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Scalar-tensor theories

Modifying General Relativity is motivated from both
theoretical and observational considerations [E. J. copeland, M. Sami,

S. Tsujikawa, 2006] [T. Clifton, P. G. Ferreira, A. Padilla, C. Skordis, 2012]

Lovelock’s theorem: the unique 4D action depending on the
metric only and yielding second-order conserved field equations
is the Einstein-Hilbert action with cosmological constant

Scalar-tensor gravity: modification of gravity which includes, in
addition to the usual metric tensor field g, a
non-minimally coupled scalar field ¢

Adds a unique degree of freedom ~ both simple and

general [T. chiba, Phys. Lett.B, 2003]

1/34



Introduction
008000

(Hairy) black holes

Focus: asymptotically flat black holes in vacuum without A

In GR, stationary black holes are completely characterized by mass
M and angular momentum J (Kerr metric). They have no hair,
i.e., no independent integration constant other than M and J

In scalar-tensor gravity, a black hole is said hairy if it is dressed
with a non-trivial scalar field: ¢ # 0. A hairy black hole can be:
e Stealth: the metric is the same as in GR
® Non-stealth: the metric is different from GR. The hair is
secondary if the metric is still determined only by M and J,
and primary if the metric depends on another integration
constant, independent from M and J

Exact black hole solutions here means closed-form: no
numerical integration, no expansion in the couplings, ...
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Horndeski theory

[Horndeski, 1974]

Most general 4D action with second-order field equations. Four
arbitrary functions Gy (¢, X), k =2,3,4,5:

S lgu o] = /d“x\/fg{ﬁz L3+ Ly + L},
Lr= G L3=—-GOp, La=GiR+ Gux |(06) — (6)’]
L5 = G5 Gt — 2 Gox ((06)° — 300 (0 + 20,0604
X is the scalar field kinetic term, X = — (9¢)? /2

If Gx = Gi (X) for all k, shift symmetry under shifts of the scalar

w— 1 oS
¢ — ¢ + const ~~ conserved Noether current, J T2 500.9)

If only G (X) and G4 (X), parity symmetry under ¢ — —¢
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Degenerate Higher-Order Scalar-Tensor (DHOST) theories

[D. Langlois, K. Noui, 2015]
Field equations of order > 2 but evading the Ostrogradsky
instability thanks to degeneracy of the kinetic matrix
Disformal transformation: g, = C (¢, X) gu + D (¢, X) 0,6 0,0
If S € DHOST, then S € DHOST where S (g, ¢] = S [Eu» ¢

~+ Generation of solutions: starting from a seed solution (g, ¢)
to the initial action S, get a solution (g, ¢) to the new action S

If S € Horndeski, C = C(¢) and D = D (¢, X), then
S € beyond Horndeski:

SpH = /d4X\/jg{['4bH + Est},

Lapn = Fa (¢, X) ghvpo Eaﬁ’yo' ¢u¢a¢u6¢pw Lspy = Fs (¢7 X) T
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6274 (X) and
6274 (X) (Shlft 62737475 ((b, X) F4 (X) (Shlft
o= + parity sym. | (Generic  Horn- | 4+ parity sym. DHOST
Horndeski) deski) beyond Horn-
deski)
BCL élzfsiif)il:es':)elj: Secondary hair | Regular black
(Babichev- . . solutions, ho- | holes  (Kerr-
o(r) . extensions  with- .
Charmousis- . mogeneous or | Schild con-
B out conformal in- .
Lehébel) variance not struction)
qt+ (r) Stealth Stealth  Kerr
and X = Schwarzschild ) 0 and Disformed
constant Kerr
Primary  hair
gt:%}((;ﬁ (New) Stea!th Shift-symmetric solutions  (in- | Conformal
cgnstant Schwarzschild | 4DEGB cluding regular | Kerr
black holes)
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6274 (X) and
6274 (X) (Shlft 62737475 ((b,X) F4 (X) (Shlft
o= + parity sym. | (Generic  Horn- | 4+ parity sym. DHOST
Horndeski) deski) beyond Horn-
deski)
¢ (r)
qt+ (r) Stealth Stealth- Kerr
and X = . and Disformed
Schwarzschild
constant Kerr
qt+¥ (r) | (New) Stealth
and X' # | Schwarzschild
constant
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Stealth Schwarzschild

[E. Babichev, C. Charmousis, 2014]

5= [ dxv=g{R+36"0,00,0}

Shift-symmetric Horndeski with a unique nonvanishing function
G4 = 1+ pX. Static, spherically-symmetric ansatz:

2 o dr? 2102
ds® = —h(r)dt* + —— + r°dQ
f(r)
No-hair argument (L. Hui, A. Nicolis, 2013], Which requires in addition that
¢ = ¢ (r). But the action depends on the scalar field only via its
derivatives, so a linear time dependence is allowed:

¢ =qt+1(r)
~~ Stealth Schwarzschild solution with constant X = — (9¢)? /2:
B B 2M Py V2Mr q°
h(r)_f(r)_1_77 ¢(r)_iqr_2M7 X_?

7/34



Stealth and transfos.
000e0000

e Constant X allows to generalize this procedure and to find
more general Horndeskl [T. Kobayashi, N. Tanahashi, 2014] and DHOST
theories (M. Minamitsuji, H. Motohashi, 2018] admitting such stealth
Schwarzschild solutions

e Absence of the scalar field kinetic term in the action brings
about perturbative problems (unlike stealth Schwarzschild-dS)

Recently, new Stealth SChWarZSChiId [A. Bakopoulos, C. Charmousis, P. Kanti,
N. L., T. Nakas, 2023 With G = 21/ X (non-standard kinetic term) and
Gy = 14+ AV X, and non-constant X:

S— /d‘*x\ﬁ 20X+ (14 2WX) R \ﬁ[(mqs) ~(ow)’] }

B b @ A (r) _Ag?)2
¢=qt+v(r), ¥ (r) ©f2(r) [1_/\+nr2} X_m
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Stealth Kerr with Hamilton-Jacobi scalar field

[C. Charmousis, M. Crisostomi, R. Gregory, N. Stergioulas, 2019]

Shift-symmetric quadratic DHOST with ¢, = c:
= [d*xv=g { (X) R+P (X)+Q (X) D+ As (X) 860, Dpt - |

If X = (8¢)% = Xo = —q?, Ricci-flat metric R w = 0 implies
P (Xo) = Px (Xo) = Qx (Xo) = A3(Xp) =0

So such a theory admits a stealth Kerr solution. X = —g? can be
linked to the mass-shell equation of a point-particle with mass g,

= (8¢)2 = gwjau(b 8V¢ = glwpupu
i.e. ¢ is Hamilton-Jacobi functional of the geodesic: d,,¢ = p,
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Using Carter's integration of Kerr geodesics then gives

p=gq (ti/ ! 2Mr(Ar2+32)dr>

in the usual Boyer-Lindquist coordinates, with Kerr metric

2Mr > 4Mar sin? 0
2_ _(+1_ 2 &2 2 _
ds® = <1 5 )dt +Adr + Xdf 5 dtdep
SN0 7 5 2 o, o 2
?[(r +a) —a“Asin“ 0| de°,

where ¥ = r? + a%cos? 0 and A = r?2 + 22 — 2Mr.

Again, absence of scalar field kinetic term ~- scalar field
perturbation equation is non-hyperbolic [c. de Rham, J. Zhang, 2019]
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Disformed Kerr metric

[T. Anson, E. Babichev, C. Charmousis, M. Hassaine] [J. Ben Achour, H. Liu, H. Motohashi, S. Mukohyama, K. Noui]

Disformal transformation with constant factor D:

~ D
By = gll;(yerr - ? ,uﬁb azxgb

Disformed Kerr has mass M = HLD and angular mom. J = \/1J+7D:
o,
a2 = — (1 . 2Mr/z) ae - VI Dg’ars'" O dtdp + % a0?

2 o (2 1 2

Sin 9 2 2 2 2 .2 2 2 r(r +a)

+ s [(r —l—a) a“Asin 9} dp® —2D A dtdr
YA —2D(1+ D) Mr (r? + &2

+ ( A2) r(r a)dr2

Non-circular: (t,p) — (—t, —¢) not a symmetry because of dtdr
~~ Richer causal structure: static limit (ergosphere) + stationary

limit (Killing horizon) + event horizon
11/34
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Conformal Kerr metric

[E. Babichev, C. Charmousis and N. L.]

Conformal transformation of stealth Kerr metric gives a
non-stationary black hole with FLRW behaviour when r — oc:

guw = C(¢) g,'fl,e”, ® = g (conformal time),

C(¢) = a*>(¢/q) = a* (1) (conformal FLRW scale factor)

E.g. for vanishing rotation:

. 2M [2M
ds? = a%(7) {— <1 — r> dr? 42 ——drdr + dr? + r2d92}

¢ =qr
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6274 (X) and
6274 (X) (Shlft 62737475 ((b,X) F4 (X) (Shlft
o= + parity sym. | (Generic  Horn- | 4+ parity sym. DHOST
Horndeski) deski) beyond Horn-
deski)
BCL Secondary hair
6 (1) (Babichev- solutions,  ho-
Charmousis- mogeneous  or
Lehébel) not
qt+1 (r)
and X =
constant
Primary  hair
qt-+y (r) solutions  (in-
and X # .
cluding regular
constant

black holes)
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Framework
5= [ d'xy=g{6(X) + G () R+ Gox [(00)° - 6,6
+ F4 (X) euypaﬁaﬁ'ya¢,u¢a¢u,8¢pﬂy}
155

Shift-symmetry = Noether current JV = — 2 5(0.9)"
V,J#=0

Ansatz: static, spherically-symmetric metric, compatible scalar:

dr?

f(r)

o q # O = JI’ XX gtr = Jr == O [E. Babichev, C. Charmousis, M. Hassaine, 2015]

¢ q=0=J=-C_= Jr=C soJJt<oo=J =0

= s

ds? = —h(r)de® + +r2dQ?, p=qt +(r)

~+ Focus on solutions with J” = 0 and regular kinetic term X
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Pure Horndeski black hole

[E. Babichev, C. Charmousis, A. Lehébel, 2017]
Idea: inspect carefully the form of J', in order to identify which
Horndeski functionals enable a non-trivial scalar field from the
equation J" = 0 for spherical symmetry
~ Two couplings n and 3, canonical kinetic term:

G=nX, G =14+pv—-X, F,=0

Solution: homogeneous metric (h = f) and static scalar field

¢ =¢(r):

2
F(r)=1- %_sz & (r) :iﬂ
r 2nr nr2\/f (r)
The kinetic term is finite apart from the central singularity:
2
n2r
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Beyond Horndeski black holes

[A. Bakopoulos, C. Charmousis, P. Kanti, N. L., 2017]
Other black holes with ¢ = ¢ (r) can be found only by including a
beyond Horndeski F, term, and share the property that for M = 0,
ds? = flat. For example, for a canonical kinetic term, one has:

813> _ _ B
G2 = =15 X. G4_1+4n5(\/fx+5x), Fa= -1
with three couplings 1, 5, A. Homogeneous metric:
2M  arctan(r/\) — /2 2M A2 1
f(ry=1—— =1l-——— =
(r) ;o r/A r r? +O r4

The kinetic term is well-defined including now at r = 0:
4
Xeo ()=t :
BV2F () (1+ (r/2))

462 (r2 4+ \2)%’
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Near r = 0:

2M + Trn)\/2 nr?
3A2 +_C)( )

~~ threshold mass My = —mn\/4. For M > My, unique horizon;

for M < My, two horizons if M is not too small, and zero horizon

for small masses; for M = My, zero or one horizon according to

n 2 —1, and f (r) does not diverge at r = 0 but the spacetime

remains singular there because f (0) # 1

f(ry=14+n-

Once a homogeneous solution is obtained, procedure to generalize
it to non-homogeneous ones. For example:

G 787]52 X C :1+477[3(\/j+,3X)
TN 1oex Tt 1—&2x ’
E €0X2 — (382 +4nB°) X — 8BV —X — 4n3?
T 4X (1 - e2X)?
Ives
: F(r) = 7”(? .
(1-¢&2X)
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Primary hair solution
[A. Bakopoulos, C. Charmousis, P. Kanti, N. L., T. Nakas, 2023]
By including linear time dependence of the scalar, ¢ = qt + ¢ (r),
get primary hair solutions: the integration constant g, independent
from the mass, appears in the metric. Theory functionals depend

on two couplings A (> 0) and 7:

877 2 2
=-——=X oMo
G2 3)\2 G4 3 4 n,

2M 4 (/2 —arctan(r/\) 1
_T+77q < ) +1+(r/)\)2>,

R _f(n _%
Y (r) _f2(r) |:1 1+(r/)\)2:| X_1+(r/)‘)2

q = 0: Schwarzschild, g # 0: departure from Schwarzschild
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Fr)=1- 2M gt /2 — arctan (r/\) 1
- 2
r/A 1+ (r/\)
2M ng*
:1——-1-2)\2—2-1-(9 = | r — o0
\
we———|———— — — v i \
T \
05 R M/A > 7ng' /4 \
s M/A=3 - Ll Sl il
)l \
7
I' ~~~~~~~ nq' = —150 = ~ \ E e ngt=2 €>0
Y = 7 ¢
N 4 ] / * 3L cme= g'=37, C>0
/ N
10 I ' =5 : : ng' =45, C<0
- af :
-15 ;‘ 1 — ng'=0 ] — n¢'=7, C<0
I I
2 - 1 10 100 1000 0.01 0.10 1 10 100
r/(2M) r/(2M)

Figure 1: Left: n < 0, unique horizon greater than the Schwarzschild
radius rs = 2M. Right: n > 0, one, two, three or zero horizons, horizon

smaller than Schwarzschild.
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Regular spacetime (black hole or soliton)
For M = mnq*\/4, the central singularity disappears and all
curvature invariants become infinitely regular:
aM (arctan (r/\) 1 >

™ N 14 (/0

= sy o e M/X=6.25 =
% 05 “~ .
s=e= M/A=5 K N cme= M/A=1
041 . .

10 M/X=10/3 M/A=1/2

“15 M/A =222 o2f — M/A=1/3

ol . . . ook

: 0.01 0.10 1 10 100 1000 0.01 0.10 1 10 100 1000
r/(2M) r/(2M)

Figure 2: Left: Regular BH solutions. Right: regular solitonic solutions.
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Non-stealth: generic Horn.

6274 (X) and
6274 (X) (Shlft 62737475 ((b, X) F4 (X) (Shlft
o= + parity sym. | (Generic  Horn- | 4+ parity sym. DHOST
Horndeski) deski) beyond Horn-
deski)
4DEGB (Einstein-
Gauss-Bonnet) +
o(r) extensions  with-
out conformal in-
variance
qt+¢ (r)
and X =
constant
Zi:%}((;ﬁ Shift-symmetric
4DEGB
constant
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The Gauss-Bonnet invariant G

G = R? — 4R, R™ + Ryy,0 R*P° . According to Lovelock’s
theorem, G is the first higher-order correction to the
Einstein-Hilbert action, giving the Einstein-Gauss-Bonnet (EGB)
action:

S— /de¢Tg{R+ ag}

Problem: for D = 4, G is only a boundary term. Still, G gives
non-trivial contributions when non-minimally coupled to a scalar
field ¢, e.g.

/d4x\/7g{R+ F(O)G+ - }
G also physically motivated by string theory (&. zwiebach, 1985]

~» What is the natural generalization/continuation of EGB
gravity in four dimensions?
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Kaluza-Klein (KK) dimensional reduction

[C. Charmousis, B. Gouteraux, E. Kiritsis, 2012]

Start from the D-dimensional EGB theory:

de\/?(D){R(D) + &Q(D)}
Diagonal decomposition of the D-dimensional metric
difp) = dsyy + e 7ds
yields (for short ny = n — k):
dPx/~gpyRp) o / d*xv/—g e—"¢{R+§e2¢+n(n —1) (a¢)2}
and
dPx/~80)G(p) / dtxy/=g e "{G +Ge* + 2Re?’ R + nans (96)’]
— 4nm.G" 6,0, + 2nmma0 (96)° — nnZna (90)*}
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Singular limit
[H. Lu, Y. Pang, 2020]

The prescription n — 0, & — oo, né = const. = « yields only finite
terms, provided the following regularized curvature invariants are
well-defined:

Rew = lim — g~ = lim =
ree n—0 I’l7 ree n—0 n’

and the term e "?AG is dealt with as follows:

e 4G = &G, —nadg + O (n*) — —agg.
BT

~ regularized Kaluza-Klein action or 4ADEGB theory:

S= /d4x¢jg{R + a[ — oG + Gvrege4¢ + 2§regez¢ (R +6 (8¢)2)
4G D,00,0 -+ 400 (96) +2(90)"] )
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4DEGB from generalized conformal invariance
[P. G. S. Fernandes, 2021]

Most general 4D action with second order field equations, and such
that the scalar field equation of motion has conformal
symmetry, i.e. is invariant under g, — ez"gw, ¢ — ¢—o:

S= / d4x\/?g{R —2)e* — Be?? [R +6 (r%)z}
+af-6G +46"9,6 0,6 + 406 (96) +2(96)°]

Same action as the regularized KK action with:
2\ = _agreg7 B = _2a§reg

Due to the generalized conformal invariance, geometric constraint:

0S 0S Q
— x R+ =G.
Sgi +5 5 x R+ 29
The $e2?X term can be transformed into a canonical kinetic term
for the scalar field ¢ = e?

2gH
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Flat internal SPACE [R. A. Hennigar, D. Kubiziidk, R. B. Mann, C. Pollack, 2020]
[C. Charmousis, A. Lehébel, E. Smyrniotis and N. Stergioulas, 2021] (le )\ = /8 = 0)

2 M 2M  4aM? 1
Fott = (1ay /14 8M) 2 2M  deMT ,
2a r3 r

r* r?

/G224 f(r)—f
d):qt—i—/ ar —:(()r) (r)dr. Horizons: r = M £ v/ M?2 — o
rf(r

. - . . 2
Maximally-symmetric internal space [v. Lu, v. Pang, 20201 (i.€. A = %):

f =idem, ¢(r) = log (@) — log (cosh (ci / %))

. 2
Internal space product of 2-spheres [p. G. s. Fernandes, 2021] (i.e. A = f—a):

r2 \/ 8aM  8a2 oM 2a 1
f1+2a<1— 1+r3+r4>1—r—r2+0<r4>,

¢ (r) = log (\/T&/ﬂ/r> . Horizon: ry = M+ VM2 +

0O00000e0000 0O00C
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! !

0 1 2 3
r/M r/M

Figure 3: Metric function f(r) for different values of M/+/]a| for negative a (left
plot) and positive a (right plot) for the 4DEGB solution in the case of internal
space product of two-spheres. One has f (0) = 1+ /2 for o < 0 and
f(0)=1—+v2fora>0
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Extension of the log case without conformal invariance

[E. Babicher, C. Charmousis, M. Hassaine, N. L., 2023]
S= / d4x\/§{R — 2e*® — 2Ase%? — By (R +6 (a¢)2)
— Bge? (R 12 (a¢)2) — a4 (¢>Q — 4G" §h, — 40¢ (99)? — 2 (3¢)4)
— ase? (G — 86" 4,6, — 1206 (96) —12(99)" ) }.

The couplings with A5, 85 and as would correspond to a
conformally-invariant scalar field in five dims. {5 oiiva and s. Ray, 2012]
First solution:

o B 9B 52

- 4a4’ > 200[57 64 o 30[4’
2aism r? 4aism 2 2M  2a4  8asn
f=1 I l1—y/(1 dag [ 50 4 224
+ 3aur + 2004 + 3r3 + o r3 + ré + 5r5 '

¢=1In(n/r), n=+/—204/Ps
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Second solution: A\ = 84 = a3 =0, X5= 9B§/ (20ass),

1 2M  4asn n . —as
f(r):—4a 1—-—— 3| p=In(=), n=24y/—
14+ _71353 r 15r r 305
e
1.0
2»
0.5
1 |-
0.0
3 70.‘) 0 | - O .......
= o — 0.55
o -1t Ms ]
-15 — 075
— 2 ) — 1
o0l — 25 ] - — 15
— 3 — 2
72.5 1 1 1 1 1 73 1 1 1 1 1
00 25 50 75 100 125 150 00 25 50 75 100 125 15.0
v/ (asn)'/? v/ (—asn)'/?

Figure 4: Metric profile f(r) for as > 0 (left plot) or a5 < 0 (right plot) and
different values of M/ |a577|1/3
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A rotating solution to 4DEGB?

[P. G. S. Fernandes, 2023]
Generic rotating Kerr-Schild ansatz:
ds? = — (1 —2rM(r,0) /) (dv — asin29d<p)2
+2 (dv — asin? 9dg0) (dr — asin? Hdgo) + ¥ dQ?
R+ 5G = 0 gives M (r,0) in terms of arbitrary M () and q (6):
2(M—3)
1 + \/1 8of (r2 — 322 cos? ) (M — 1)

Yields a full solution for A = 0 and constant scalar field
¢ = —log(B)/2, because then all equations become an identity but
the geometric constraint R+ 5G =0

~> also work for non-constant scalar field?
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Conclusions: Stealth solutions and disformal transformations

G4 (X) and
G274 (X) (Shlft G2’3’4’5 (¢, X) F4 (X) (Shlft
o= + parity sym. | (Generic  Horn- | + parity sym. DHOST
Horndeski) deski) beyond Horn-
deski)
o (r)
qt+1 (r) Stealth  Kerr
and X = Stealth . and Disformed
Schwarzschild
constant Kerr
qt;—gﬁ((r) (New) Stealth Conformal
an 7 | Schwarzschild Kerr
constant
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Conclusions: Non-stealth in parity and shift-sym. theories

G4 (X) and
G274 (X) (Shlft G2’3’4’5 (¢,X) F4 (X) (Shlft
o= + parity sym. | (Generic  Horn- | + parity sym. DHOST
Horndeski) deski) beyond Horn-
deski)
BCL Secondary hair
6(r) (Babichev- solutions,  ho-
Charmousis- mogeneous  or
Lehébel) not
qt+1) (r)
and X =
constant
Primary  hair
Z:;:gp((;z solutions  (in-
constant cluding regular

black holes)
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Conclusions: Non-stealth BHs in generic Horndeski

G4 (X) and
G274 (X) (Shlft G2’3’4’5 (¢, X) F4 (X) (Shlft
o= + parity sym. | (Generic  Horn- | + parity sym. DHOST
Horndeski) deski) beyond Horn-
deski)
4DEGB (Einstein-
Gauss-Bonnet) +
o(r) extensions  with-
out conformal in-
variance
qt+¢ (r)
and X =
constant
g,t,:if((;z Shift-symmetric
4DEGB
constant
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G4 (X) and
G274 (X) (Shlft G2’3’4’5 (¢, X) F4 (X) (Shlft
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