation between the
D�graph and the sum of the squared amplitudes for
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FIG. 1. The one-loop thermally corrected gravitino self-
energy (D�graph) for the case of SU(3)c. The thick gluon
and gluino lines denote resummed thermal propagators. In
our calculation we have taken also into account the equiva-
lent in SU(2)L and U(1)Y .

the s, t, and u channels. In the D�graph contribu-
tion we will implement the resummed thermal correc-
tions to the gauge boson and gaugino propagators [38].
Although in Fig. 1 the gluino-gluon thermal loop is dis-
played, the contributions of all the gauge groups have
been included in our analysis. The momentum flow used
to calculate the D�graph can be depicted in Fig. 1. That
is eG(P ) ! g(K) + g̃(Q), with P = (p, p, 0, 0) , K =
(k0, k cos ✓k, k sin ✓k, 0) and Q = (q0, q cos ✓q, q sin ✓q, 0),
where ✓k,q are the polar angles of the corresponding 3-
momenta k,q in spherical coordinates.
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with ⇠ being the gauge parameter, taken ⇠ = 1 [35] in our calculation and nN = {1, 3, 8}. ⇧L
µ⌫ , ⇧

T
µ⌫ , ⇢L,T and ⇢± are

the longitudinal, the transverse projectors and the spectral densities for the bosons and fermions, respectively. To
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FIG. 9. The D�graph contribution divided by Y3 T
6/M2

P for the SU(3)c gauge group. The upper dashed curve is the cont-pole
contribution, the dotted one in the middle is the cont-cont contribution and the dotdashed is the pole-pole one.
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where q0 = p� k0 .

The spectral functions ⇢L,T (K) for the longitudinal and transverse gauge boson are defined as [? ? ]
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and these for the fermions, with positive and negative energy, are
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At the HTL approximation the corresponding residua are
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Substituting (80),(81) into (79) we obtain three contributions for �D: (I) terms that are proportional to ⇢
cont

L,T
⇢
cont

±
that will be called cont-cont, (II) terms proportional either to ⇢L,T or to ⇢

cont

± that will be called pole-cont and (III)
terms not involving any ⇢

cont called pole-pole part.
The thermally corrected one-loop self-energy for gauge bosons, scalars and fermions that we have used in calculating

these spectral functions, can be found in [? ? ? ? ? ? ]. Comparing (79) with the corresponding analytical result
given in Eqs. (4.6) and (4.7) in [? ], one can notice that they di↵er on the overall factor and on the number of
independent phase-space integrations. Our analytical result has been checked using various frames for the momenta
flow into the loop.

VII. Strumia section 4.1 revisited

As basis we use [? ]. The referenced equations are written as e.g. S(4.5).

The four momenta are defined as eG(P ) ! g(K) + g̃(Q) with

P = (p, pcp, psp, 0) , K = (k0, k, 0, 0) , Q = (q0, qcq, qsq, 0) , (83)

using the short notation e.g. cp ⌘ cos ✓p. We already assumed that the gravitino is massless compared to the high
temperature of the thermal bath, P 2 = 0, p0 = p. We have 7 variables, p, k, q, k0, q0, cp and cq, and three non-trivial
equations due to the overall momentum conservation, P i = K

i +Q
i
, i = 0, 1, 2. Thus, we are left with 4 independent

variables. We choose the basis k0, k, q0, and q. The other 3 ones are:

p = k0 + q0 (84)

cp =
p
2 � q

2 + k
2

2kp
, (85)

cq =
p
2 � q

2 � k
2

2kq
(86)

still using later for convenience p instead of k0 + q0.

In order to calculate the gravitino selfenergy with vector-gaugino loop in the massless case we need the Feynman
rules for the two vertices. From (35) and (36) of [? ] we write the gluon-gluino-gravitino interaction,
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Obeying the equivalence theorem, these lagrangians can also be written as (see e. g. (A.19) and (A.14) in [? ]),
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compute the production rate related to the D�graph �D, we will use its definition [39]
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can be found in [42–47]. Comparing (13) with the
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(4.7) in [26], one can notice that they di↵er on the overall
factor and on the number of independent phase-space
integrations. Our analytical result has been checked
using various frames for the momenta flow into the loop.
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soft parameter and Cs
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TABLE III. The values of the constants cN and kN that parametrize our result (193) for the subtracted and the D�graph
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FIG. 11. The gravitino production rates divided by YN T 6/M2
P. The solid curves represent in order, the total rate (black)

given by (5), the SU(3)c (red), SU(2)L (blue) and U(1)Y (green) rates given by (193) and the top Yukawa rate (purple) given
by (192). The upper dashed curve is the total production rate obtained in [? ]. The top Yukawa coupling �t has been taken
equal to 0.7 so that our result can be directly compared with that in [? ].
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where the constants cN and kN depend on the gauge group and their values are given in Table III. In Fig. 11 we
summarize our numerical results for the gravitino production rates divided by YN T

6
/M

2

P
. Especially, for the case of

the top Yukawa contribution, in YN the m2

�N
has to be replaced by A
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t
. The colored solid curves represent the SU(3)c

(red), SU(2)L (blue) and U(1)Y (green) rates given by (193) and the top Yukawa rate (purple) given by (192), while
the black solid curve is the total result given by (5). The dashed black curve corresponds to the total result from [?
]. For the sake of comparison, we have also chosen �t = 0.7.

Despite the analytical and numerical discrepancies with [? ], it is interesting that our result for the total gravitino
production rate is only 5 � 11% smaller than that in [? ]. Being unable to explain this quantitively in details, we
assume that the aforementioned di↵erences have opposing e↵ects on the total result. For convenience, in Fig. 11
universal gauge coupling unification is assumed at the grand unification (GUT) scale ⇠ 2⇥ 1016 GeV, but certainly
the result in (193) can be used independently of this assumption. Eq. (193) along with the numbers in Table III is
the main result of this paper.

X. The Gravitino abundance

The Boltzmann equation for the gravitino number density n3/2 is

ṅ3/2 + 3Hn3/2 = �3/2 , (194)

Result and cosmological consequences 
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The spectral functions ⇢L,T and ⇢± can be found in
Eqs. (3.7) in [26]. The thermally corrected one-loop
self-energy for gauge bosons, scalars and fermions that
we have used in calculating these spectral functions,
can be found in [42–47]. Comparing (13) with the
corresponding analytical result given in Eqs. (4.6) and
(4.7) in [26], one can notice that they di↵er on the overall
factor and on the number of independent phase-space
integrations. Our analytical result has been checked
using various frames for the momenta flow into the loop.
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FIG. 12. The cosmologically accepted 3� regions for the gravitino thermal abundance, for various values of the m1/2 between
750 GeV and 4 TeV. The trilinear coupling At has been ignored and the top Yukawa coupling is �t = 0.7.

where H is the Hubble constant and the dot denotes time di↵erentiation. The gravitino abundance is defined as

Y3/2 =
n3/2

nrad

, (195)

with nrad = ⇣(3)T 3
/⇡

2. Substituting (195) into (194) we obtain that the gravitino abundance for T ⌧ Treh is given
by [? ]

Y3/2(T ) '
�3/2(Treh)

H(Treh) nrad(Treh)

g⇤s(T )

g⇤s(Treh)
, (196)

where g⇤s are the e↵ective entropy degrees of freedom in the Minimal Supersymmetric SM. In [? ] it was assumed
that the inflaton decay is instantaneous as is the thermalization of the Universe.

Following the latest data from the Planck Satellite, the cosmological accepted value for the DM density in the
Universe is ⌦DMh

2 = 0.1198± 0.0012 [? ]. Assuming that the thermal gravitino abundance amounts to the observed
DM, we obtain that

⌦DMh
2 =

⇢3/2(t0)h
2

⇢cr
=

m3/2 Y3/2(T0)nrad(T0) h2

⇢cr

' 1.33⇥ 1024
m3/2 �3/2(Treh)

T
5

reh

, (197)

where ⇢cr = 3H2

0
M

2

P
is the critical energy density. H0 = 100h km/(sMpc) is the Hubble constant and T0 = 2.725K

the cosmic microwave background temperature today. The entropy degrees of freedom at the associated temperatures
are g⇤s(T0) = 43/11 and g⇤s(Treh) = 915/4. The last number equals to the e↵ective energy degrees of freedom for
H(Treh) in the Minimal Supersymmetric SM too. Fig. 12 illustrates the 3� regions resulting from (197), for various
values of m1/2. In this figure the trilinear coupling At has been ignored and the top Yukawa coupling is �t = 0.7, as
previously. As before, gauge coupling unification it is assumed, as well as a universal gaugino mass m1/2 at the GUT
scale.

For large gravitino mass the reheating temperature is m1/2 independent, as the characteristic factor m2

�N
/(3m2

3/2
)

becomes negligible for m1/2 ⌧ m3/2. Assuming that m1/2 & 750 GeV, as it is suggested by the recent LHC data [?
? ] on gluino searches, from Fig. 12 we infer that for maximum Treh ' 109 GeV the corresponding gravitino mass
is m3/2 ' 550 GeV. Allowing for a reheating temperature an order of magnitude smaller, Treh ' 108 GeV, for the
same gravitino mass, m1/2 can go up to 3� 4 TeV.
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Gravitino is a natural DM candidate in SUGRA

Thermally produced (Freeze-in mechanism) details explained. 

Improvements for this calculation are possible.

No-thermal production (e.g. through inflaton decays) requires a 

particular inflation model.

Assuming m1/2> 750 GeV (~LHC bound) for Treh~ 109 GeV, we get 

m3/2=550 GeV. For Treh~108 GeV for the same m3/2, m1/2~3,4 TeV. 

Recap  for gravitinos



Using as basis the no-scale SUGRA models one can show that adding 

modifications either to Kaehler potential or to superpotential  can 

create features in the scalar potential, i.e. an inflection point, that 

can produce a significant enhancement in the power spectrum  

Around the inflection point the slow-roll approximation is not 

working, thus the numerical solution of the Mukhanov-Sasaki 

equation

In each case the models satisfy  the Planck constraints for inflation, 

produce significant amount of DM in form of PBH and GW detectable 

at LISA, NANOGrav etc. 

PBH from SUGRA models



Given the Kähler potential K and the superpotential W , one can obtain the real field metric

Kij̄ and the scalar potential V , following the procedure outlined below.

The general form of field metric reads as

Kij̄(Φ, Φ̄) =
∂2K

∂Φi∂Φ̄j̄
. (2)

Moreover, the scalar potential is given by

V = eK
(

Kij̄DiWDj̄W̄ − 3|W |2
)

+
g̃2

2
(KiT aΦi)

2 , (3)

where Kij̄ is the inverse Kähler metric and the covariant derivatives are defined as:

DiW ≡ ∂iW +KiW

DiW ≡ ∂iW −KiW .
(4)

In addition, we have defined that Ki ≡ ∂K/∂Φi and, correspondingly, the complex conjugate

Ki. The last term in the scalar potential (3) is just the D-term potential, which is set

to zero, since the fields Φi are gauge singlets. From (1) is clear that the kinetic term

LKE = Kij̄∂µΦ
i∂µΦ̄j̄ needs to be fixed.

The minimal no-scale SU(1, 1)/U(1) model is written in the terms of a single complex

scalar field T , with the Kähler potential [40]

K = −3 ln
(

T + T̄
)

. (5)

In our case, we consider a no-scale supergravity model with two chiral superfields T , ϕ, that

parametrize the noncompact SU(2, 1)/SU(2)× U(1) coset space. In this model, the Kähler

potential can be written as [42]

K = −3 ln
(

T + T̄ −
ϕϕ̄

3

)

. (6)

Then, the corresponding action (1) becomes:

S =

∫

d4x
√
−g

[

1

2
(∂µϕ, ∂µT )

(

Kϕϕ̄ KϕT̄

KT ϕ̄ KT T̄

)(

∂µϕ
∂µT

)

− V (ϕ, T )

]

. (7)

The simplest globally symmetric model is the Wess-Zumino model, with a single chiral

superfield ϕ. This model is characterized by a mass term µ̂ and a trilinear coupling λ. Thus,

the superpotential is given by [45]

W =
µ̂

2
ϕ2 −

λ

3
ϕ3. (8)
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Figure 1: The potential as given by Eqs. (8) and (10) for various values of the ratio λ/µ, as
in [45].

It is possible to embed this model in the context of the no-scale SU(2, 1)/SU(2)×U(1) case,

by matching the T field to the modulus field and the ϕ to the inflaton field. By doing so, one

can derive from (6) and (8) a class of no-scale models that yield Starobinsky-like effective

potentials. This potential is calculated along the real inflationary direction defined by

T = T̄ =
c

2
, Imϕ = 0 , (9)

with the choice λ/µ = 1/3 and µ̂ = µ
√

c/3, where c is a constant.

In order to have canonical kinetic terms, the field ϕ has to be transformed [45] as

ϕ =
√
3 c tanh

(

χ√
3

)

, (10)

recovering the potential of the Starobinsky model

V (χ) =
µ2

4

(

1− e−
√

2

3
χ
)2

. (11)

In Fig. 1, we plot the potential derived from the superpotential Eq. (8) that depends on

the ratio λ/µ, for various values of this ratio around 1/3. This central value corresponds to

the Starobinsky case. In order to comply with the cosmological data [46–48] and to explore

the dependence on the total number of e-folds, we vary the parameter µ in the range (1.8–

3.4)× 10−5.

Studying no-scale models with two chiral superfields ϕ and T , we notice that these fields

can interchange roles as the inflaton and modulus [45,49]. In the case which ϕ is the modulus
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the ratio λ/µ, for various values of this ratio around 1/3. This central value corresponds to
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field and T is the inflaton, the superpotential reads as [49, 50]

W = µϕ

(

T −
1

2

)

. (12)

The Starobisky potential is recovered along the inflationary direction ϕ = ϕ̄ = ImT = 0 and

ReT = φ. In this case too, in order to have canonical kinetic term, one needs to transform

the field φ to χ using a relation similar to (10). Hence, the effective scalar potential is also

given by Eq. (11).

It is essential one to verify that the masses of the inflaton and the modulus field are not

tachyonic. Thus, before calculating the evolution of the field, we must check the stabilization

along the inflationary direction. If the stabilization is achieved, the modulus field can be

set to be zero and the relevant term becomes irrelevant to the dynamical evolution of the

inflaton.

3 Calculating PBH from the modified Kähler potential

In this section, we will study modifications of the Kähler potential, that induce an inflection

point to the scalar potential, and consequently causes peaks in the CMB power spectrum. For

this reason, we use as basis the Wess-Zumino potential (8), modifying the Kähler potential,

by introducing an exponential term as

K = −3 ln
[

T + T̄ −
ϕϕ̄

3
+ a e−b(ϕ+ϕ̄)2(ϕ+ ϕ̄)4

]

, (13)

where a and b are real numbers. Obviously, in the limit a = 0, we retrieve the result that

corresponds to the Starobinsky potential, as calculated in the previous section. Moreover,

expanding the exponential, one obtains a polynomial modification of the Kähler potential, as

it has been used in the literature [16,18,19]. The particular exponential form has the advan-

tage that practically introduces just one extra parameter, b. In our analysis the parameter

a gets just two values: a = 0 to switch off the effect of the modified term and a = −4 when

the extra term is used.

The real part of the field ϕ plays the role of the inflaton. In order to verify the stability

of the potential, along the real direction in Eq. (9), we calculate the squared mass matrix

and we check that no tachyonic instability is present, that is m2
ReT , m

2
ImT , m

2
Imϕ ≥ 0.

In detail, the general form of mass matrix is

m2
s =

(

(K−1)ikDk∂jV (K−1)ikDk∂jV
(K−1)kiDk∂jV (K−1)kiDk∂jV

)

, (14)

where (K−1)ij is the inverse metric of Kj
i = ∂2K/∂Φi∂Φj and the Kähler covariant derivative

is given in (4). Specifically, in the case of the two chiral fields the mass matrix takes the

5
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Figure 2: The potential given in Eq. (18) as a function of χ, for various values of the ratio
λ/µ as in Table 1.

scale of k∗ = 0.05Mpc−1. As we will discuss below, varying the parameter λ affects mainly

the spectral index ns, but also the tensor-to-scalar ratio r of the power spectra. After fixing

λ and µ, the values for b in Table 1, are chosen in order the PBH abundance to saturate

the cosmological bounds. which as we will see, constrain significantly the parameter space

of the PBH. The prediction of the model is not very sensitive on the a, and thus is chosen

to be a = −4. Finally, in the context of our model, the parameter c affects mainly the total

number of e-folds. To get agreement with the Planck 2018 data we choose c = 0.0651.

One can notice, that the potential has the required features that ensure that sizable

abundance of PBH is created. Specifically, the potential around the inflection point χ ∼ 1,

satisfies the relations
dV (χi)

dχi
# 0,

d2V (χi)

dχ2
i

= 0 .

Around the inflection point, the inflaton slows down, generating a large amplification in the

power spectrum. In addition, it has a minimum with V (χ0) = 0, at χ0 = 0, to achieve the

reheating, after inflation ends.

In Fig. 3 we plot the predictions for the tilt ns in the spectral index of scalar perturbations

and for the tensor-to-scalar ratio r, of the original Wess-Zumino model (thin line segments

with empty dots) and the model with modified Kähler potential (thick line segments with

filled dots), compared against the recent data of Planck 2018, that prefer the central shaded

regions in the plot. The meaning of the colors of these regions are explained in the Planck

collaboration analysis [46]. Green colored lines correspond to the case λ/µ = 1/3, the orange

1In the original model based on the Kähler potential as in Eq. (6), the dependence on the parameter c
drops out [45]. In particular, this results from the transformation in Eq. (10) and the redefinition µ̂ → µ

√

c/3.
In the context of the modified Kähler potential (13) there is indeed a remaining c-dependence, that is fixed
by the Planck data.
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λ/µ b

1. 0.33327 87.379427
2. 0.33330 87.390563
3. 1/3 87.402941

Table 1: The values of the parameters λ/µ and b, for a = −4 and 2 〈ReT 〉 = c = 0.065.

form

m2
s =

(

(K−1)ϕkDk∂ϕV (K−1)ϕkDk∂T̄V
(K−1)kTDk∂ϕ̄V (K−1)kT̄Dk∂T̄V

)

. (15)

Following [51,52], we have computed analytically and numerically the masses of the fields

ϕ and T and we have verified that along the real direction, T = T̄ and ϕ = ϕ̄, the eigenstates

of the matrix (15) are positive. Unfortunately, the corresponding equations are too long to be

displayed here. Repeating the same calculation in the imaginary direction, we have checked

the positivity of the mass eigenstates, using 〈ReT 〉 = c
2 and 〈ϕ〉 = 0.

Having verified the stability along the inflationary direction, using Eqs. (2),(3), the scalar

effective potential can be calculated. As a first step, we find the field transformation, that

puts the kinetic term in canonical form. Moreover, defining Reϕ ≡ φ, the relevant term in

Eq. (7) is the Kϕϕ̄, which along the direction (9), apparently equals to Kφφ. Thus, one gets

1

2
∂µχ ∂µχ = Kφφ ∂µφ ∂µφ (16)

or equivalently
dχ

dφ
=

√

2Kφφ . (17)

By integrating the latter, we obtain the generalization of Eq. (10), using appropriate bound-

ary conditions. These conditions are fixed from the requirement to retrieve the Strarobinsky

case, in the limit a = 0.

Afterwards, we compute the scalar potential along the direction (9), using Eq. (3) and

the modified Kähler potential from (13), as

V (φ) =
3e3bφ

2

φ2(cµ2 − 2
√
3cλµφ+ 3λ2 φ2)

[−3aφ4 + ebφ2(−3c+ φ2)]
2
[ebφ2 − 6 aφ2(6 + bφ2(−9 + 2bφ2))]

. (18)

Finally, using the generalized relation φ(χ), obtained by Eq. (17), the potential above can

be expressed as V (χ). The precise form of the V (χ) is obtained only numerically, due to its

complexity and this numerical relation is used thereafter.

In Fig. 2 we plot the potential V (χ)/µ2, as a function of the field χ, using the values of

the parameters λ/µ and b, as in Table 1. The parameter µ is fixed in order to satisfy the

Planck constraint for power spectrum, which is approximately PR = 2.1 × 10−9, at a pivot

6



Figure 3: The predictions of our model for the tilt ns and the tensor-to-scalar ratio r. The
shaded regions are taken from Planck 2018 and other data [46]. For the details see the main
text.

to 0.33330 and the purple to 0.33327. The evolution of the field is fixed by requiring 50 (small

dots), or 60 (big dots) e-folds at the end of the line segments. We notice, that introducing

the modified potential in Eq. (13), the cosmological predictions are affected considerably.

Therefore, some values of the ratio λ/µ, which were originally excluded, become acceptable

in the modified case.

3.1 Applying the slow-roll approximation

The evolution of the inflaton field χ in a Friedmann–Robertson–Walker (FRW) homogeneous

background, which we take to be spatially flat, is driven by the system of the Friedmann

equation and the inflaton field equation:

H2 =
1

3

(

1

2
χ̇2 + V (χ)

)

χ̈+ 3Hχ̇+ V ′(χ) = 0 ,

(19)

where dots represent derivatives with respect to cosmic time and primes the derivatives with

respect to the field χ. We can rewrite the system above in terms of number of e- folds elapsed

from initial cosmic time ti described by the integral:

N(t) =
∫ t
ti
H(t′)dt′.
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Figure 5: The CMB power spectrum using the slow-roll approximation (dashed line) and
the M-S formalism (solid line) for the first set of parameters of Table 1.

The numerical strategy for solving the M-S equation, based on refs. [9,30], is summarized

below:

• The background Eq. (20) is solved numerically using the initial conditions for the field

and its first derivative. The numerical solution stops when the condition εH = 1 is

satisfied, denoting the end of inflation. The total number of e-folds is defined between

the times where the k-modes exit and enter the Hubble horizon. The transformation

of the field needs to be taken into account too.

• In order to solve the Eq. (28) the solution of the background equation for χ is required,

as well as the slow-roll parameters from the previous steps. The second and third

derivatives of χ in the last term of (28) are also be evaluated using Eq. (20) and its

first derivative with respect to N .

• One can now solve the M-S equation. For each mode of interest k, the Eq. (28) is solved

twice with the initial conditions given by (30), until the solution is approximately

constant (uk

z ≈ const). We choose the values of initial Ni to be N = Ni −N∗ and the

connection between the number of e-folds and the comoving wave-number is given by:

k = k∗
H(Ni)

H(N∗)
eNi−N∗ . (32)
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Figure 6: The fractional abundance of PBH for the first set of parameters in Table 2 (black
line). Details on the various excluded regions due to observation data given in [56–68].

Figure 7: The fractional abundance of PBH, such as Fig. 6, for the last three sets of param-
eters in Table 2.

radiation domination, suggest that δc ≈ 0.4− 0.5 [69–76]. The same result is supported, by

analytical calculations [74, 75] . Furthermore, one can notice by Eqs. (33) and(35) that the

PBH abundance depends also on the value of the the power spectrum peak, since σ is in the
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prediction for ns and r are given in Table 2. In this table we present the initial condition
for the canonical normalized field, which we denote with �. In this Table we show that
the prediction of ns and r are consistent with the Planck constraints [44, 45], as in the
previous cases.

�ic ns r

1 4.899 0.9612 0.0121
2 4.097 0.9601 0.0092

Table 2: Initial conditions for the e↵ective scalar potential by Eqs. (3.9) and (3.11) and
the prediction of ns and r.

In [17] it has been studied the production of PBHs using similar modifications in the
SUGRA model. There, it was concluded that the maximum value of the peak of the
power spectrum should be around 3 � 5 ⇥ 10�2. In this analysis here, that refers to the
production of GWs this restriction does not apply.

That is, the power spectra of GWs, will be detected by future experiments, such as
LISA or DECIGO even if the high of the peak of the power spectrum is smaller than
10�2. Consequently, it is expected that the amount of the fine-tuning in the parameters
of the extra terms, will be reduced. We will study this issue in the next section.
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Figure 3: The power spectrum (left) and the density of stochastic GWs (right) for the
case of modifying Wess-Zumino. We choose for the parameters b3 = 87.38, c = 0.065,
c4 = �4 and �/µ = 0.33327
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Figure 4: The power spectrum (left) and the density of stochastic GWs (right) for the case
of modifying Cecotti. The parameters are d = �0.054, b4 = 7.51511, c4 = 8.8, �̄ = �0.5
and µ̄ = 1.0

5 Fine-tuning analysis

It is well-known that the enhancement of scalar power spectrum, which occurs due to the
inflection point in the e↵ective scalar potential requires a lot of fine-tuning [14]. The value
of this enhancement can be smaller in the case of studying the production of GWs than
in case of studying the amount of DM from the PBHs. In Ref. [17] there is a discussion
explaining how the parameters of the potential presented in this work arise. In this section
we analyze the level of fine-tuning by considering the parameter bi, which is presented
throughout this work and is the parameter, which depends on the power spectrum’s peak
and demands more fine-tuning.

The role of parameter bi is to trigger an enhancement in the power spectrum. In
order to analyze the level of fine-tuning, we calculate the parameter �b, which is shown
in Refs. [51, 52] and it is given as the max value of the follow quantity

�b =

������

@ ln
⇣
P

peak

R

⌘

@ ln(bi)

������
. (5.1)

In the following, we study the fine-tuning of the function P
peak

R
(bi). Large value of the

maximum of the quantity �b means that a high level of fine-tuning is required. As we
mentioned before, we expect that the fine-tuning of the parameters can be decreased in
the study of generation of GWs, due to its wider range of peak’s height in comparison
with the production of PBHs.

In Fig.5 we show the quantity �b as a function of the peak of the power spectrum.
In this figure we calculate the �b for the values of bi appears in the Fig.1-4. We notice
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By modifying the Kaehler potential or the superpotential PBH and GW are 
produced  

Tuning the parameters of the models inflationary constraints are satisfied 
and significant amount of DM in the form of PBH is produced, up to 90% or 
even higher

In the most of the case sizeable fine tuning is required in order to achieve 
these

GW that are produced can be detected in current and future 
interferometers, like NANOGrav, LISA, Decigo etc

Recap  for PBH



We presented results for neutralino, gravitino and PBH 

DM  in the context of various SUGRA models

Gravitino  DM scenario not susceptible either to direct or 

indirect searches, but other constraints, e.g. from BBN 

should apply  

Even in PBH scenarios based on SUGRA gravitino 

contribution cannot be avoided   

Summary 



Backup slides



 8000

 10000

 12000

 14000

 16000

 18000

 20000

 22000

 24000

 0  2000  4000  6000  8000  10000

m
0
 [
G

e
V

]

m1/2 [GeV]

tanβ=5, A0=0, µ>0

 5000

 6000

 7000

 8000

 9000

 10000

 11000

 12000

 13000

 14000

 15000

 0  1000  2000  3000  4000  5000  6000  7000

m
0
 [
G

e
V

]

m1/2 [GeV]

tanβ=20, A0=0, µ>0

 4000

 6000

 8000

 10000

 12000

 14000

 16000

 18000

 20000

 22000

 1000  3000  5000  7000  9000  11000

m
0
 [
G

e
V

]

m1/2 [GeV]

tanβ=40, A0=0, µ>0

 4000

 6000

 8000

 10000

 12000

 14000

 16000

 18000

 20000

 0  2000  4000  6000  8000  10000

m
0
 [
G

e
V

]

m1/2 [GeV]

tanβ=50, A0=0, µ>0

 0

 1000

 2000

 3000

 4000

 5000

 6000

 7000

 8000

 9000

 0  500  1000  1500  2000  2500  3000  3500

m
0
 [
G

e
V

]

m1/2 [GeV]

tanβ=55, A0=0, µ>0

 0

 1000

 2000

 3000

 4000

 5000

 6000

 7000

 8000

 0  500  1000  1500  2000  2500  3000

m
0
 [
G

e
V

]

m1/2 [GeV]

tanβ=56, A0=0, µ>0

Figure 1: The dark matter strips for tan � = 5, 20, 40, 50, 55 and 56, all assuming A0 = 0
and µ > 0.

LSP mass is relatively large, as suggested by the non-detection of sparticles at the LHC [7]
and value of mh [14], sometimes more than one mechanism plays a role. These relation-
ships frequently take the form of a near-degeneracy between the masses of the LSP and
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FIG. 9. The D�graph contribution divided by Y3 T
6/M2

P for the SU(3)c gauge group. The upper dashed curve is the cont-pole
contribution, the dotted one in the middle is the cont-cont contribution and the dotdashed is the pole-pole one.

VI. The D�graph contribution

As it has been discussed above, Eq. (3) describes the relation between the D�graph and the sum of the
squared amplitudes for the s, t, and u channels. In the D�graph contribution we will implement the resummed
thermal corrections to the gauge boson and gaugino propagators 3. Although in Fig. 1 the gluino-gluon ther-
mal loop is displayed, the contributions of all the gauge groups have been included in our analysis. The mo-
mentum flow used to calculate the D�graph can be depicted in Fig. 1. That is eG(P ) ! g(K) + g̃(Q), with
P = (p, p, 0, 0) , K = (k0, k cos ✓k, k sin ✓k, 0) and Q = (q0, q cos ✓q, q sin ✓q, 0), where ✓k,q are the polar angles of
the corresponding 3-momenta k,q in spherical coordinates.

The non-time-ordered gravitino self-energy ⇧<(P ) can be expressed in terms of the thermally resummed gaugino
⇤
S
<(Q) and gauge boson ⇤

D
<

µ⌫
(K) propagators as [? ? ]

⇧<(P ) =
1

16M2

P

3X

N=1

nN

 
1 +

m
2

�N

3m2

3/2

!Z
d4K

(2⇡)4
Tr
h
/P [ /K, �

µ] ⇤S<(Q)[ /K, �
⌫ ] ⇤D<

µ⌫
(K)

i
, (76)

where
⇤
S
<(Q) =

fF (q0)

2

⇥
(�0 � � · q/q) ⇢+(Q) + (�0 + � · q/q) ⇢�(Q)

⇤
,

⇤
D

<

µ⌫
(K) = fB(k0)


⇧T

µ⌫
⇢T (K) +⇧L

µ⌫

k
2

K2
⇢L(K) + ⇠

KµK⌫

K4

�
, (77)

with ⇠ being the gauge parameter, taken ⇠ = 1 in our calculation and nN = {1, 3, 8}. ⇧L

µ⌫
, ⇧T

µ⌫
, ⇢L,T and ⇢± are the

longitudinal, the transverse projectors and the spectral densities for bosons and fermions, respectively. To compute
the production rate related to the D�graph �D, we will use its definition [? ]
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where q0 = p� k0 .

The spectral functions ⇢L,T (K) for the longitudinal and transverse gauge boson are defined as [? ? ]
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and these for the fermions, with positive and negative energy, are
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At the HTL approximation the corresponding residua are
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Substituting (80),(81) into (79) we obtain three contributions for �D: (I) terms that are proportional to ⇢
cont

L,T
⇢
cont

±
that will be called cont-cont, (II) terms proportional either to ⇢L,T or to ⇢

cont

± that will be called pole-cont and (III)
terms not involving any ⇢

cont called pole-pole part.
The thermally corrected one-loop self-energy for gauge bosons, scalars and fermions that we have used in calculating

these spectral functions, can be found in [? ? ? ? ? ? ]. Comparing (79) with the corresponding analytical result
given in Eqs. (4.6) and (4.7) in [? ], one can notice that they di↵er on the overall factor and on the number of
independent phase-space integrations. Our analytical result has been checked using various frames for the momenta
flow into the loop.

VII. Strumia section 4.1 revisited

As basis we use [? ]. The referenced equations are written as e.g. S(4.5).

The four momenta are defined as eG(P ) ! g(K) + g̃(Q) with

P = (p, pcp, psp, 0) , K = (k0, k, 0, 0) , Q = (q0, qcq, qsq, 0) , (83)

using the short notation e.g. cp ⌘ cos ✓p. We already assumed that the gravitino is massless compared to the high
temperature of the thermal bath, P 2 = 0, p0 = p. We have 7 variables, p, k, q, k0, q0, cp and cq, and three non-trivial
equations due to the overall momentum conservation, P i = K

i +Q
i
, i = 0, 1, 2. Thus, we are left with 4 independent

variables. We choose the basis k0, k, q0, and q. The other 3 ones are:
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still using later for convenience p instead of k0 + q0.

In order to calculate the gravitino selfenergy with vector-gaugino loop in the massless case we need the Feynman
rules for the two vertices. From (35) and (36) of [? ] we write the gluon-gluino-gravitino interaction,
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Obeying the equivalence theorem, these lagrangians can also be written as (see e. g. (A.19) and (A.14) in [? ]),
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FIG. 13. The thermal gravitino density ⌦3/2h
2 as a function of the reheating temperature Treh for various values of the gravitino

mass. The universal gaugino mass on the left panel is m1/2 = 750GeV , while for the figure on the right is m1/2 = 4TeV . The
shaded regions in gray mark the allowed value (3�) for the DM density given by [? ].

XI. Conclusions

In the paper [? ] we have calculated the gravitino thermal abundance, using the full one-loop thermally corrected
gravitino self-energy. Having rectified the main analytical formulae for the gravitino production rate, we have com-
puted it numerically without approximation. We o↵er a simple and useful parametrization of our final result. In
the context of minimal supergravity models, assuming gaugino mass unification, we have updated the bounds on
the reheating temperature for certain gravitino masses. In particular, saturating the current LHC gluino mass limit
mg̃ & 2100 GeV, we find that a maximum reheating temperature Treh ' 109 GeV is compatible to a gravitino mass
m3/2 ' 500� 600 GeV.

It should be noted that, trying to constrain the reheating temperature by applying the cosmological data on gravitino
DM scenarios, implies that thermal leptogenesis is assumed as a mechanism for generating baryon asymmetry. In any
case, there are many alternative models for baryogenesis. In addition, as it has been pointed out before, the thermal
gravitino abundance is in general a part of the whole DM density and the inclusion of other components will a↵ect the
phenomenological analysis. Moreover, our results for the gravitino production rate and its thermal abundance can be
used in a general supersymmetric framework, independently of the details of the supersymmetry breaking scenario.
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1. Phase space integrations

We will derive the result for subtracted scattering rate �sub defined as �sub

S
in [? ] by (2.3). This is a summand in

the collision term � used in the third equation of (6.1) in [? ].

We use the notation for the reaction a b ! c eG and the momenta conservation Pa+Pb = Pc+PeG with the particles
indices a, b, c pi can be a quark q, a squark q̃, a gluon g, or a gluino g̃ for SU(3). Analogous particles are for SU(2)
and U(1).
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it is expected [70]. Therefore for convenience we shall use the analytical slow-roll solution
hereinafter.

4 Gravitational Waves Production

In the previous sections, we have presented a mechanism in the context of a SUGRA based
hybrid model, that can produce a significant enhancement in the scalar power spectrum.
The amount of GWs is evaluated by the second-order (tensor) perturbations, which appear
as hij in Eq. (3.24). However, the tensor second-order perturbations can be related to
the scalar first-order perturbations, and hence to the scalar power spectrum [94–100]. In
this section we show that the enhancement of the power spectrum can be interpreted as
a source of GWs created during the radiation dominance era.

Figure 5: The energy density of gravitational waves for the analytical expression
Eq. (3.23). Purple curves correspond to set 1 and the orange to set 2, as given in Table 1.
Detailed description of the various curve shapes can be found in the main text.

The present-day energy density of the GWs is [101]

⌦GW (k) =
1

24

✓
k

aH

◆2

Ph(⌧, k) , (4.1)

where Ph is the tensor perturbation and the over-line denotes the average over the time.
In terms of scalar power spectrum this expression reads as [98]:
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The radiation density ⌦r gets its measured present day value ⌦r = 5.4⇥10�5 and cg = 0.4
in the case of Standard Model (SM) spectrum, while cg = 0.3 in the Minimal Supersym-
metric SM (MSSM). The variables x and y are:

x =

p
3

2
(s+ d), y =

p
3

2
(s� d). (4.3)

Finally, the functions Ic and Is are given by the equations
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Using that 1Mpc�1 = 0.97154 ⇥ 10�14 s�1 and k = 2⇡f , we can evaluate the energy
density of the GWs as a function of the frequency.

In Fig. 5 we plot the energy density of GWs using the analytical expression in Eq. (3.23).
Purple curves correspond to set 1 and the orange to set 2, as given in Table 1. Moreover,
the solid (dashed, dashed-double dot) purple line correspond to a1 = 4.33 (a1 = 5, a1 = 6),
in units 10�7

/MP . The parameter a1 is defined in (2.17). As can be seen from the figure,
the predicted GW spectra for these parameter choices, in the context of our hybrid model,
lie well within the detection range of the future GW experiments, like LISA, DESIGO,
BBO, SKA and ET [7–10,12]. Interestingly enough, we notice that the recently reported
NANOGrav [4–6] signal of can be interpreted in the context of this model (purple lines).
In this figure we display the NANOGrav 12.5 yrs region.

5 Primordial Black Holes Abundance

The significant enhancement of scalar power spectrum not only can explain the energy
density of GWs, as it is was discussed in the previous section, but also the production of
the PBHs. A main result of Ref. [102] is that the GWs spectrum , which is compatible to
the NANOGrav region, can be related to a particular prediction for the PBH abundance.
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Using that 1Mpc�1 = 0.97154 ⇥ 10�14 s�1 and k = 2⇡f , we can evaluate the energy
density of the GWs as a function of the frequency.

In Fig. 5 we plot the energy density of GWs using the analytical expression in Eq. (3.23).
Purple curves correspond to set 1 and the orange to set 2, as given in Table 1. Moreover,
the solid (dashed, dashed-double dot) purple line correspond to a1 = 4.33 (a1 = 5, a1 = 6),
in units 10�7

/MP . The parameter a1 is defined in (2.17). As can be seen from the figure,
the predicted GW spectra for these parameter choices, in the context of our hybrid model,
lie well within the detection range of the future GW experiments, like LISA, DESIGO,
BBO, SKA and ET [7–10,12]. Interestingly enough, we notice that the recently reported
NANOGrav [4–6] signal of can be interpreted in the context of this model (purple lines).
In this figure we display the NANOGrav 12.5 yrs region.
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the mass fraction of Universe collapsing in PBH mass. The Tf denotes the temperature of
PBH formation and the g⇤(Tf ) are the effective degrees of freedom during this formation.
In order to evaluate the abundance of PBHs, we integrate the expression in Eq. (5.1) as
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Z
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The mass of PBHs, which are created after the inflation when the scales reenter the
horizon is related to the mass inside the Hubble horizon. Specifically, the mass of PBHs
is
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where ⇢ is the energy density of Universe during collapse. If we consider that the PBHs
are formed during the radiation epoch, their mass is [13]
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where the subscript m� r refers to the time of equality of matter and radiation domi-
nation and gs refers to the entropy density. The equation above arises from the entropy
conservation d(gs(T )T 3

a
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wavenumbers and the epoch of radiation-matter equality. Thus we can express the mass
of PBHs as a function of the comoving wavenumber k
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where we use the approximation g(T ) = gs(T ) [13]. Assuming that the spectrum of the our
model is like the SM, we can use g⇤(T ) = 106.75. On the other hand assuming a spectrum
like the MSSM, we get g⇤(T ) = 228.75. Thus the PBH fractional abundance in the SM
is 1.13 times larger than in the MSSM. This relative factor to a good approximation can
be ignored.

The mass fraction � is evaluated using the Press-Schechter approach. In this approach,
the mass fraction � is calculated assuming that the overdensity � follows a gaussian
probability, with a threshold of collapse �c. So the mass fraction is given from the integral
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