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Solve A-body Schrödinger equation (for any A=Z+N)
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many-nucleon Hamiltonian

A-body wave function

A-body energies of ground and excited states

1. Model interactions between nucleons 2. Solve many-body Schrödinger eq.

Ab initio nuclear many-body problem

input

feedback

➪ Each of them constitutes a formal & computational complex task

➪ Nuclei described as a collection of interacting protons and neutrons

Goals

○ Understand how nucleons organise themselves into nuclei starting from basic interactions (← QCD)

○ Provide reliable predictions for nuclear observables (➝ applications)
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Nuclear Hamiltonian

⦿ Model inter-nucleon forces via effective field theories

○ Chiral EFT  ➝  Nucleons and pions as explicit d.o.f.

○ Systematic framework to build AN interactions (A=2, 3, …) 

○ Truncate expansion ➝ Error assigned to each order

complete work in [81, 82]). Although three-pion exchange
formally appears at N3LO and at N4LO, it has usually been
neglected, as the (nominally) leading 3Q exchange potential at
N3LO is known to be weak compared to the two-pion
exchange [83, 84] and to have negligibly small effect on
phase shifts. However, the subleading corrections at N4LO
are enhanced due to the appearance of the LECs ci [85]. To
check the assertion that the 3Q exchange can still be neglec-
ted, the authors of [77] have carried out a N4LO fit for the
intermediate value of the cutoff of R 1.0� fm, in which the
dominant class-XIII 3Q exchange potential V3

XIII
Q from [85]

was explicitly included. No significant (not even noticeable)
changes both in the quality of the description of the Nijmegen
phase shifts and in the reproduction/predictions for obser-
vables was found. In figure 7, using the above-discussed
method of uncertainty quantification, the S-, P- and D-wave
phase shifts and the mixing angles 1� and 2� at NLO and

higher orders in the chiral expansion for R 0.9� fm are
shown. The various bands result from adding/subtracting the
estimated theoretical uncertainty to/from the calculated
results. Similar results are obtained for np scattering obser-
vables, see [77] for details.

Next, let us consider 3NFs. While providing a small
correction to the nuclear Hamiltonian as compared to the
dominant NN force, its inclusion is mandatory for quantitative
understanding of nuclear structure and reactions, for recent
reviews, see [88, 89]. Historically, the importance of the 3NF
has been pointed out already in the 1930s [90] while the first
phenomenological 3NF models date back to the 1950s.
However, in spite of extensive efforts, the spin structure of the
3NF is still poorly understood [88]. Chiral EFT indeed pro-
vides a suitable theoretical resolution to the long-standing
3NF problem. As already noted, the 3NF only appears two
orders after the leading NN interaction. At this order, there are
only three topologies contributing, see figure 8. The two-pion
exchange topology is given again in terms of the ci, as dis-
cussed in detail in [91]. The so-called D-term, which is related
to the one-pion exchange between a 4N contact term and a
further nucleon, has gained some prominence in the first
decade of this millennium, as many authors have tried to pin it
down based on a cornucopia of reactions, such as Nd Ndl
[94], NN NNQl [92, 93], NN dℓ ℓOl [95–98], d NNQ Hl
[99–101], or the spectra of light nuclei [102], see figure 9
(here, γ denotes a photon, ℓ a lepton and ℓO its corresponding
antineutrino) . This demonstrates again the power of EFT—
very different processes are related through the same LECs

Figure 7. Results for the np S-, P- and D-waves and the mixing
angles 1� , 2� up to N4LO based on the cutoff of R 0.9� fm in
comparison with the Nimjegen PWA [86] and the GWU single-
energy PWA [87]. The bands of increasing width show estimated
theoretical uncertainty at N4LO, N3LO, N2LO and NLO.

Figure 8. Topologies of the leading contributions to the chiral 3NF.
From left to right: Two-pion exchange, one-pion-exchange and 6N
contact interaction.

Figure 9. Various reactions that all are sensitive to the D-term.
Figure courtesy of Evgeny Epelbaum.
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LO NLO N2LO N3LO

➪ Apply to many-nucleon systems + propagate theoretical error

➝ ➝➝
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FIG. 2: Predictions for the np total cross section based on the
improved chiral NN potentials at NLO (filled squares, color
online: orange), N2LO (solid diamonds, color online: green),
N3LO (filled triangles, color online: blue) and N4LO (filled
circles, color online: red) at the laboratory energies of 50,
96, 143 and 200 MeV for the di↵erent choices of the cuto↵:
R1 = 0.8 fm, R2 = 0.9 fm, R3 = 1.0 fm, R4 = 1.1 fm and
R5 = 1.2 fm. The horizontal band refers to the result of the
NPWA with the uncertainty estimated as explained in the
text. Also shown are experimental data of Ref. [29].
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Here, Q is the expansion parameter given by

Q = max

✓
p

⇤b
,
M⇡

⇤b

◆
. (4)

For the breakdown scale, we use the same values as in
Ref. [1], namely ⇤b = 600 MeV, 500 MeV and 400 MeV
for R = 0.8 . . . 1.0 fm, R = 1.1 fm and R = 1.2 fm, re-
spectively. The theoretical uncertainty at lower orders
is estimated in a similar way as described in detail in
[1]. Fig. 2 shows the resulting predictions for the np
total cross section at di↵erent energies and for all cut-
o↵ choices. First, we observe that the predictions based
on di↵erent values of the cuto↵ R are consistent with
each other with results corresponding to larger values
of R being less accurate due to a larger amount of cut-
o↵ artefacts. Secondly, our N4LO predictions provide
strong support for the new approach of error estimation.
In particular, the actual size of the N4LO corrections is
in a good agreement with the estimated uncertainty at
N3LO [1]. The somewhat larger N4LO contributions at
the lowest energy is to be expected and can be traced
back to the adopted fitting strategy in the 1S0 channel,
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FIG. 3: Results for the np S-, P- and D- waves and the
mixing angles ✏1, ✏2 up to N4LO based on the cuto↵ of
R = 0.9 fm in comparison with the NPWA [21] (solid dots)
and the GWU single-energy PWA [30] (open triangles). The
bands of increasing width show estimated theoretical uncer-
tainty at N4LO (color online: red), N3LO (color online: blue),
N2LO (color online: green) and NLO (color online: yellow).

see Ref. [1] for more details. Finally, our N4LO results
are in a very good agreement both with the NPWA and
with the experimental data.
The above error analysis can be carried out for any

observable of interest. Fig. 3 shows the estimated un-
certainty of the S-, P- and D-wave phase shifts and the
mixing angles ✏1 and ✏2 at NLO and higher orders in
the chiral expansion based on R = 0.9 fm. The various
bands result by adding/subtracting the estimated theo-
retical uncertainty, ±��(Elab) and ±�✏(Elab), to/from
the calculated results. Similarly, we show in Fig. 4 our
predictions for the various NN scattering observables at
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see Ref. [1] for more details. Finally, our N4LO results
are in a very good agreement both with the NPWA and
with the experimental data.
The above error analysis can be carried out for any

observable of interest. Fig. 3 shows the estimated un-
certainty of the S-, P- and D-wave phase shifts and the
mixing angles ✏1 and ✏2 at NLO and higher orders in
the chiral expansion based on R = 0.9 fm. The various
bands result by adding/subtracting the estimated theo-
retical uncertainty, ±��(Elab) and ±�✏(Elab), to/from
the calculated results. Similarly, we show in Fig. 4 our
predictions for the various NN scattering observables at

[Weinberg 1990-91, Ordóñez & van Kolck 1992, ….]
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theory. The energy independence of the potential is a
welcome feature which enables applications to three- and
more-nucleon systems.

We are now in the position to discuss the structure of
the nuclear force at lowest orders of the chiral expansion.
The leading-order (LO) contribution results, according
to Eq. (2.8), from two-nucleon tree diagrams constructed
from the Lagrangian of lowest dimension ∆i = 0, L(0),
which has the following form in the heavy-baryon formu-
lation (144; 145):

L(0)
π =

F 2

4
〈∇µU∇µU † + χ+〉 , (2.9)

L(0)
πN = N̄

(

i v · D+
◦
gA u · S

)

N ,

L(0)
NN = −1

2
CS(N̄N)(N̄N) + 2CT (N̄SN) · (N̄SN) ,

where N , vµ and Sµ ≡ (1/2)iγ5σµνvν denote the large
component of the nucleon field, the nucleon four-velocity
and the covariant spin vector, respectively. The brackets

〈. . .〉 denote traces in the flavor space while F and
◦
gA

refer to the chiral-limit values of the pion decay and the
nucleon axial vector coupling constants. The low-energy
constants (LECs) CS and CT determine the strength of
the leading NN short-range interaction. Further, the uni-
tary 2×2 matrix U(π) = u2(π) in the flavor space collects
the pion fields,

U(π) = 1 +
i

F
τ · π − 1

2F 2
π

2 + O(π3) , (2.10)

where τi denotes the isospin Pauli matrix. The covariant
derivatives of the nucleon and pion fields are defined via
Dµ = ∂µ + [u†, ∂µu]/2 and uµ = i(u†∂µu − u∂µu†). The
quantity χ+ = u†χu†+uχ†u with χ = 2BM involves the
explicit chiral symmetry breaking due to the finite light
quark masses, M = diag(mu, md). The constant B is
related to the value of the scalar quark condensate in the
chiral limit, 〈0|ūu|0〉 = −F 2B, and relates the pion mass
Mπ to the quark mass mq via M2

π = 2Bmq +O(m2
q). For

more details on the notation and the complete expres-
sions for the pion-nucleon Lagrangian including up to
four derivatives/Mπ-insertions the reader is referred to
(146). Expanding the effective Lagrangian in Eqs. (2.9)
in powers of the pion fields one can easily verify that
the only possible connected two-nucleon tree diagrams
are the one-pion exchange and the contact one, see the
first line in Fig. 12, yielding the following potential in the
two-nucleon center-of-mass system (CMS):

V (0)
2N = − g2

A

4F 2
π

'σ1 · 'q'σ2 · 'q
'q2 + M2

π
τ 1 ·τ 2 +CS +CT'σ1 ·'σ2 , (2.11)

where the superscript of V2N denotes the chiral order ν,
σi are the Pauli spin matrices, 'q = 'p ′ − 'p is the nucleon
momentum transfer and 'p ('p ′) refers to initial (final)
nucleon momenta in the CMS. Further, Fπ = 92.4 MeV
and gA = 1.267 denote the pion decay and the nucleon
axial coupling constants, respectively.

Leading order

Next−to−next−to−next−to−leading order

Next−to−leading order

Next−to−next−to−leading order

FIG. 12 Chiral expansion of the two-nucleon force up to
N3LO. Solid dots, filled circles, squares and diamonds denote
vertices with ∆i = 0, 1, 2 and 4, respectively. Only irre-
ducible contributions of the diagrams are taken in to account
as explained in the text.

The first corrections to the LO result are suppressed
by two powers of the low-momentum scale. The ab-
sence of the contributions at order ν = 1 can be traced
back to parity conservation which forbids (N̄N)(N̄N)
vertices with one spatial derivative and πNN vertices
with two derivatives (i. e. ∆i = 1). The next-to-leading-
order (NLO) contributions to the 2NF therefore result
from tree diagrams with one insertion of the ∆i = 2-
interaction and one-loop diagrams constructed from the
lowest-order vertices, see Fig. 12. The relevant terms in
the effective Lagrangian read (147)

L(2)
π =

l3
16

〈χ+〉2 +
l4
16

(

2〈∇µU∇µU †〉〈χ+〉

+ 2〈χ†Uχ†U + χU †χU †〉 − 4〈χ†χ〉 − 〈χ−〉2
)

+ . . . ,

L(2)
πN = N̄

(

1

2
◦
m

(v · D)2 − 1

2
◦
m

D · D + d16S · u〈χ+〉

+ id18S
µ[Dµ, χ−] + . . .

)

N ,
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order (NLO) contributions to the 2NF therefore result
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interaction and one-loop diagrams constructed from the
lowest-order vertices, see Fig. 12. The relevant terms in
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theory. The energy independence of the potential is a
welcome feature which enables applications to three- and
more-nucleon systems.

We are now in the position to discuss the structure of
the nuclear force at lowest orders of the chiral expansion.
The leading-order (LO) contribution results, according
to Eq. (2.8), from two-nucleon tree diagrams constructed
from the Lagrangian of lowest dimension ∆i = 0, L(0),
which has the following form in the heavy-baryon formu-
lation (144; 145):
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where N , vµ and Sµ ≡ (1/2)iγ5σµνvν denote the large
component of the nucleon field, the nucleon four-velocity
and the covariant spin vector, respectively. The brackets

〈. . .〉 denote traces in the flavor space while F and
◦
gA

refer to the chiral-limit values of the pion decay and the
nucleon axial vector coupling constants. The low-energy
constants (LECs) CS and CT determine the strength of
the leading NN short-range interaction. Further, the uni-
tary 2×2 matrix U(π) = u2(π) in the flavor space collects
the pion fields,
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where τi denotes the isospin Pauli matrix. The covariant
derivatives of the nucleon and pion fields are defined via
Dµ = ∂µ + [u†, ∂µu]/2 and uµ = i(u†∂µu − u∂µu†). The
quantity χ+ = u†χu†+uχ†u with χ = 2BM involves the
explicit chiral symmetry breaking due to the finite light
quark masses, M = diag(mu, md). The constant B is
related to the value of the scalar quark condensate in the
chiral limit, 〈0|ūu|0〉 = −F 2B, and relates the pion mass
Mπ to the quark mass mq via M2

π = 2Bmq +O(m2
q). For

more details on the notation and the complete expres-
sions for the pion-nucleon Lagrangian including up to
four derivatives/Mπ-insertions the reader is referred to
(146). Expanding the effective Lagrangian in Eqs. (2.9)
in powers of the pion fields one can easily verify that
the only possible connected two-nucleon tree diagrams
are the one-pion exchange and the contact one, see the
first line in Fig. 12, yielding the following potential in the
two-nucleon center-of-mass system (CMS):
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where the superscript of V2N denotes the chiral order ν,
σi are the Pauli spin matrices, 'q = 'p ′ − 'p is the nucleon
momentum transfer and 'p ('p ′) refers to initial (final)
nucleon momenta in the CMS. Further, Fπ = 92.4 MeV
and gA = 1.267 denote the pion decay and the nucleon
axial coupling constants, respectively.
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ducible contributions of the diagrams are taken in to account
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L(2)
NN = −C̃1

(

(N̄DN) · (N̄DN) + ((DN̄ )N) · ((DN̄)N)
)

− 2(C̃1 + C̃2)(N̄DN) · ((DN̄)N)

− C̃2(N̄N) · ((D2N̄)N + N̄D2N) + . . . , (2.12)

where li, di and C̃i denote further LECs and
◦
m is the

nucleon mass in the chiral limit. The ellipses in the pion
and pion-nucleon Lagrangians refer to terms which do
not contribute to the nuclear force at NLO. In the case
of the nucleon-nucleon Lagrangian L(2)

NN only a few terms
are given explicitly. The complete reparametrization-
invariant set of terms can be found in (148). The NLO
contributions to the two-nucleon potential have been first
considered in (149; 150) utilizing the framework of time-
ordered perturbation theory. The corresponding energy-
independent expressions have been worked out in (151)
using the method described in (152) and then re-derived
in (142) using an S-matrix-based approach and, inde-
pendently, in (143; 153) based on the method of uni-
tary transformation. The one-pion (1π) exchange dia-
grams at NLO do not produce any new momentum de-
pendence. Apart from renormalization of various LECs
in Eq. (2.11), one obtains the leading contribution to the
Goldberger-Treiman discrepancy (154)

gπN

m
=

gA

Fπ
− 2M2

π

Fπ
d18 + . . . (2.13)

where the ellipses refer to higher-order terms. Similarly,
loop diagrams involving NN short-range interactions only
lead to (Mπ-dependent) shifts in the LO contact terms.
The remaining contributions to the 2NF due to higher-
order contact interactions and two-pion exchange have
the form:
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where q ≡ |"q | and the LECs Ci can be written as lin-
ear combinations of C̃i in Eq. (2.12). The loop function

LΛ̃(q) is defined in the spectral function regularization
(SFR) (155; 156) as

LΛ̃(q) = θ(Λ̃ − 2Mπ)
ω

2q
ln

Λ̃2ω2 + q2s2 + 2Λ̃qωs
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π(Λ̃2 + q2)

,

(2.15)
where we have introduced the following abbreviations:
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π . Here, Λ̃ denotes
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FIG. 13 Chiral expansion of the three-nucleon force up to
N3LO. Diagrams in the first line (NLO) yield vanishing con-
tributions to the 3NF if one uses energy-independent for-
mulations as explained in the text. The five topologies
at N3LO involve the two-pion exchange, one-pion-two-pion-
exchange, ring, contact-one-pion exchange and contact-two-
pion-exchange diagrams in order. Shaded blobs represent
the corresponding amplitudes. For remaining notation see
Fig. 12.

the ultraviolet cutoff in the mass spectrum of the two-
pion-exchange potential. If dimensional regularization
(DR) is employed, the expression for the loop function
simplifies to

L(q) = lim
Λ̃→∞

LΛ̃(q) =
ω

q
ln
ω + q

2Mπ
. (2.16)

In addition to the two-nucleon contributions, at NLO
one also needs to consider three-nucleon diagrams shown
in the first line of Fig. 13. The first diagram does not in-
volve reducible topologies and, therefore, can be dealt
with using the Feynman graph technique. It is then
easy to verify that its contribution is shifted to higher
orders due to the additional suppression by the factor
of 1/m caused by the appearance of time derivative at
the leading-order ππN̄N vertex, the so-called Weinberg-
Tomozawa vertex. The two remeining diagrams have
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Figure 9: Schematic illustration of two types of RG evolution for NN potentials in momentum space:
(a) Vlow k running in Λ, and (b) SRG running in λ. At each Λi or λi, the matrix elements outside of the
corresponding lines are zero, so that high- and low-momentum states are decoupled.

60, 61], as shown, for example, in Fig. 8. For variable-cutoff potentials, three-body (and higher-body)
interactions evolve naturally with the resolution scale.

1.3 Renormalization group approaches

A fundamental tenet of renormalization theory is that the relevant details of high-energy physics for
calculating low-energy observables can be captured in the scale-dependent coefficients of operators
in a low-energy Hamiltonian [29]. This principle does not mean that high-energy and low-energy
physics is automatically decoupled in every effective theory. In fact, it implies that we can include as
much irrelevant coupling to incorrect high-energy physics as we want by using a large cutoff, with no
consequence to low-energy predictions (assuming we can calculate accurately). But this freedom also
offers the possibility of decoupling, which makes practical calculations more tractable by restricting
the necessary degrees of freedom. This decoupling can be efficiently achieved by evolving nuclear
interactions using RG transformations designed to handle similar problems in relativistic field theories
and critical phenomena in condensed matter systems.6

The general purpose of the RG when dealing with the large range of scales in physical systems was
eloquently explained by David Gross [63]:

“At each scale, we have different degrees of freedom and different dynamics. Physics at a
larger scale (largely) decouples from the physics at a smaller scale. . . . Thus, a theory at a
larger scale remembers only finitely many parameters from the theories at smaller scales,
and throws the rest of the details away. More precisely, when we pass from a smaller scale
to a larger scale, we average over irrelevant degrees of freedom. . . . The general aim of the
RG method is to explain how this decoupling takes place and why exactly information is
transmitted from scale to scale through finitely many parameters.”

The common features of RG for critical phenomena and high-energy scattering are discussed by Steven
Weinberg in an essay in Ref. [64]. He summarizes:

“The method in its most general form can I think be understood as a way to arrange in
various theories that the degrees of freedom that you’re talking about are the relevant degrees
of freedom for the problem at hand.”

6For an early discussion of decoupling based on Okubo unitary transformations, see Ref. [62].
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theory. The energy independence of the potential is a
welcome feature which enables applications to three- and
more-nucleon systems.

We are now in the position to discuss the structure of
the nuclear force at lowest orders of the chiral expansion.
The leading-order (LO) contribution results, according
to Eq. (2.8), from two-nucleon tree diagrams constructed
from the Lagrangian of lowest dimension ∆i = 0, L(0),
which has the following form in the heavy-baryon formu-
lation (144; 145):
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where N , vµ and Sµ ≡ (1/2)iγ5σµνvν denote the large
component of the nucleon field, the nucleon four-velocity
and the covariant spin vector, respectively. The brackets

〈. . .〉 denote traces in the flavor space while F and
◦
gA

refer to the chiral-limit values of the pion decay and the
nucleon axial vector coupling constants. The low-energy
constants (LECs) CS and CT determine the strength of
the leading NN short-range interaction. Further, the uni-
tary 2×2 matrix U(π) = u2(π) in the flavor space collects
the pion fields,

U(π) = 1 +
i

F
τ · π − 1

2F 2
π

2 + O(π3) , (2.10)

where τi denotes the isospin Pauli matrix. The covariant
derivatives of the nucleon and pion fields are defined via
Dµ = ∂µ + [u†, ∂µu]/2 and uµ = i(u†∂µu − u∂µu†). The
quantity χ+ = u†χu†+uχ†u with χ = 2BM involves the
explicit chiral symmetry breaking due to the finite light
quark masses, M = diag(mu, md). The constant B is
related to the value of the scalar quark condensate in the
chiral limit, 〈0|ūu|0〉 = −F 2B, and relates the pion mass
Mπ to the quark mass mq via M2

π = 2Bmq +O(m2
q). For

more details on the notation and the complete expres-
sions for the pion-nucleon Lagrangian including up to
four derivatives/Mπ-insertions the reader is referred to
(146). Expanding the effective Lagrangian in Eqs. (2.9)
in powers of the pion fields one can easily verify that
the only possible connected two-nucleon tree diagrams
are the one-pion exchange and the contact one, see the
first line in Fig. 12, yielding the following potential in the
two-nucleon center-of-mass system (CMS):

V (0)
2N = − g2

A

4F 2
π

'σ1 · 'q'σ2 · 'q
'q2 + M2

π
τ 1 ·τ 2 +CS +CT'σ1 ·'σ2 , (2.11)

where the superscript of V2N denotes the chiral order ν,
σi are the Pauli spin matrices, 'q = 'p ′ − 'p is the nucleon
momentum transfer and 'p ('p ′) refers to initial (final)
nucleon momenta in the CMS. Further, Fπ = 92.4 MeV
and gA = 1.267 denote the pion decay and the nucleon
axial coupling constants, respectively.

Leading order

Next−to−next−to−next−to−leading order

Next−to−leading order

Next−to−next−to−leading order

FIG. 12 Chiral expansion of the two-nucleon force up to
N3LO. Solid dots, filled circles, squares and diamonds denote
vertices with ∆i = 0, 1, 2 and 4, respectively. Only irre-
ducible contributions of the diagrams are taken in to account
as explained in the text.

The first corrections to the LO result are suppressed
by two powers of the low-momentum scale. The ab-
sence of the contributions at order ν = 1 can be traced
back to parity conservation which forbids (N̄N)(N̄N)
vertices with one spatial derivative and πNN vertices
with two derivatives (i. e. ∆i = 1). The next-to-leading-
order (NLO) contributions to the 2NF therefore result
from tree diagrams with one insertion of the ∆i = 2-
interaction and one-loop diagrams constructed from the
lowest-order vertices, see Fig. 12. The relevant terms in
the effective Lagrangian read (147)
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〈χ+〉2 +
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16
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◦
m
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+ id18S
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➝ Traditionally linked to “hard core” of one-boson exchange potentials

➝ Weaker but present in modern chiral interactions

⦿ Large off-diagonal matrix elements generate strong correlations between low & high momenta

○ Short distance / high momenta / high energy  ➝  large Hilbert space needed

➪ Are these large momenta necessary to compute low-energy observables?

○ Usually referred to as short-range correlations in the many-body wave function

Pre-processing of the nuclear Hamiltonian



Resolution: The higher the better?

• resolution of very small (irrelevant) structures can obscure this information

• small details have nothing to do with long-wavelength information!

in the nuclear physics here we are interested in low-energy observables

(long-wavelength information!)

Strategy: Use a low-resolution version

• long-wavelength information is preserved

• distortion at small distance significantly reduced

• much less information necessary

In nuclear physics: 
Use renormalization group (RG) to change resolution! 

Strategy: Use a low-resolution version

• long-wavelength information is preserved

• distortion at small distance significantly reduced

• much less information necessary

In nuclear physics: 
Use renormalization group (RG) to change resolution! 

[figures from K. Hebeler]

Strategy: Use a low-resolution version

• long-wavelength information is preserved

• distortion at small distance significantly reduced

• much less information necessary

In nuclear physics: 
Use renormalization group (RG) to change resolution! 

A matter of resolution



⦿ Idea: use unitary transformations on H to suppress these correlations

Λ0

Λ1

Λ2

k’

k

(a)

λ0 λ1 λ2

k’

k

(b)

Figure 9: Schematic illustration of two types of RG evolution for NN potentials in momentum space:
(a) Vlow k running in Λ, and (b) SRG running in λ. At each Λi or λi, the matrix elements outside of the
corresponding lines are zero, so that high- and low-momentum states are decoupled.

60, 61], as shown, for example, in Fig. 8. For variable-cutoff potentials, three-body (and higher-body)
interactions evolve naturally with the resolution scale.

1.3 Renormalization group approaches

A fundamental tenet of renormalization theory is that the relevant details of high-energy physics for
calculating low-energy observables can be captured in the scale-dependent coefficients of operators
in a low-energy Hamiltonian [29]. This principle does not mean that high-energy and low-energy
physics is automatically decoupled in every effective theory. In fact, it implies that we can include as
much irrelevant coupling to incorrect high-energy physics as we want by using a large cutoff, with no
consequence to low-energy predictions (assuming we can calculate accurately). But this freedom also
offers the possibility of decoupling, which makes practical calculations more tractable by restricting
the necessary degrees of freedom. This decoupling can be efficiently achieved by evolving nuclear
interactions using RG transformations designed to handle similar problems in relativistic field theories
and critical phenomena in condensed matter systems.6

The general purpose of the RG when dealing with the large range of scales in physical systems was
eloquently explained by David Gross [63]:

“At each scale, we have different degrees of freedom and different dynamics. Physics at a
larger scale (largely) decouples from the physics at a smaller scale. . . . Thus, a theory at a
larger scale remembers only finitely many parameters from the theories at smaller scales,
and throws the rest of the details away. More precisely, when we pass from a smaller scale
to a larger scale, we average over irrelevant degrees of freedom. . . . The general aim of the
RG method is to explain how this decoupling takes place and why exactly information is
transmitted from scale to scale through finitely many parameters.”

The common features of RG for critical phenomena and high-energy scattering are discussed by Steven
Weinberg in an essay in Ref. [64]. He summarizes:

“The method in its most general form can I think be understood as a way to arrange in
various theories that the degrees of freedom that you’re talking about are the relevant degrees
of freedom for the problem at hand.”

6For an early discussion of decoupling based on Okubo unitary transformations, see Ref. [62].
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Figure 9: Schematic illustration of two types of RG evolution for NN potentials in momentum space:
(a) Vlow k running in Λ, and (b) SRG running in λ. At each Λi or λi, the matrix elements outside of the
corresponding lines are zero, so that high- and low-momentum states are decoupled.

60, 61], as shown, for example, in Fig. 8. For variable-cutoff potentials, three-body (and higher-body)
interactions evolve naturally with the resolution scale.

1.3 Renormalization group approaches

A fundamental tenet of renormalization theory is that the relevant details of high-energy physics for
calculating low-energy observables can be captured in the scale-dependent coefficients of operators
in a low-energy Hamiltonian [29]. This principle does not mean that high-energy and low-energy
physics is automatically decoupled in every effective theory. In fact, it implies that we can include as
much irrelevant coupling to incorrect high-energy physics as we want by using a large cutoff, with no
consequence to low-energy predictions (assuming we can calculate accurately). But this freedom also
offers the possibility of decoupling, which makes practical calculations more tractable by restricting
the necessary degrees of freedom. This decoupling can be efficiently achieved by evolving nuclear
interactions using RG transformations designed to handle similar problems in relativistic field theories
and critical phenomena in condensed matter systems.6

The general purpose of the RG when dealing with the large range of scales in physical systems was
eloquently explained by David Gross [63]:

“At each scale, we have different degrees of freedom and different dynamics. Physics at a
larger scale (largely) decouples from the physics at a smaller scale. . . . Thus, a theory at a
larger scale remembers only finitely many parameters from the theories at smaller scales,
and throws the rest of the details away. More precisely, when we pass from a smaller scale
to a larger scale, we average over irrelevant degrees of freedom. . . . The general aim of the
RG method is to explain how this decoupling takes place and why exactly information is
transmitted from scale to scale through finitely many parameters.”

The common features of RG for critical phenomena and high-energy scattering are discussed by Steven
Weinberg in an essay in Ref. [64]. He summarizes:

“The method in its most general form can I think be understood as a way to arrange in
various theories that the degrees of freedom that you’re talking about are the relevant degrees
of freedom for the problem at hand.”

6For an early discussion of decoupling based on Okubo unitary transformations, see Ref. [62].
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✗  Many-body forces generated

Pre-processing of the nuclear Hamiltonian

⦿ In practice: use similarity renormalisation group (SRG) to transform H
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Fig. 27. Contour plots of momentum–space matrix elements for the SRG evolution with � in (a) 1S0, (b) S-wave part of the 3S1–3D1 and (c) 1P1 channels.
The initial potential in (a) is the (⇤ = 600 MeV) N3LO potential [20] and in (b) and (c) the N3LO potential with ⇤/e⇤ = 500/600 MeV [44].

Fig. 28. (a) Low-momentum universality for momentum–space matrix elements of the evolved SRG potentials at � = 2 fm�1 for 1S0 (top, diagonal
elements) and 3S1 (bottom, off-diagonal elements). Also shown is the Vlow k potential for a smooth regulator with ⇤ = 2 fm�1 and nexp = 4. (b) Largest
repulsive Weinberg eigenvalues in the 1S0 and 3S1–3D1 channels as a function of �, with initial potentials as in Fig. 27. For details, see Ref. [7].

The evolution of the Hamiltonian according to Eq. (22) as s increases (or � decreases) is illustrated in Fig. 27, using two
initial chiral EFT potentials. On top is 1S0 starting from the harder (⇤ = 600 MeV) N3LO potential of Ref. [20], which has
significant strength near the high-momentum diagonal, in the middle is the S-wave part of the 3S1–3D1 channel starting
from one of the potentials of Ref. [44], which has more far off-diagonal strength initially and comparatively weaker higher-
momentum strength on the diagonal, and on bottom is 1P1 with that same potential. Each of these examples show the
characteristic features of the evolution in �, namely the systematic suppression of off-diagonal strength, as anticipated,
with the width of the diagonal scaling as �2.

The SRG-evolved interactions share key similarities (universality, increased perturbativeness, weaker correlations, etc.)
with the smooth-cutoff Vlow k potentials, even though the decoupling of low and high momenta is achieved in a somewhat
different manner. As � is lowered, different initial potentials flow to similar forms at low momentum (while remaining

[Bogner et al. 2010]

1S0

○ Transformation governed by one continuous parameter (denoted λ or α)

○ Unitarity of the transformation depends on neglected many-body forces
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The initial potential in (a) is the (⇤ = 600 MeV) N3LO potential [20] and in (b) and (c) the N3LO potential with ⇤/e⇤ = 500/600 MeV [44].

Fig. 28. (a) Low-momentum universality for momentum–space matrix elements of the evolved SRG potentials at � = 2 fm�1 for 1S0 (top, diagonal
elements) and 3S1 (bottom, off-diagonal elements). Also shown is the Vlow k potential for a smooth regulator with ⇤ = 2 fm�1 and nexp = 4. (b) Largest
repulsive Weinberg eigenvalues in the 1S0 and 3S1–3D1 channels as a function of �, with initial potentials as in Fig. 27. For details, see Ref. [7].

The evolution of the Hamiltonian according to Eq. (22) as s increases (or � decreases) is illustrated in Fig. 27, using two
initial chiral EFT potentials. On top is 1S0 starting from the harder (⇤ = 600 MeV) N3LO potential of Ref. [20], which has
significant strength near the high-momentum diagonal, in the middle is the S-wave part of the 3S1–3D1 channel starting
from one of the potentials of Ref. [44], which has more far off-diagonal strength initially and comparatively weaker higher-
momentum strength on the diagonal, and on bottom is 1P1 with that same potential. Each of these examples show the
characteristic features of the evolution in �, namely the systematic suppression of off-diagonal strength, as anticipated,
with the width of the diagonal scaling as �2.

The SRG-evolved interactions share key similarities (universality, increased perturbativeness, weaker correlations, etc.)
with the smooth-cutoff Vlow k potentials, even though the decoupling of low and high momenta is achieved in a somewhat
different manner. As � is lowered, different initial potentials flow to similar forms at low momentum (while remaining
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Figure 9: Schematic illustration of two types of RG evolution for NN potentials in momentum space:
(a) Vlow k running in Λ, and (b) SRG running in λ. At each Λi or λi, the matrix elements outside of the
corresponding lines are zero, so that high- and low-momentum states are decoupled.

60, 61], as shown, for example, in Fig. 8. For variable-cutoff potentials, three-body (and higher-body)
interactions evolve naturally with the resolution scale.

1.3 Renormalization group approaches

A fundamental tenet of renormalization theory is that the relevant details of high-energy physics for
calculating low-energy observables can be captured in the scale-dependent coefficients of operators
in a low-energy Hamiltonian [29]. This principle does not mean that high-energy and low-energy
physics is automatically decoupled in every effective theory. In fact, it implies that we can include as
much irrelevant coupling to incorrect high-energy physics as we want by using a large cutoff, with no
consequence to low-energy predictions (assuming we can calculate accurately). But this freedom also
offers the possibility of decoupling, which makes practical calculations more tractable by restricting
the necessary degrees of freedom. This decoupling can be efficiently achieved by evolving nuclear
interactions using RG transformations designed to handle similar problems in relativistic field theories
and critical phenomena in condensed matter systems.6

The general purpose of the RG when dealing with the large range of scales in physical systems was
eloquently explained by David Gross [63]:

“At each scale, we have different degrees of freedom and different dynamics. Physics at a
larger scale (largely) decouples from the physics at a smaller scale. . . . Thus, a theory at a
larger scale remembers only finitely many parameters from the theories at smaller scales,
and throws the rest of the details away. More precisely, when we pass from a smaller scale
to a larger scale, we average over irrelevant degrees of freedom. . . . The general aim of the
RG method is to explain how this decoupling takes place and why exactly information is
transmitted from scale to scale through finitely many parameters.”

The common features of RG for critical phenomena and high-energy scattering are discussed by Steven
Weinberg in an essay in Ref. [64]. He summarizes:

“The method in its most general form can I think be understood as a way to arrange in
various theories that the degrees of freedom that you’re talking about are the relevant degrees
of freedom for the problem at hand.”

6For an early discussion of decoupling based on Okubo unitary transformations, see Ref. [62].
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Figure 9: Schematic illustration of two types of RG evolution for NN potentials in momentum space:
(a) Vlow k running in Λ, and (b) SRG running in λ. At each Λi or λi, the matrix elements outside of the
corresponding lines are zero, so that high- and low-momentum states are decoupled.

60, 61], as shown, for example, in Fig. 8. For variable-cutoff potentials, three-body (and higher-body)
interactions evolve naturally with the resolution scale.

1.3 Renormalization group approaches

A fundamental tenet of renormalization theory is that the relevant details of high-energy physics for
calculating low-energy observables can be captured in the scale-dependent coefficients of operators
in a low-energy Hamiltonian [29]. This principle does not mean that high-energy and low-energy
physics is automatically decoupled in every effective theory. In fact, it implies that we can include as
much irrelevant coupling to incorrect high-energy physics as we want by using a large cutoff, with no
consequence to low-energy predictions (assuming we can calculate accurately). But this freedom also
offers the possibility of decoupling, which makes practical calculations more tractable by restricting
the necessary degrees of freedom. This decoupling can be efficiently achieved by evolving nuclear
interactions using RG transformations designed to handle similar problems in relativistic field theories
and critical phenomena in condensed matter systems.6

The general purpose of the RG when dealing with the large range of scales in physical systems was
eloquently explained by David Gross [63]:

“At each scale, we have different degrees of freedom and different dynamics. Physics at a
larger scale (largely) decouples from the physics at a smaller scale. . . . Thus, a theory at a
larger scale remembers only finitely many parameters from the theories at smaller scales,
and throws the rest of the details away. More precisely, when we pass from a smaller scale
to a larger scale, we average over irrelevant degrees of freedom. . . . The general aim of the
RG method is to explain how this decoupling takes place and why exactly information is
transmitted from scale to scale through finitely many parameters.”

The common features of RG for critical phenomena and high-energy scattering are discussed by Steven
Weinberg in an essay in Ref. [64]. He summarizes:

“The method in its most general form can I think be understood as a way to arrange in
various theories that the degrees of freedom that you’re talking about are the relevant degrees
of freedom for the problem at hand.”

6For an early discussion of decoupling based on Okubo unitary transformations, see Ref. [62].
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✗  Many-body forces generated

Pre-processing of the nuclear Hamiltonian

⦿ In practice: use similarity renormalisation group (SRG) to transform H

[Bogner et al. 2010]

1S0

○ Transformation governed by one continuous parameter (denoted λ or α)

○ Unitarity of the transformation depends on neglected many-body forces
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(a) Vlow k running in Λ, and (b) SRG running in λ. At each Λi or λi, the matrix elements outside of the
corresponding lines are zero, so that high- and low-momentum states are decoupled.

60, 61], as shown, for example, in Fig. 8. For variable-cutoff potentials, three-body (and higher-body)
interactions evolve naturally with the resolution scale.

1.3 Renormalization group approaches

A fundamental tenet of renormalization theory is that the relevant details of high-energy physics for
calculating low-energy observables can be captured in the scale-dependent coefficients of operators
in a low-energy Hamiltonian [29]. This principle does not mean that high-energy and low-energy
physics is automatically decoupled in every effective theory. In fact, it implies that we can include as
much irrelevant coupling to incorrect high-energy physics as we want by using a large cutoff, with no
consequence to low-energy predictions (assuming we can calculate accurately). But this freedom also
offers the possibility of decoupling, which makes practical calculations more tractable by restricting
the necessary degrees of freedom. This decoupling can be efficiently achieved by evolving nuclear
interactions using RG transformations designed to handle similar problems in relativistic field theories
and critical phenomena in condensed matter systems.6

The general purpose of the RG when dealing with the large range of scales in physical systems was
eloquently explained by David Gross [63]:

“At each scale, we have different degrees of freedom and different dynamics. Physics at a
larger scale (largely) decouples from the physics at a smaller scale. . . . Thus, a theory at a
larger scale remembers only finitely many parameters from the theories at smaller scales,
and throws the rest of the details away. More precisely, when we pass from a smaller scale
to a larger scale, we average over irrelevant degrees of freedom. . . . The general aim of the
RG method is to explain how this decoupling takes place and why exactly information is
transmitted from scale to scale through finitely many parameters.”

The common features of RG for critical phenomena and high-energy scattering are discussed by Steven
Weinberg in an essay in Ref. [64]. He summarizes:

“The method in its most general form can I think be understood as a way to arrange in
various theories that the degrees of freedom that you’re talking about are the relevant degrees
of freedom for the problem at hand.”

6For an early discussion of decoupling based on Okubo unitary transformations, see Ref. [62].
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60, 61], as shown, for example, in Fig. 8. For variable-cutoff potentials, three-body (and higher-body)
interactions evolve naturally with the resolution scale.

1.3 Renormalization group approaches

A fundamental tenet of renormalization theory is that the relevant details of high-energy physics for
calculating low-energy observables can be captured in the scale-dependent coefficients of operators
in a low-energy Hamiltonian [29]. This principle does not mean that high-energy and low-energy
physics is automatically decoupled in every effective theory. In fact, it implies that we can include as
much irrelevant coupling to incorrect high-energy physics as we want by using a large cutoff, with no
consequence to low-energy predictions (assuming we can calculate accurately). But this freedom also
offers the possibility of decoupling, which makes practical calculations more tractable by restricting
the necessary degrees of freedom. This decoupling can be efficiently achieved by evolving nuclear
interactions using RG transformations designed to handle similar problems in relativistic field theories
and critical phenomena in condensed matter systems.6

The general purpose of the RG when dealing with the large range of scales in physical systems was
eloquently explained by David Gross [63]:

“At each scale, we have different degrees of freedom and different dynamics. Physics at a
larger scale (largely) decouples from the physics at a smaller scale. . . . Thus, a theory at a
larger scale remembers only finitely many parameters from the theories at smaller scales,
and throws the rest of the details away. More precisely, when we pass from a smaller scale
to a larger scale, we average over irrelevant degrees of freedom. . . . The general aim of the
RG method is to explain how this decoupling takes place and why exactly information is
transmitted from scale to scale through finitely many parameters.”

The common features of RG for critical phenomena and high-energy scattering are discussed by Steven
Weinberg in an essay in Ref. [64]. He summarizes:

“The method in its most general form can I think be understood as a way to arrange in
various theories that the degrees of freedom that you’re talking about are the relevant degrees
of freedom for the problem at hand.”

6For an early discussion of decoupling based on Okubo unitary transformations, see Ref. [62].
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✗  Many-body forces generated

Pre-processing of the nuclear Hamiltonian

⦿ In practice: use similarity renormalisation group (SRG) to transform H

[Bogner et al. 2010]

1S0

○ Transformation governed by one continuous parameter (denoted λ or α)

○ Unitarity of the transformation depends on neglected many-body forces

3He

[Roth]

116 S.K. Bogner et al. / Progress in Particle and Nuclear Physics 65 (2010) 94–147

Fig. 27. Contour plots of momentum–space matrix elements for the SRG evolution with � in (a) 1S0, (b) S-wave part of the 3S1–3D1 and (c) 1P1 channels.
The initial potential in (a) is the (⇤ = 600 MeV) N3LO potential [20] and in (b) and (c) the N3LO potential with ⇤/e⇤ = 500/600 MeV [44].

Fig. 28. (a) Low-momentum universality for momentum–space matrix elements of the evolved SRG potentials at � = 2 fm�1 for 1S0 (top, diagonal
elements) and 3S1 (bottom, off-diagonal elements). Also shown is the Vlow k potential for a smooth regulator with ⇤ = 2 fm�1 and nexp = 4. (b) Largest
repulsive Weinberg eigenvalues in the 1S0 and 3S1–3D1 channels as a function of �, with initial potentials as in Fig. 27. For details, see Ref. [7].

The evolution of the Hamiltonian according to Eq. (22) as s increases (or � decreases) is illustrated in Fig. 27, using two
initial chiral EFT potentials. On top is 1S0 starting from the harder (⇤ = 600 MeV) N3LO potential of Ref. [20], which has
significant strength near the high-momentum diagonal, in the middle is the S-wave part of the 3S1–3D1 channel starting
from one of the potentials of Ref. [44], which has more far off-diagonal strength initially and comparatively weaker higher-
momentum strength on the diagonal, and on bottom is 1P1 with that same potential. Each of these examples show the
characteristic features of the evolution in �, namely the systematic suppression of off-diagonal strength, as anticipated,
with the width of the diagonal scaling as �2.

The SRG-evolved interactions share key similarities (universality, increased perturbativeness, weaker correlations, etc.)
with the smooth-cutoff Vlow k potentials, even though the decoupling of low and high momenta is achieved in a somewhat
different manner. As � is lowered, different initial potentials flow to similar forms at low momentum (while remaining



⦿ Exact methods Exponential scaling

➪ Configuration space  ➝  FCI, No-core shell model, …

➪ Coordinate space  ➝  Quantum Monte Carlo, nuclear lattice EFT, …

Many-body approaches

○ Aim to solve the A-body Schrödinger eq. virtually exactly



1E+0

1E+1

1E+2

1E+3

1E+4

1E+5

1E+6

1E+7

1E+8

1E+9

1E+10

1E+11

1E+12

0 2 4 6 8 10 12 14

M
a

tr
ix

 D
im

e
n
s
io

n

N
max

12O

14O

16O

18O

20O

22O

24O

26O

28O

M-scheme matrix dimension
for Oxygen Isotopes

Petascale

Exascale

Figure 3. Matrix dimension versus Nmax

for stable and unstable Oxygen isotopes.
The vertical red line signals the boundary
where reasonable convergence emerges
on the right of it.

1x100

1x101

1x102

1x103

1x104

1x105

1x106

1x107

1x108

1x109

1x1010

1x1011

1x1012

0 2 4 6 8 10 12 14

M
a

tr
ix

 D
im

e
n
s
io

n

 Nmax

6Li

10B

12C

16O

24Mg

28Si

32S

40Ca

2N

4N

3N

Figure 4. Matrix dimension versus Nmax

for a sample set of stable N=Z nuclei up to
A = 40. Horizontal lines show expected limits
of Petascale machines for specific ranks of the
potentials (“2N”=NN, “3N”=NNN, etc).

nucleus. The heavier of these nuclei have been the subject of intense experimental investigation
and it is now believed that 28O is not a particle-stable nucleus even though it is expected to
have a doubly-closed shell structure according to the phenomenological shell model. It would
be very valuable to have converged ab initio NCFC results for 28O to probe whether realistic
potentials are capable of predicting its particle-unstable character.

We also include in Fig. 3 the estimated range that computer facilities of a given scale can
produce results with our current algorithms. As a result of these curves, we anticipate well
converged NCFC results for the first three isotopes of Oxygen will be achieved with Petascale
facilities since their curves fall near or below the upper limit of Petascale at Nmax = 10.

Dimensions of the natural parity basis spaces for another set of nuclei ranging up to A = 40 are
shown in Fig. 4. In addition, we include estimates of the upper limits reachable with Petascale
facilities depending on the rank of the potential. It is important to note that theoretically
derived 4N interactions are expected to be available in the near future. Though relatively less
important than 2N and 3N potentials, their contributions are expected to grow dramatically
with increasing A.

A significant measure of the computational burden is presented in Figs. 5 and 6 where
we display the number of non-zero many-body matrix elements as a function of the matrix
dimension (D). These results are for representative cases and show a useful scaling property. For
Hamiltonians with NN potentials, we find a useful fit F (D) for the non-zero matrix elements
with the function

F (D) = D + D1+ 12
14+ln D . (1)

The heavier systems displayed tend to be slightly below the fit while the lighter systems are
slightly above the fit. The horizontal red line indicates the expected limit of the Jaguar facility
(150,000 cores) running one of these applications assuming all matrix elements and indices are
stored in core. By way of contrast, we portray the more memory-intensive situation with NNN
potentials in Fig. 6, where we retain the fitted curve of Fig. 5 for reference. The horizontal red
line indicates the same limit shown in Fig. 5.
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[Vary et al. 2009]
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⦿ Example: full diagonalisation of the Hamiltonian matrix in configuration space (NCSM)



Correlation expansion: perturbative approach

Correlations as particle-hole excitationsCorrelations as particle-hole excitationsCorrelations as particle-hole excitations

+  …  ++ +  …  + +  …

Ref 1p1h 2p2h 3p3h

Correlations as particle-hole excitations

⦿ Expansion of the exact wave function

7

which is a basis-independent function of the energy.

S(z) =
X

µ2HA+1

SF+
µ
�(z � E+

µ
) +

X

⌫2HA�1

SF�

⌫
�(z � E�

⌫
)

⌧ ⇠ ��1
k

�k = 0 �! ⌧ = 1

zk = "k + i�k

G(k, z)⇤ = G(k, z⇤)

⇧(0)(q,!)

W = v + v⇧W

⌃GW (k,!) = i

Z
d!0

2⇡

Z
dk0

(2⇡)3
G(k� k0,! � !0)W (k0,!0)

⌃11 [ADC(3)] �!

⌃(!) = ⌃(1) +⌃dyn(!)

H| A

k
i = EA

k
| A

k
i

| A

0 i = ⌦0|�i

| A

0 i = ⌦0|�0i

EA

0 =
h�|H⌦0|�i
h�|⌦0|�i

H| i = E| i

He↵| e↵i = E| e↵i

Hbr| bri = Ebr| bri

⦿ Standard many-body perturbation theory (MBPT)

○ Simple expressions for E at low orders

○ Non-iterative calculation

○ Polynomial scaling O(Nα)  ➝  O(N4) at MBPT(2) level

284 A. Tichai et al. / Physics Letters B 756 (2016) 283–288

in its local form [26] with three-body cutoff !3N = 400 MeV/c. 
Additionally, we use the similarity renormalization group (SRG) 
to soften the Hamiltonian through a continuous unitary transfor-
mation controlled by a flow parameter α [27–31]. In principle 
this transformation induces beyond-3N operators, which we have 
to neglect. To avoid the complication of dealing with explicit 3N 
interactions, we make use of the normal-ordered two-body ap-
proximation (NO2B) of the 3N interaction that was found to be 
very accurate for medium-mass nuclei, see Refs. [32,33]. For the 
matrix-element preparation we adopt the procedure introduced in 
Ref. [6], in particular, we use large SRG model spaces and exploit 
the iterative scheme where necessary. Thus, the matrix elements 
and the treatment of the chiral NN+3N interaction are identical to 
Ref. [6] and we can compare directly to the CC results presented 
there.

3. Many-body perturbation theory

The essence of Rayleigh–Schrödinger perturbation theory is the 
definition of an additive splitting, referred to as partitioning, of a 
given Hamiltonian H into an unperturbed part H0 and a pertur-
bation W . By introducing an auxiliary parameter λ we obtain a 
one-parameter family of operators,

Hλ = H0 + λW , (1)

where the perturbation is defined by W = H − H0. As ansatz for 
the solution of the eigenvalue problem of H we take a power se-
ries expansion of the energy and eigenstate in terms of an auxiliary 
parameter λ, where the expansion coefficients are given by the en-
ergy corrections and state corrections, respectively. We choose H0
to be the HF Hamiltonian arising from an initial NN+3N interaction. 
We have shown in Refs. [19,18] that high-order MBPT corrections 
are accessible by means of a recursive scheme, allowing for de-
tailed investigations of the convergence characteristics of the per-
turbation series. In general we cannot expect that a perturbation 
series is convergent [34–36], but one can exploit resummation-
theory techniques to extract information on the observables of in-
terest. There are different schemes and transformations that can be 
used to extract, e.g., the ground-state energy from a divergent ex-
pansion [37–39]. Padé approximants have proven to be particularly 
useful in the treatment of high-order HO-MBPT [19,18]. Addition-
ally, they are well-known to mathematicians especially in the field 
of convergence acceleration [21,36,37]. However, the calculation of 
energy corrections up to sufficiently high orders is only feasible for 
light nuclei due to increasing computational requirements. When 
proceeding to the medium-mass region, one has to choose a dif-
ferent strategy. Depending on the rate of convergence, one might 
expect low-order partial sums of the perturbation series to be rea-
sonable approximations to the exact ground-state energy. Having 
only low-order information available, resummation methods are 
less effective, because one is limited to a small number of ap-
proximants that yield valid approximations only if the transformed 
sequence converges sufficiently fast [18]. However, an alternative 
is to exploit the freedom in the partitioning, i.e., the choice of the 
unperturbed basis, to improve the convergence of the perturbation 
series.

We specifically explore a partitioning defined by a prior HF cal-
culation, which optimizes the single-particle basis [17]. Note that 
the HF ground-state energy corresponds to the first-order partial 
sum,

EHF = E(0) + E(1) . (2)

Therefore, the first contribution to the correlation energy appears 
in second-order HF-MBPT. The second- and third-order contribu-

tions to the ground-state energy for a two-body operator W are 
given by [40]

E(2) = 1
4

>εF∑

ab

<εF∑

i j

〈ab|W |i j〉〈i j|W |ab〉
(εa + εb − εi − ε j)

,

E(3) = 1
8

>εF∑

abcd

<εF∑

i j

〈ab|W |i j〉〈i j|W |cd〉〈cd|W |ab〉
(εa + εb − εc − εd)(εa + εb − εi − ε j)

+ 1
8

>εF∑

ab

<εF∑

i jkl

〈ab|W |i j〉〈i j|W |kl〉〈kl|W |ab〉
(εa + εb − εi − ε j)(εa + εb − εk − εl)

+
>εF∑

abc

<εF∑

i jk

〈ab|W |i j〉〈cj|W |kb〉〈ik|W |ac〉
(εa + εb − εi − ε j)(εa + εc − εi − εk)

. (3)

In the third-order energy correction the first, second, and third 
term are called particle–particle (pp), hole–hole (hh), and particle–
hole (ph) correction, respectively. The εi correspond to the HF 
single-particle energies and all matrix elements are taken to be 
antisymmetrized. Summation indices a, b, c, . . . correspond to par-
ticle indices, i.e., states above the Fermi level εF, whereas i, j, k, . . .
correspond to hole indices up to the Fermi level. The zero and 
one-body parts of the normal-ordered Hamiltonian only enter in 
the first-order energy correction. Brillouin’s theorem states that 
there is no mixing of the HF state with singly-excited determinants 
[17] and by orthogonality the zero-body part is only present in the 
expectation value of the perturbation. In principle, the derivation 
of energy corrections beyond third order is straightforward. How-
ever, considering a diagrammatic approach in terms of Hugenholtz 
diagrams, the number of contributing diagrams at a given pertur-
bation order p increases rapidly [41] such that it becomes chal-
lenging to go beyond third-order in practice. Additionally, terms 
from higher-order corrections involve expressions that are noto-
riously hard to compute, because their efficient implementation, 
e.g., by means of BLAS-enabled matrix operations, is not obvious. 
The computational power needed to perform third-order MBPT cal-
culations up into the medium-mass region can be provided by a 
single compute node within 1–3% of the computing time needed 
for state-of-the-art CC calculations.

4. Convergence characteristics of Hartree–Fock many-body 
perturbation theory

We start by comparing perturbation series from HO and HF-
MBPT, and we focus on their convergence characteristics and sen-
sitivity to the SRG flow parameter. In Fig. 1 we present a direct 
comparison of the order-by-order behavior for the two partition-
ings up to 30th order for 16O. For these high-order calculations 
we use an Nmax-truncation of the many-body model space, simi-
lar to the no-core shell model (NCSM) [23]. The left-hand column 
of Fig. 1 shows the high-order partial sums and the right-hand 
column the individual energy corrections for each order. Panel (a) 
shows the partial sums from HO-MBPT for a sequence of model 
spaces with fixed SRG flow parameter α = 0.08 fm4. The partial 
sums are divergent for every model space. The divergence is also 
apparent from panel (c) which reveals exponentially increasing en-
ergy corrections. In contrast, panel (b) shows the partial sums 
arising from HF-MBPT that are convergent for all model spaces. 
Furthermore, the converged values agree with direct CI results. As 
seen in panel (d), the energy corrections are exponentially sup-
pressed for higher orders, giving rise to a robust convergence.

In Fig. 2 we show the high-order partial sums and energy 
corrections in HF-MBPT for different SRG flow parameters. Pan-
els (a), (b) and (c) show the convergent perturbation series for 

➪ Perturbative methods: expansion coefficients computed independently

⦿ Exact methods

⦿ Correlation-expansion methods Polynomial scaling

Exponential scaling

➪ Configuration space  ➝  FCI, No-core shell model, …

➪ Coordinate space  ➝  Quantum Monte Carlo, nuclear lattice EFT, …

Expansion in terms of particle-hole excitations
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○ Expand

➪ Variety of methods essential (benchmarks, observables, interpretation, …)

○ However: no small expansion parameter

➪ Convergence assessed via benchmarks and/or computing higher orders

○ Aim to solve the A-body Schrödinger eq. virtually exactly

Cost reduced from eN to Nα with α ≥ 4
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Chiral EFT interactions

○ Progress thanks to

SRG pre-processing

Development of many-body techniques

Increase of computational resources
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Handling of 3N forces

○ Limitations because of

Need for optimisation, adaptation to new architectures, …

Applicability of many-body techniques



 ⦿ Many-body Green’s function theory 

○ Green’s function

⦿ Applicable to different many-body systems: crystals, molecules, atoms, atomic nuclei, …

○ Late 1950s, 1960s: import of concepts from QFT & development of many-body formalism
○ 1970s ➝  today: technical developments & applications in several fields of physics

⦿ Self-consistent Green’s functions: many-body GF with dressed propagators (see later)

⦿ Many-body Green’s functions are not Green’s function Monte Carlo

○ Propagator

⦿ Few names for the same thing

○ Correlation function

⦿ Some ideas are old, but ab initio implementations are recent

○ 2000s ➝  today: implementation as an ab initio method in nuclear physics

Semantics & history

➝  Set of techniques originated in QFT and then imported to the many-body problem

➝  Defined for one-, two-, … up to A-body



Chapter 1 Basics of Green’s function theory

1.2 Propagators
The idea at the heart of Green’s function approach is that the A-body Schrödinger equa-
tion (1.1) can be rewritten in terms of one-, two-, ..., A-body objects named propagators or
Green’s functions4 (GFs). Such objects are defined as follows. Starting from the ground-
state of the interacting system, |ΨA

0 〉, the so-called ‘2-point’, or ‘1-body’, Green’s function
is introduced as5

i gαβ(tα, tβ) = i g2−pt
αβ (tα, tβ) ≡ 〈ΨA

0 |T [aα(tα)a†
β(tβ)]|ΨA

0 〉 , (1.3a)

where T denotes the time-ordering operator and aα(tα) and a†
α(tα) represent respectively

annihilation and creation operators in Heisenberg picture. Similarly, higher-body GFs
can be introduced, e.g.,

i g4−pt
αγβδ(tα, tγ, tβ, tδ) ≡ 〈ΨA

0 |T [aγ(tγ)aα(tα)a†
β(tβ)a†

δ(tδ)]|ΨA
0 〉 , (1.3b)

i g6−pt
αγεβδη(tα, tγ, tε, tβ, tδ, tη) ≡ 〈ΨA

0 |T [aε(tε)aγ(tγ)aα(tα)a†
β(tβ)a†

δ(tδ)a†
η(tη)]|ΨA

0 〉 , (1.3c)

and so on. It is often convenient to consider propagators in the energy representation,
which is obtained via Fourier transform from the time representation introduced above.
For time-translationally invariant systems (i.e., the ones considered here), m-point GFs
depend only on m − 1 time differences or, equivalently, m − 1 independent frequencies.
Hence, Fourier transforms to the energy representation are well-defined only when the
total energy is conserved and read as

2πδ(ωα + ωγ + . . . − ωβ − ωδ − . . .) × gm−pt
αγ...,βδ...(ωα,ωγ, . . . ,ωβ,ωδ, . . .)

=
∫

dtα

∫
dtγ . . .

∫
dtβ

∫
dtδ . . . ei(ωαtα+ωγtγ+...) e−i(ωβtβ+ωδtδ+...)

× gm−pt
αγ...,βδ...(tα, tγ, . . . , tβ, tδ, . . .) . (1.4)

For the 1-body GF this simplifies to

g2−pt
αβ (ω,ω) ≡ gαβ(ω) =

∫
dταβ eiωταβ gαβ(ταβ) . (1.5)

where ταβ ≡ (tα − tβ).
Moving from a wave-function to a propagator representation has benefits and draw-

backs. One of the main advantages is that, instead of the full A-body wave function,
one manipulates simpler (in practice, one- and two-body) objects from which most of
the observables of interest can be (exactly) computed. In this sense, GFs can be seen
as generalised (fully correlated) density matrices (see Sect. 1.4). Another useful property
relates to the physical interpretation of the one-body GF, which can be thought of as
describing the propagation of a particle or a hole in the correlated many-body system (as
evinced from its definition in Eq. (1.3a)). As a result, g contains information about the
systems with A ± 1 particles. This is explicitly exploited to derive the Lehmann represen-
tation of the propagator, which gives access to the spectra of the A±1-body systems (see
Sect. 1.5). The main drawback is that, because the one-body GF already contains a lot of
information on the system’s properties, its computation is typically more expensive6 than

4In the present document the synonymous terms propagator and Green’s function are used indifferently.
The term correlation function can also be found in the literature to indicate the same object.

5Throughout the document natural units c = ! = 1 are used.
6At the same level of approximation of the theory.
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Green’s functions

…

Martin-Schwinger equations

Chapter 1 Basics of Green’s function theory

where the one-body basis that diagonalises H0, i.e., where H0 = ∑
γ ε

0
γa†

γaγ, has been in-
troduced. These time derivatives are then applied to the definitions of g0 and g, Eqs. (1.8)
and (1.3a), to derive corresponding equations of motion in time domain. By combining
the two and Fourier-transforming to energy domain, the following equation of motion for
the one-body GF is eventually obtained

gαβ(ω) = g0 αβ(ω) −
∑

γδ

g0 αγ(ω) uγδ gδβ(ω)

−1
2
∑

γε
δµ

g0 αγ(ω) vγε,δµ

∫ dω1
2π

∫ dω2
2π g4−pt

δµ,βε(ω1,ω2;ω,ω1 + ω2 − ω)

+ 1
12
∑

γεθ
δµλ

g0 αε(ω) wγεθ,δµλ

∫ dω1
2π

∫ dω2
2π

∫ dω3
2π

∫ dω4
2π

× g6−pt
δµλ,γβθ(ω1,ω2,ω3;ω4,ω,ω1 + ω2 + ω3 − ω4 − ω) . (1.11)

This represents the first equation of a set in which each equation couples the X-body
propagator to (X + k)-body propagators, with k ∈ {1, · · · , rH − 1}, rH being the rank of
the highest-body operator in the Hamiltonian. Other equations in the set can be obtained
by applying Eqs. (1.9) and (1.10) to the definitions of higher-body GFs. These coupled
equations known as the Martin-Schwinger hierarchy [88].

In order to decouple the set of equations one introduces two new types of objects.
First, one expresses n-point GFs as a sum of (properly antisymmetrised) n independent
propagators plus terms containing interaction vertices Γn−pt, i.e., one-particle irreducible
vertex functions that contain all interaction effects [70]. For instance, the 4-point GF is
written as
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and similarly for g6−pt (which includes both Γ4−pt and Γ6−pt) [89]. Second, one introduces
an auxiliary one-body object, the one-particle irreducible self-energy Σ), which encodes
all interactions contributing to the one-body GFs, as follows
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2
∑

µ
νλ

∑
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ε
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∫ dω2
2π
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Basics of Green’s function theory
1.1 Many-body Schrödinger equation
In the ab initio approach, nuclear systems are described as a collection of A non-relativistic
interacting nucleons. The properties of such systems are determined by solving the A-
body Schrödinger eigenvalue equation

H|ΨA
k 〉 = EA

k |ΨA
k 〉 (1.1)

and/or its time-dependent counterpart, depending on whether one is interested in just the
(static) properties of a given system or also in its possible reactions with (or transitions
to) other systems. In the present document the focus will be on the time-independent
problem, i.e., on the determination of A-body energies EA

k and A-body eigenstates |ΨA
k 〉

that result from Eq. (1.1), together with all observables of interest that can be computed
from them. The A-body Hamiltonian entering Eq. (1.1) is generally written in the second-
quantised form

H =
∑

α

tαβ a†
αaβ + 1

4
∑

αγ
βδ

vαγβδ a†
αa†

γaδaβ + 1
36
∑

αγε
βδη

wαγεβδη a†
αa†

γa†
εaηaδaβ + . . .

≡ T + V + W + . . . , (1.2)

where tαβ represent the matrix elements of the kinetic energy operator1, while vαγβδ and
wαγεβδη denote matrix elements of generic2 two- and three-body operators respectively.
Greek indices α,β, γ, . . . label a basis in the one-body Hilbert space H1, whereas a†

α and
aα denote the associated creation and annihilation operators. In practice, interactions
between 4 or more nucleons have been shown to contribute only marginally to nuclear
observables and are discarded in the large majority of nuclear structure calculations3. For
the remainder of this chapter the Hamiltonian (1.2) is thus truncated at the three-body
level.

1Since nuclei are self-bound objects, one is in fact interested in the translationally invariant, internal
Hamiltonian Hrel ≡ H − Hcm, where Hcm denotes the centre-of-mass kinetic energy. In practice one
thus replaces T with the relative kinetic energy Trel ≡ T − Hcm, which is rewritten as a sum of a
one- and a two-body operators. The most appropriate way of expressing the latter two-body operator
in the case of particle-number breaking theories (as the one presented in Chapter 2) is discussed in
Ref. [87].

2The formalism presented in Chapters 1 and 2 is independent of the choice of many-body operators,
i.e. is Hamiltonian-agnostic. In Chapter 4, the specific models of nuclear interactions used in actual
calculations will be specified (see Sect. 3.2).

3On a fundamental level, four-body interactions are estimated to be sub-leading in the current formu-
lations of the χ-EFT power counting [13]. In addition, exploratory calculations with the explicit
inclusion of the leading four-body operators have demonstrated that they yield negligibly small con-
tributions [46].
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Chapter 1 Basics of Green’s function theory

1.2 Propagators
The idea at the heart of Green’s function approach is that the A-body Schrödinger equa-
tion (1.1) can be rewritten in terms of one-, two-, ..., A-body objects named propagators or
Green’s functions4 (GFs). Such objects are defined as follows. Starting from the ground-
state of the interacting system, |ΨA

0 〉, the so-called ‘2-point’, or ‘1-body’, Green’s function
is introduced as5

i gαβ(tα, tβ) = i g2−pt
αβ (tα, tβ) ≡ 〈ΨA

0 |T [aα(tα)a†
β(tβ)]|ΨA

0 〉 , (1.3a)

where T denotes the time-ordering operator and aα(tα) and a†
α(tα) represent respectively

annihilation and creation operators in Heisenberg picture. Similarly, higher-body GFs
can be introduced, e.g.,

i g4−pt
αγβδ(tα, tγ, tβ, tδ) ≡ 〈ΨA

0 |T [aγ(tγ)aα(tα)a†
β(tβ)a†

δ(tδ)]|ΨA
0 〉 , (1.3b)

i g6−pt
αγεβδη(tα, tγ, tε, tβ, tδ, tη) ≡ 〈ΨA

0 |T [aε(tε)aγ(tγ)aα(tα)a†
β(tβ)a†

δ(tδ)a†
η(tη)]|ΨA

0 〉 , (1.3c)

and so on. It is often convenient to consider propagators in the energy representation,
which is obtained via Fourier transform from the time representation introduced above.
For time-translationally invariant systems (i.e., the ones considered here), m-point GFs
depend only on m − 1 time differences or, equivalently, m − 1 independent frequencies.
Hence, Fourier transforms to the energy representation are well-defined only when the
total energy is conserved and read as

2πδ(ωα + ωγ + . . . − ωβ − ωδ − . . .) × gm−pt
αγ...,βδ...(ωα,ωγ, . . . ,ωβ,ωδ, . . .)

=
∫

dtα

∫
dtγ . . .

∫
dtβ

∫
dtδ . . . ei(ωαtα+ωγtγ+...) e−i(ωβtβ+ωδtδ+...)

× gm−pt
αγ...,βδ...(tα, tγ, . . . , tβ, tδ, . . .) . (1.4)

For the 1-body GF this simplifies to

g2−pt
αβ (ω,ω) ≡ gαβ(ω) =

∫
dταβ eiωταβ gαβ(ταβ) . (1.5)

where ταβ ≡ (tα − tβ).
Moving from a wave-function to a propagator representation has benefits and draw-

backs. One of the main advantages is that, instead of the full A-body wave function,
one manipulates simpler (in practice, one- and two-body) objects from which most of
the observables of interest can be (exactly) computed. In this sense, GFs can be seen
as generalised (fully correlated) density matrices (see Sect. 1.4). Another useful property
relates to the physical interpretation of the one-body GF, which can be thought of as
describing the propagation of a particle or a hole in the correlated many-body system (as
evinced from its definition in Eq. (1.3a)). As a result, g contains information about the
systems with A ± 1 particles. This is explicitly exploited to derive the Lehmann represen-
tation of the propagator, which gives access to the spectra of the A±1-body systems (see
Sect. 1.5). The main drawback is that, because the one-body GF already contains a lot of
information on the system’s properties, its computation is typically more expensive6 than

4In the present document the synonymous terms propagator and Green’s function are used indifferently.
The term correlation function can also be found in the literature to indicate the same object.

5Throughout the document natural units c = ! = 1 are used.
6At the same level of approximation of the theory.
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2The formalism presented in Chapters 1 and 2 is independent of the choice of many-body operators,
i.e. is Hamiltonian-agnostic. In Chapter 4, the specific models of nuclear interactions used in actual
calculations will be specified (see Sect. 3.2).

3On a fundamental level, four-body interactions are estimated to be sub-leading in the current formu-
lations of the χ-EFT power counting [13]. In addition, exploratory calculations with the explicit
inclusion of the leading four-body operators have demonstrated that they yield negligibly small con-
tributions [46].
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Self-energy expansion  ➝  Many-body approximations

Dyson equation

1.4 Ground-state observables

equation for the one-body GF

gαβ(ω) = g0 αβ(ω) +
∑

γδ

g0 αγ(ω) Σ%
γδ(ω) gδβ(ω) , (1.14)

the well-known Dyson equation.

Perturbative expansion
The Dyson equation can be alternatively derived as an expansion of the exact GF in terms
of the g0 and H1. This is formally achieved in interaction picture by introducing a time-
evolution operator connecting the non-interacting state |ΦA

0 〉 to the correlated state |ΨA
0 〉

and by subsequently expanding this operator in powers of H1. One eventually obtains
the expression

gαβ(tα − tβ) = −i
∞∑

n=0
(−i)n 1

n!

∫
dt1 . . .

∫
dtn

×〈ΦA
0 |T [H1(t1) . . . H1(tn)aI

α(tα)aI
β

†(tβ)]|ΦA
0 〉c , (1.15)

whose n = 0 contribution coincides with the definition of g0, Eq. (1.8). The time-ordered
expectation value is then evaluated using Wick’s theorem, with the subscript ”c” spec-
ifying that only connected terms contribute to g. After Fourier-transforming to energy
domain, by inspecting the full expansion, one finds that all interaction terms can be recast
into the irreducible self-energy introduced in Eq. (1.13) and that the full series can be
written in the form

gαβ(ω) = g0 αβ(ω)
+

∑

γδ

g0 αγ(ω) Σ%
γδ(ω) g0 δβ(ω)

+
∑

γδεξ

g0 αγ(ω) Σ%
γδ(ω) g0 δε(ω) Σ%

εξ(ω) g0 ξβ(ω)

+ . . . . (1.16)

Finally, one realises that the sum of all terms after the first self-energy insertion in fact co-
incides with the full propagator itself, which leads to the standard Dyson equation (1.14).

In general, just like for the many-body Schrödinger equation, the full Dyson equation
can not be solved exactly. Approximations are typically introduced at the level of the
self-energy, either algebraically or making use of diagrammatic techniques9. The main
approximation strategies are briefly discussed in Sec. 1.6.

1.4 Ground-state observables
In general, X-body GFs give access to all X-body observables in the ground state of
the A-body system. To see that, it is convenient to first introduce many-body density

9The use of Wick’s theorem naturally leads to the introduction of Feynman diagrams in the case of
the perturbative expansion of the self-energy [70] (see also Ref. [90] for a pedagogical introduction
to diagrammatic techniques). Equivalently, a a diagrammatic representation can be introduced for
the equation-of-motion approach (see Ref. [89] for a diagrammatic treatment with the inclusion of
three-body forces).
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Tracing the latter matrices over the one-body Hilbert space H1 provides spectroscopic factors

SF+
µ

⌘ TrH1

⇥
S+
µ

⇤
=

X

a2H1

��Ua

µ

��2 (72a)

SF�

⌫
⌘ TrH1

⇥
S�

⌫

⇤
=

X

a2H1

|V a

⌫
|2 (72b)

which are nothing but the norms of the spectroscopic amplitudes. A spectroscopic factor sums the probabilities that
an eigenstate of the A+1 (A-1) system can be described as a nucleon added to (removed from) a single-particle state
on top of the ground state of the A-nucleon system.

One can then gather the complete spectroscopic information associated with one-nucleon addition and removal
processes into the so-called spectral function S(!). The spectral function denotes an energy-dependent matrix defined
on H1 through

S(z) ⌘
X

µ2HA+1

S+
µ
�(z � E+

µ
) +

X

⌫2HA�1

S�

⌫
�(z � E�

⌫
)
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where the first (second) sum is restricted to eigenstates of H in the Hilbert space HA+1 (HA�1) associated with the
A+1 (A-1) system. Note that S(!) is directly related to the imaginary part of Dyson’s one-body Green’s function
G(!) [? ]. Taking the trace of S(!) provides the spectral strength distribution (SDD)
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Chapter 1
Basics of Green’s function theory
1.1 Many-body Schrödinger equation
In the ab initio approach, nuclear systems are described as a collection of A non-relativistic
interacting nucleons. The properties of such systems are determined by solving the A-
body Schrödinger eigenvalue equation

H|ΨA
k 〉 = EA

k |ΨA
k 〉 (1.1)

and/or its time-dependent counterpart, depending on whether one is interested in just the
(static) properties of a given system or also in its possible reactions with (or transitions
to) other systems. In the present document the focus will be on the time-independent
problem, i.e., on the determination of A-body energies EA

k and A-body eigenstates |ΨA
k 〉

that result from Eq. (1.1), together with all observables of interest that can be computed
from them. The A-body Hamiltonian entering Eq. (1.1) is generally written in the second-
quantised form

H =
∑

α

tαβ a†
αaβ + 1

4
∑

αγ
βδ

vαγβδ a†
αa†

γaδaβ + 1
36
∑

αγε
βδη

wαγεβδη a†
αa†

γa†
εaηaδaβ + . . .

≡ T + V + W + . . . , (1.2)

where tαβ represent the matrix elements of the kinetic energy operator1, while vαγβδ and
wαγεβδη denote matrix elements of generic2 two- and three-body operators respectively.
Greek indices α,β, γ, . . . label a basis in the one-body Hilbert space H1, whereas a†

α and
aα denote the associated creation and annihilation operators. In practice, interactions
between 4 or more nucleons have been shown to contribute only marginally to nuclear
observables and are discarded in the large majority of nuclear structure calculations3. For
the remainder of this chapter the Hamiltonian (1.2) is thus truncated at the three-body
level.

1Since nuclei are self-bound objects, one is in fact interested in the translationally invariant, internal
Hamiltonian Hrel ≡ H − Hcm, where Hcm denotes the centre-of-mass kinetic energy. In practice one
thus replaces T with the relative kinetic energy Trel ≡ T − Hcm, which is rewritten as a sum of a
one- and a two-body operators. The most appropriate way of expressing the latter two-body operator
in the case of particle-number breaking theories (as the one presented in Chapter 2) is discussed in
Ref. [87].

2The formalism presented in Chapters 1 and 2 is independent of the choice of many-body operators,
i.e. is Hamiltonian-agnostic. In Chapter 4, the specific models of nuclear interactions used in actual
calculations will be specified (see Sect. 3.2).

3On a fundamental level, four-body interactions are estimated to be sub-leading in the current formu-
lations of the χ-EFT power counting [13]. In addition, exploratory calculations with the explicit
inclusion of the leading four-body operators have demonstrated that they yield negligibly small con-
tributions [46].
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1

Time-Independent Green’s Functions

Summary. In this chapter, the time-independent Green’s functions are defined,
their main properties are presented, methods for their calculation are briefly dis-
cussed, and their use in problems of physical interest is summarized.

1.1 Formalism

Green’s functions can be defined as solutions of inhomogeneous differential
equations of the type1

[z − L(r)] G (r, r′; z) = δ (r − r′) , (1.1)

subject to certain boundary conditions (BCs) for r or r′ lying on the surface
S of the domain Ω of r and r′. Here we assume that z is a complex variable
with λ ≡ Re {z} and s ≡ Im {z} and that L(r) is a time-independent, linear,
hermitian2 differential operator that possesses a complete set of eigenfunctions
{φn(r)}, i.e.,

L(r)φn(r) = λnφn(r) , (1.2)

where {φn(r)} satisfy the same BCs as G(r, r′; z). The subscript n may stand
for more than one index specifying uniquely each eigenfunction and the corre-
sponding eigenvalue. The set {φn} can be considered as orthonormal without
loss of generality (see Problem 1.1s at the end of Chap. 1), i.e.,

∫

Ω
φ∗

n(r)φm (r) dr = δnm . (1.3)

1 Several authors write the right-hand side (rhs) of (1.1) as 4πδ(r − r′) or
−4πδ(r − r′).

2 A linear operator, L, acting on arbitrary complex functions, φ(r) and ψ(r), de-
fined on Ω and satisfying given BCs is called hermitian if

R
Ω

φ∗(r)[Lψ(r)]dr =
{

R
Ω

ψ∗(r)[Lφ(r)]dr}∗ =
R

Ω
[Lφ(r)]∗ψ(r)dr.
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⦿ In mathematics: solution of an inhomogeneous differential equation

Hermitian operator Green’s function

⦿ GF contains information about eigenstates & eigenvalues of L

1.1 Formalism 5

The left-hand side (lhs) of the last relation can be written as follows:

zG (r, r′; z) − 〈r |LG(z) | r′〉 .

By introducing the unit operator,
∫

dr′′ |r′′〉 〈r′′|, between L and G in the last
expression we rewrite it in the form

zG (r, r′; z) −
∫

dr′′ 〈r |L |r′′〉 〈r′′ |G(z) | r′〉 .

Finally, taking into account (1.6) we obtain

zG (r, r′; z) − L(r)G (r, r′; z) = δ (r − r′) ,

which is identical to (1.1). The usefulness of the bra and ket notation is that

(i) The intermediate algebraic manipulations are facilitated and
(ii) One is not restricted to the r-representation (e.g., one can express all

equations in the k-representation, which is equivalent to taking the Fourier
transform with respect to r and r′ of the original equations).

If all eigenvalues of z − L are nonzero, i.e., if z $= {λn}, then one can solve
(1.1′) formally as

G(z) =
1

z − L
. (1.10)

Multiplying (1.10) by (1.4′) we obtain

G(z) =
1

z − L

∑

n

|φn〉 〈φn| =
∑

n

1
z − L

|φn〉 〈φn| =
∑

n

|φn〉 〈φn|
z − λn

. (1.11)
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if Im {z} $= 0, then z $= {λn}, which means that G(z) is an analytic function
in the complex z-plane except at those points or portions of the real z-axis
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⦿ Substituting 
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Physical Significance of G.
Application to the Free-Particle Case

Summary. The general theory developed in Chap. 1 can be applied directly to the
time-independent one-particle Schrödinger equation by making the substitutions
L(r) → H(r), λ → E, where H(r) is the Hamiltonian. The formalism presented in
Chap. 2, Sects. 2.1,2.2 is applicable to the time-dependent one-particle Schrödinger
equation.

3.1 General Relations

The nonrelativistic, one-particle, time-independent Schrödinger equation has
the form

[E −H(r)]ψ(r) = 0 , (3.1)

and the corresponding Green’s function satisfies the equation

[E −H(r)]G(r, r′; E) = δ(r − r′) . (3.2)

Here H(r) is the Hamiltonian operator in the r-representation, and G(r, r′; E)
as a function of r or r′ satisfies the same boundary conditions as the wave-
function ψ(r), i.e., continuity of ψ(r) and ∇ψ (unless the potential has an
infinite discontinuity) and finite (or zero) value at infinity. It is clear that the
general formalism developed in Chap. 1 is directly applicable to the present
case with the substitutions

L(r) → H(r) , (3.3a)
λ → E , (3.3b)

λ + is = z → z = E + is , (3.3c)
λn → En , (3.3d)

φn(r) → φn(r) . (3.3e)

Thus, the basic relation expressing G in terms of the eigenvalues En and the
complete set of orthonormal eigenfunctions φn of H is
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1.1 Formalism 5

The left-hand side (lhs) of the last relation can be written as follows:

zG (r, r′; z) − 〈r |LG(z) | r′〉 .

By introducing the unit operator,
∫

dr′′ |r′′〉 〈r′′|, between L and G in the last
expression we rewrite it in the form

zG (r, r′; z) −
∫

dr′′ 〈r |L |r′′〉 〈r′′ |G(z) | r′〉 .

Finally, taking into account (1.6) we obtain

zG (r, r′; z) − L(r)G (r, r′; z) = δ (r − r′) ,

which is identical to (1.1). The usefulness of the bra and ket notation is that

(i) The intermediate algebraic manipulations are facilitated and
(ii) One is not restricted to the r-representation (e.g., one can express all

equations in the k-representation, which is equivalent to taking the Fourier
transform with respect to r and r′ of the original equations).

If all eigenvalues of z − L are nonzero, i.e., if z $= {λn}, then one can solve
(1.1′) formally as

G(z) =
1

z − L
. (1.10)

Multiplying (1.10) by (1.4′) we obtain
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. (1.11)

The last step follows from (1.2′), and the general relation F (L) |φn〉 =
F (λn) |φn〉 valid by definition for any well-behaved function F . Equation
(1.11) can be written more explicitly as

G(z) =
∑

n

′ |φn〉 〈φn|
z − λn

+
∫

dc
|φc〉 〈φc|
z − λc

, (1.12)

or, in the r-representation,

G (r, r′; z) =
∑

n

′ φn(r)φ∗
n (r′)

z − λn
+

∫
dc

φc(r)φ∗
c (r′)

z − λc
. (1.13)

Since L is a hermitian operator, all of its eigenvalues {λn} are real. Hence,
if Im {z} $= 0, then z $= {λn}, which means that G(z) is an analytic function
in the complex z-plane except at those points or portions of the real z-axis
that correspond to the eigenvalues of L. As can be seen from (1.12) or (1.13),
G(z) exhibits simple poles at the position of the discrete eigenvalues of L;
the inverse is also true: the poles of G(z) give the discrete eigenvalues of L. If
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From one to many
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⦿ Start from general definition

Källén-Lehmann representation

For a time-independent Hamiltonian

Variance in particle number
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⦿ General definition

Variance in particle number

G(r , r 0; z) =
X

k

hr | kihk | r 0i
z � En

=
X

k

h0|ar | kihk | a†r 0 |0i
z � En

(1)

G(r , r 0; z) =
X

m

h N
0 |ar | N+1

m ih N+1
m | a†r 0 | N

0 i
z � E+

m
+
X

n

h N
0 |a†r 0 | N�1

n ih N�1
n | ar | N

0 i
z � E�

n
(2)

E+
m ⌘ EN+1

m � EN
0 (3)

E�
n ⌘ EN

0 � EN�1
n (4)

| N±1
k i (5)

Gab(t, t
0) ⌘ �ih N

0 |T
h
aa(t) a

†
b(t

0)
i
| N

0 i (6)

Gab(E) =
X

m

h N
0 |aa | N+1

m ih N+1
m | a†b| N

0 i
E � E+

m + i⌘
+
X

n

h N
0 |a†b | N�1

n ih N�1
n | aa| N

0 i
E � E�

n � i⌘
(7)

time-ordering operator
(Exact) ground state of N-body system

➟ It describes the process of adding a particle at time t’ and removing it at time t 
    (or viceversa if t’>t)

➟ Hence the equivalent name of single-particle propagator

single-particle labels

Propagator

a

a

b

b

t’

t

t

t’

t > t’

t’ > t



Many facets of Green’s functions

Mathematical object
Spectral representation

GF as propagator
GF as one-body density

18

⌃(2)
↵�

(!) =
1

2

Z
d!0

2⇡

d!00

2⇡

d!000

2⇡

X

��✏�µ�

v̄↵✏�� v̄�µ�� G��(!
0)G�µ(!

00)G�✏(!
000) �(! � !0 � !00 + !000)

=
1

2

Z
d!0

2⇡

d!00

2⇡

X

��✏�µ�

v̄↵✏�� v̄�µ�� G��(!
0)G�µ(!

00)G�✏(!
0 + !00 � !)

= �1

2

Z
d!0

2⇡i

d!00

2⇡i

X

��✏�µ�,n1n2n3,k1k2k3

v̄↵✏�� v̄�µ��

(
Un1
�

Un1⇤

�

!0 � E+
n1 + i⌘

+
V k1⇤
�

V k1
�

!0 � E�

k1
� i⌘

)

⇥
(

Un2
�

Un2⇤
µ

!00 � E+
n2 + i⌘

+
V k2⇤

�
V k2
µ

!00 � E�

k2
� i⌘

) (
Un3
�

Un3⇤
✏

!0 + !00 � ! � E+
n3 + i⌘

+
V k3⇤

�
V k3
✏

!0 + !00 � ! � E�

k3
� i⌘

)

=
1

2

X

��✏�µ�,n1n2n3,k1k2k3

v̄↵✏�� v̄�µ��

(
Un1
�

Un1⇤

�
Un2
�

Un2⇤
µ

V k3⇤

�
V k3
✏

! � (E+
n1 + E+

n2 � E�

k3
) + i⌘

+
V k1⇤
�

V k1
�

V k2⇤

�
V k2
µ

Un3
�

Un3⇤
✏

! � (E+
n3 � E�

k1
� E�

k2
)� i⌘

)

✏i + ✏j = ✏a + ✏b (134)

↵D = 2↵

Z
dE

R(E)

E
(135)

��(E) = 4⇡2↵ER(E) (136)

R(E) =
X

⌫

|h A

⌫
|D̂ | A

0 i|2 �(E⌫ � E) (137)

X

ab

ha|D̂ | bi h A

⌫
|c†

a
cb | A

0 i (138)

✓
d�

d3Q

◆

DWIA

= SFN ⇥
⌧
d�pN

d⌦

�
⇥
⌦
SpASp(A�1)SN(A�1) N

↵
(139)

Wµ⌫

1b (q,!) =

Z
d3p0 dE

(2⇡)3
m2

N

e(p0)e(p0�q)
�(! + E � e(p0))

X

s

Sh

s
(p0�q, E)hp0|jµ

s

†|p0�qihp0�q|j⌫
s
|p0i ,

⇣ d�

dE0d⌦0

⌘

`

= C`

E0

k

Ek

Lµ⌫W
µ⌫ �! C`

E0

k

Ek

Lµ⌫W
µ⌫

1b (140)

i g↵�(t↵, t�) ⌘ h A

0 |T [a↵(t↵)a
†

�
(t�)]| A

0 i (141)

(142)



Green’s functions as density matricesChapter 1 Basics of Green’s function theory
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0 〉 = −i g2−pt

δγ (t, t+) , (1.17a)
ρδηγε ≡ 〈ΨA

0 | a†
γa†

εaηaδ |ΨA
0 〉 = i g4−pt

δηγε (t, t, t+, t+) , (1.17b)
ρδηξγεζ ≡ 〈ΨA

0 | a†
γa†

εa
†
ζaξaηaδ |ΨA

0 〉 = −i g6−pt
δηξγεζ(t, t, t, t+, t+, t+) , (1.17c)

. . .

and so on, where t+ ≡ limλ→0+(t + λ). Expectation values of many-body operators are
then computed as

〈ΨA
0 |O1B | ΨA

0 〉 =
∑

δγ

oδγ ργδ , (1.18a)

〈ΨA
0 |O2B | ΨA

0 〉 =
∑

δη
γε

oδηγε ργεδη , (1.18b)

〈ΨA
0 |O3B | ΨA

0 〉 =
∑

δηξ
γεζ

oδηξγεζ ργεζδηξ , (1.18c)

. . .

and so on, where a generic (m-body) operator reads

OmB ≡ 1
(m!)2

∑

α1...α2m

oα1...α2m
a†

α1 ...a†
αm

aα2m
...aαm+1 . (1.19)

As a prime example, the ground-state energy of the A-body system reads

EA
0 = 〈ΨA

0 | H |ΨA
0 〉

=
∑

αβ

tαβ ρβα + 1
4
∑

αγ
βδ

vαγβδ ρβδαγ + 1
36
∑

αγε
βδη

wαγεβδη ρβδηαγε . (1.20)

In fact, this observable represents a special case since it can be alternatively computed
via a useful sum rule originally introduced by Galitskii, Migdal and Koltun for a two-
body Hamiltonian [91, 92] and recently extended by Carbone and coworkers to the case
where three-body forces are present [89]. The latter generalisation has two equivalent
expressions that read as

EA
0 = 1

3π

∫ ε
−
F

−∞
dω

∑

αβ

(2tαβ + ω δαβ) Im gβα(ω) + 1
3
∑

αγ
βδ

vαγβδ ρβδαγ , (1.21a)

= 1
2π

∫ ε
−
F

−∞
dω

∑

αβ

(tαβ + ω δαβ) Im gβα(ω) − 1
2
∑

αγε
βδη

wαγεβδη ρβδηαγε , (1.21b)

where ε−
F represents the Fermi energy. Remarkably, in its first version Eq. (1.21a), the sum

rule allows to compute the expectation value of a three-body operator from the knowledge
of only one- and two-body density matrices. This important property can be generalised
to the case of a Hamiltonian containing up to m-body operators, for which the knowledge
of up to (m − 1)-body density matrices is required to compute the exact ground-state
energy10.
10This generalised property can be deduced from the proof of Eqs. (1.21a) and (1.21b) in Ref. [89].
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⦿ Simple in the case of one-particle system:

56 4 Green’s Functions and Perturbation Theory

The Green’s functions G0(z) and G(z) corresponding to H0 and H, re-
spectively, are

G0(z) = (z −H0)
−1 and (4.2)

G(z) = (z −H)−1 . (4.3)

Using (4.1) and (4.2) we can rewrite (4.3) as follows:

G(z) = (z −H0 −H1)
−1 =

{
(z −H0)

[
1 − (z −H0)

−1 H1

]}−1

=
[
1 − (z −H0)

−1 H1

]−1
(z −H0)

−1

= [1 − G0(z)H1]
−1 G0(z) . (4.4)

Expanding the operator (1 − G0H1)−1 in power series we obtain

G = G0 + G0H1G0 + G0H1G0H1G0 + · · · . (4.5)

Equation (4.5) can be written in a compact form

G = G0 + G0H1 (G0 + G0H1G0 + · · · ) = G0 + G0H1G (4.6)

or
G = G0 + (G0 + G0H1G0 + · · · )H1G0 = G0 + GH1G0 . (4.7)

In the r-representation, (4.6) becomes

G (r, r′; z) = G0 (r, r′; z)

+
∫

dr1dr2G0 (r, r1; z)H1 (r1, r2)G (r2, r
′; z) . (4.6′)

Usually H1 (r1, r2) has the form δ (r1 − r2)V (r1); then (4.6′) becomes

G (r, r′; z) = G0 (r, r′; z)

+
∫

dr1G0 (r, r1; z)V (r1)G (r1, r
′; z) , (4.8)

i.e., G(r, r′; z) satisfies a linear inhomogeneous integral equation with a kernel
G0 (r, r1; z)V (r1). Equation (4.7) can be written also in a similar form. If we
use the k-representation, we can rewrite (4.6) as follows:

G (k, k′; z) = G0 (k, k′; z) +
∑

k1k2

G0 (k, k1; z)H1 (k1, k2)G (k2, k
′; z) . (4.9)

Taking into account that 〈r |k〉 = eik · r/
√

Ω and that

∑

k

= Ω

∫
dk

(2π)d
, (4.10)
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Dyson equation: basic idea

○ Equation of motion technique

⦿ Schrödinger equation for many-body ψ  ➝  Dyson equation for one-body GF

○ Perturbative expansion

1) Separate full Hamiltonian into unperturbed part + perturbation

2) Compute unperturbed propagator

56 4 Green’s Functions and Perturbation Theory

The Green’s functions G0(z) and G(z) corresponding to H0 and H, re-
spectively, are

G0(z) = (z −H0)
−1 and (4.2)

G(z) = (z −H)−1 . (4.3)

Using (4.1) and (4.2) we can rewrite (4.3) as follows:

G(z) = (z −H0 −H1)
−1 =

{
(z −H0)

[
1 − (z −H0)

−1 H1

]}−1

=
[
1 − (z −H0)

−1 H1

]−1
(z −H0)

−1

= [1 − G0(z)H1]
−1 G0(z) . (4.4)

Expanding the operator (1 − G0H1)−1 in power series we obtain

G = G0 + G0H1G0 + G0H1G0H1G0 + · · · . (4.5)

Equation (4.5) can be written in a compact form

G = G0 + G0H1 (G0 + G0H1G0 + · · · ) = G0 + G0H1G (4.6)

or
G = G0 + (G0 + G0H1G0 + · · · )H1G0 = G0 + GH1G0 . (4.7)

In the r-representation, (4.6) becomes

G (r, r′; z) = G0 (r, r′; z)

+
∫

dr1dr2G0 (r, r1; z)H1 (r1, r2)G (r2, r
′; z) . (4.6′)

Usually H1 (r1, r2) has the form δ (r1 − r2)V (r1); then (4.6′) becomes

G (r, r′; z) = G0 (r, r′; z)

+
∫

dr1G0 (r, r1; z)V (r1)G (r1, r
′; z) , (4.8)

i.e., G(r, r′; z) satisfies a linear inhomogeneous integral equation with a kernel
G0 (r, r1; z)V (r1). Equation (4.7) can be written also in a similar form. If we
use the k-representation, we can rewrite (4.6) as follows:

G (k, k′; z) = G0 (k, k′; z) +
∑

k1k2

G0 (k, k1; z)H1 (k1, k2)G (k2, k
′; z) . (4.9)

Taking into account that 〈r |k〉 = eik · r/
√

Ω and that

∑

k

= Ω

∫
dk

(2π)d
, (4.10)

3) Express full propagator in terms of        and 
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Basic idea



⦿ Many-body case more complicated:

➟ Separation                         exploited by working in interaction representation
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➟ Several terms cancel out (all disconnected combinations of variables), at the end:

⦿ In practice it is convenient to introduce Feynman diagrams

(Wick theorem)
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H = H0 +H1 (36)

Dyson equation: many-body case

➟ Expansion worked out diagrammatically



⦿ Expansion for                                                                                  reads as
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Multiplying by Xk†
f from the left, summing over f and renaming (f, d) to (a, b), one finally obtains the normalization condition
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where only the proper self-energy appears as a result of the energy independence of the auxiliary potential. Similarly, one can
derive a condition for Gorkov’s amplitude Y
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APPENDIX B: DIAGRAMMATIC

1. Diagrammatic rules

A convenient way to express the expansion of the single-
particle propagator is via diagrammatic techniques. By giving
the interaction and the single-particle propagator a graphical
representation and by establishing a set of rules one can
generate diagrams that are in one-to-one correspondence with
the terms appearing in the expansion. As it provides an
immediate insight to physical processes associated with the
various contributions, the diagrammatic expansion is of great
help when choosing a suitable approximation. It is relevant
to discuss diagrammatic rules in some detail here given that
there exist differences compared to rules applicable to the
diagrammatic expansion involving normal contractions only.

In the present work, antisymmetrized interaction matrix
elements are represented by a dashed line labeled by four
single-particle indices,

V̄abcd ≡
c d

a b
. (B1)

Single-particle unperturbed propagators, i.e., Green’s func-
tions associated with the unperturbed Hamiltonian $U intro-
duced in Eq. (31), are depicted as solid lines labeled by two
indices and one energy flowing from the second to the first
index

G11 (0)
ab (ω) ≡ ↑ ω

b

a

, (B2a)

G12 (0)
ab (ω) ≡ ↑ ω

b̄

a

, (B2b)

G21 (0)
ab (ω) ≡ ↑ ω

b

ā

, (B2c)

G22 (0)
ab (ω) ≡ ↑ ω

b̄

ā

. (B2d)

One should notice that, as opposed to traditional graphical
representations of Dyson’s propagator, Gorkov’s propagators
carry two arrows specifying whether a given propagator
results from the contraction of two creation operators, of two
annihilation operators, or of one creation (annihilation) and
one annihilation (creation) operator.

With building blocks (B1) and (B2) one can construct, order
by order, the (diagrammatic) perturbative expansion for each
of the four Gorkov propagators (22). To obtain all terms of the
expansion at a certain order m and for one of the four Gorkov
propagators, the following rules are employed:

(i) Draw all topologically distinct connected direct dia-
grams with m horizontal interaction lines (with 4 single-
particle indices) and 2m + 1 directed propagation lines
(with 2 single-particle indices each, connecting the 4m
indices of the interaction and the 2 external ones).
Notice that exactly two incoming and two outgoing
lines must be attached to a given interaction vertex,
i.e., the left diagram in Fig. 6 is allowed while right
diagram is not. Topologically distinct diagrams cannot
be transformed into each other by any translation
(in the two-dimensional plane) of any of the vertices
without disconnecting or reconnecting propagation

c

a

d

b

c

a

d

b

FIG. 6. Allowed (left) and forbidden (right) interaction lines.
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Appendix A: Notations and useful formulae

1. Properties of Clebsch-Gordan coefficients

The following relations involving Clebsch-Gordan co-
efficients are used throughout the paper

CJM
j1m1j2m2

= (−1)j1+j2−J CJ−M
j1−m1j2−m2

, (A1)

C00
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(−1)j1−m1

√
2j1 + 1

, (A2)

Cj2m2
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j8 j7 0
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}
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Appendix B: Perturbative expansion and Wick’s
theorem in Gorkov’s formalism

[...]

One obtains an expression for the four Gorkov prop-
agators in the form of an expansion, order by order, in-
volving the interacting Hamiltonian ΩI
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∞
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where the subscript C indicates that only contributions
that are completely connected to the operators aa and a†b
enter the expansion.

Appendix C: Diagrams in Gorkov’s formalism

1. Diagrammatic rules

A convenient way to write down the expansion of
the single-particle propagator discussed in Appendix B
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′)] |Ψ0〉C , (B1b)

G21
ab(t, t

′) = −i
∞
∑

m

(−i)m

m!

∫

dt1...

∫

dtm 〈Ψ0|T
[

ΩI(t1)...ΩI(tm) ā†a(t) a
†
b(t

′)
]

|Ψ0〉C , (B1c)

G22
ab(t, t

′) = −i
∞
∑

m

(−i)m

m!

∫

dt1...

∫

dtm 〈Ψ0|T
[

ΩI(t1)...ΩI(tm) ā†a(t) āb(t
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Appendix B: Perturbative expansion and Wick’s
theorem in Gorkov’s formalism

[...]

One obtains an expression for the four Gorkov prop-
agators in the form of an expansion, order by order, in-
volving the interacting Hamiltonian ΩI

G11
ab(t, t

′) = −i
∞
∑

m

(−i)m

m!

∫

dt1...

∫

dtm 〈Ψ0|T
[

ΩI(t1)...ΩI(tm) aa(t) a
†
b(t

′)
]

|Ψ0〉C , (B1a)

G12
ab(t, t

′) = −i
∞
∑

m

(−i)m

m!

∫

dt1...

∫

dtm 〈Ψ0|T [ΩI(t1)...ΩI(tm) aa(t) āb(t
′)] |Ψ0〉C , (B1b)

G21
ab(t, t

′) = −i
∞
∑

m

(−i)m

m!

∫

dt1...

∫

dtm 〈Ψ0|T
[

ΩI(t1)...ΩI(tm) ā†a(t) a
†
b(t

′)
]

|Ψ0〉C , (B1c)

G22
ab(t, t

′) = −i
∞
∑

m

(−i)m

m!

∫

dt1...

∫

dtm 〈Ψ0|T
[

ΩI(t1)...ΩI(tm) ā†a(t) āb(t
′)
]

|Ψ0〉C , (B1d)

where the subscript C indicates that only contributions
that are completely connected to the operators aa and a†b
enter the expansion.

Appendix C: Diagrams in Gorkov’s formalism

1. Diagrammatic rules

A convenient way to write down the expansion of
the single-particle propagator discussed in Appendix B
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Dyson equation: diagrammatic expansion
⦿ Feynman diagrams: exact & unperturbed propagators and interaction lines depicted as
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⦿ Introduce reducible self-energy

➟ Includes all diagrams after external legs are cut off
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⦿ Select one-particle irreducible self-energy diagrams  ➝  Irreducible self-energy

➟ All contributions that cannot be separated in two parts by cutting a propagation line
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Remaining diagrams generated 
by successive self-energy insertions

Dyson equation: diagrammatic expansion

⦿ Select one-particle irreducible self-energy diagrams  ➝  Irreducible self-energy

➟ All contributions that cannot be separated in two parts by cutting a propagation line
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⦿ Rewrite the expansion in the form of an iterative equation

This is itself the expansion 
for the dressed propagator
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Dyson equation: diagrammatic expansion

➟ Implicit equation that generates all orders
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E.g. this can be generated by the self-energy term

➟ Contributions that cannot be generated from lower-order diagrams with dressed propagators
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Dyson equation: diagrammatic expansion

⦿ Further select two-particle irreducible self-energy diagrams  ➝  Skeleton self-energy
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➟ This characterises self-consistent schemes

➟ All propagators in ΣIS are dressed

➟ Selected PT terms iterated to all orders

Intrinsically non-perturbative method

Dyson equation: diagrammatic expansion

➟ Contributions that cannot be generated from lower-order diagrams with dressed propagators

⦿ Further select two-particle irreducible self-energy diagrams  ➝  Skeleton self-energy



Approximations to the full Dyson equation

➟ Approximated solutions achieved via truncated diagrammatic expansions

⦿ Full solution as expensive as (exact) configuration interaction

⦿ Several possibilities

○ Truncate perturbative expansion of one-body propagator (no Dyson eq.)

○ Truncate perturbative/skeleton expansion of self-energy

○ Resum (to infinite order) certain types of diagrams

○ Truncate & impose analytic form of exact self-energy
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IDEX	Paris-Saclay	
Appel	à	manifestation	d’intérêt	

«	Initiatives	de	Recherche	Stratégiques	»	
Sous	réserve	que	l’IDEX	Paris-Saclay	soit	prolongé	au-delà	du	30	juin	2016,	l’Université	Paris-Saclay	
envisage	de	soutenir	6	à	10	«	Initiatives	de	recherche	stratégiques	»	avec	un	budget	de	12	M€	sur	
la	période	2016-2019.	Le	 financement	apporté	par	 l’IDEX	à	chaque	 initiative	pourra	être	compris	
entre	0,6	et	2	M€,	en	appui	de	co-financements	par	d’autres	sources.		
	
Cette	 action	 s’inscrit	 dans	 le	 cadre	 de	 la	 trajectoire	 IDEX	 2016-2019	 décrite	 dans	 le	 rapport	
d’évaluation	 de	 décembre	 2015,	 et	 dont	 le	 1er	 jalon	 (au	 30/09/2016)	 s’engage	 sur	:	 «	Finalize	 the	
proposition	of	a	global	research	strategy	currently	being	discussed	from	the	initial	propositions	of	the	
departments.	»,	avec	 la	 cible	 :	 «	White	book	with	 clear	propositions	 for	 funding	new	priorities	with	
IDEX	funding,	including	the	future	of	LIDEX	projects,	as	soon	as	September	2016.	»	
	
Le	mode	 de	 décision	menant	 à	 ce	 jalon	 est	 encadré	 par	 l’article	 10.1.1	 du	 règlement	 intérieur	 de	
l’Université	Paris-Saclay	:	«	La	stratégie	partagée	de	l'Université	Paris-Saclay	est	notamment	élaborée	
à	partir	des	contributions	de	chacun	des	départements	dans	leur	domaine	de	compétence	et	proposée	
par	 le	conseil	des	 tutelles	Recherches	au	conseil	d'administration	qui	délibère,	après	avis	du	conseil	
des	 Membres	 et	 du	 conseil	 académique.	 Dans	 ce	 cadre,	 les	 départements	 ont	 pour	 mission	 de	
contribuer	à	accroître	l’attractivité,	la	visibilité	et	l’ambition	de	l’ensemble	des	acteurs	de	la	recherche	
de	Paris-Saclay,	et	à	les	porter	au	tout	premier	plan	au	niveau	international.	»	

Processus	mis	en	place	
A	 court	 terme,	 il	 s’agit	 de	 focaliser	 les	 moyens	 de	 l’IDEX	 post-période	 probatoire	 sur	 des	 enjeux	
majeurs,	en	soutenant	des	initiatives	d’excellence	inter-établissements	qui	s’appuient	sur	la	richesse	
des	compétences	présentes	au	sein	du	périmètre	de	l’IDEX	Paris-Saclay.	Pour	les	3	ans	à	venir,	à	côté	
des	structures	d’excellence	déjà	en	place	telles	les	LABEX	et	les	EQUIPEX,	qui	sont	actifs	jusque	2019,	
ces	initiatives	permettront	de	co-construire	la	stratégie	de	recherche	partagée	de	l’Université	Paris-
Saclay.	Elles	en	constitueront	des	projets	phare,	aptes	à	répondre	à	des	enjeux	et	défis	scientifiques	
majeurs,	et	visibles	à	l’international.		
La	mise	en	place	de	ces	initiatives	en	octobre	2016	s’articule	avec	la	fin	des	financements	actuels	des	
projets	 LIDEX	 de	 la	 période	 2013-2016.	 Ces	 projets	 sont	 incités	 à	 discuter	 leur	 avenir	 avec	 les	
départements	concernés,	dans	le	cadre	de	cet	Appel	à	manifestations	d’intérêt	(AMI).	
Un	deuxième	point	de	rencontre	majeur	est	programmé	en	2018.	Il	s’agira	de	proposer	l’organisation	
du	périmètre	d’excellence	 recherche	dans	 la	période	post-LABEX	 (à	partir	de	2020),	en	phase	avec	
l’évaluation	HCERES	des	laboratoires	de	l’Université	Paris-Saclay.	
Dans	ce	cadre,	après	avis	du	Conseil	des	Tutelles	Recherche	puis	du	Comité	IDEX,	il	est	proposé	un	
processus	en	deux	étapes	successives	:		

1. Première	définition	de	priorités	stratégiques	et	présélection	de	manifestations	d’intérêt	
Une	première	étape	de	présélection	comportera	deux	réflexions	menées	en	parallèle	:	
• le	présent	Appel	à	manifestations	d’intérêt	(AMI),	lancé	auprès	des	départements	de	l’Université	

Paris-Saclay,	 et	 décrit	 ci-dessous.	 Cet	 AMI	 fera	 remonter	 des	 descriptions	 synthétiques	
(maximum	 3	 pages	 chacune)	 d’initiatives	 stratégiques	 jugées	 prioritaires	 par	 chaque	
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Sous	réserve	que	l’IDEX	Paris-Saclay	soit	prolongé	au-delà	du	30	juin	2016,	l’Université	Paris-Saclay	
envisage	de	soutenir	6	à	10	«	Initiatives	de	recherche	stratégiques	»	avec	un	budget	de	12	M€	sur	
la	période	2016-2019.	Le	 financement	apporté	par	 l’IDEX	à	chaque	 initiative	pourra	être	compris	
entre	0,6	et	2	M€,	en	appui	de	co-financements	par	d’autres	sources.		
	
Cette	 action	 s’inscrit	 dans	 le	 cadre	 de	 la	 trajectoire	 IDEX	 2016-2019	 décrite	 dans	 le	 rapport	
d’évaluation	 de	 décembre	 2015,	 et	 dont	 le	 1er	 jalon	 (au	 30/09/2016)	 s’engage	 sur	:	 «	Finalize	 the	
proposition	of	a	global	research	strategy	currently	being	discussed	from	the	initial	propositions	of	the	
departments.	»,	avec	 la	 cible	 :	 «	White	book	with	 clear	propositions	 for	 funding	new	priorities	with	
IDEX	funding,	including	the	future	of	LIDEX	projects,	as	soon	as	September	2016.	»	
	
Le	mode	 de	 décision	menant	 à	 ce	 jalon	 est	 encadré	 par	 l’article	 10.1.1	 du	 règlement	 intérieur	 de	
l’Université	Paris-Saclay	:	«	La	stratégie	partagée	de	l'Université	Paris-Saclay	est	notamment	élaborée	
à	partir	des	contributions	de	chacun	des	départements	dans	leur	domaine	de	compétence	et	proposée	
par	 le	conseil	des	 tutelles	Recherches	au	conseil	d'administration	qui	délibère,	après	avis	du	conseil	
des	 Membres	 et	 du	 conseil	 académique.	 Dans	 ce	 cadre,	 les	 départements	 ont	 pour	 mission	 de	
contribuer	à	accroître	l’attractivité,	la	visibilité	et	l’ambition	de	l’ensemble	des	acteurs	de	la	recherche	
de	Paris-Saclay,	et	à	les	porter	au	tout	premier	plan	au	niveau	international.	»	

Processus	mis	en	place	
A	 court	 terme,	 il	 s’agit	 de	 focaliser	 les	 moyens	 de	 l’IDEX	 post-période	 probatoire	 sur	 des	 enjeux	
majeurs,	en	soutenant	des	initiatives	d’excellence	inter-établissements	qui	s’appuient	sur	la	richesse	
des	compétences	présentes	au	sein	du	périmètre	de	l’IDEX	Paris-Saclay.	Pour	les	3	ans	à	venir,	à	côté	
des	structures	d’excellence	déjà	en	place	telles	les	LABEX	et	les	EQUIPEX,	qui	sont	actifs	jusque	2019,	
ces	initiatives	permettront	de	co-construire	la	stratégie	de	recherche	partagée	de	l’Université	Paris-
Saclay.	Elles	en	constitueront	des	projets	phare,	aptes	à	répondre	à	des	enjeux	et	défis	scientifiques	
majeurs,	et	visibles	à	l’international.		
La	mise	en	place	de	ces	initiatives	en	octobre	2016	s’articule	avec	la	fin	des	financements	actuels	des	
projets	 LIDEX	 de	 la	 période	 2013-2016.	 Ces	 projets	 sont	 incités	 à	 discuter	 leur	 avenir	 avec	 les	
départements	concernés,	dans	le	cadre	de	cet	Appel	à	manifestations	d’intérêt	(AMI).	
Un	deuxième	point	de	rencontre	majeur	est	programmé	en	2018.	Il	s’agira	de	proposer	l’organisation	
du	périmètre	d’excellence	 recherche	dans	 la	période	post-LABEX	 (à	partir	de	2020),	en	phase	avec	
l’évaluation	HCERES	des	laboratoires	de	l’Université	Paris-Saclay.	
Dans	ce	cadre,	après	avis	du	Conseil	des	Tutelles	Recherche	puis	du	Comité	IDEX,	il	est	proposé	un	
processus	en	deux	étapes	successives	:		

1. Première	définition	de	priorités	stratégiques	et	présélection	de	manifestations	d’intérêt	
Une	première	étape	de	présélection	comportera	deux	réflexions	menées	en	parallèle	:	
• le	présent	Appel	à	manifestations	d’intérêt	(AMI),	lancé	auprès	des	départements	de	l’Université	

Paris-Saclay,	 et	 décrit	 ci-dessous.	 Cet	 AMI	 fera	 remonter	 des	 descriptions	 synthétiques	
(maximum	 3	 pages	 chacune)	 d’initiatives	 stratégiques	 jugées	 prioritaires	 par	 chaque	
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Version	du	3	février	2016	 1	

IDEX	Paris-Saclay	
Appel	à	manifestation	d’intérêt	

«	Initiatives	de	Recherche	Stratégiques	»	
Sous	réserve	que	l’IDEX	Paris-Saclay	soit	prolongé	au-delà	du	30	juin	2016,	l’Université	Paris-Saclay	
envisage	de	soutenir	6	à	10	«	Initiatives	de	recherche	stratégiques	»	avec	un	budget	de	12	M€	sur	
la	période	2016-2019.	Le	 financement	apporté	par	 l’IDEX	à	chaque	 initiative	pourra	être	compris	
entre	0,6	et	2	M€,	en	appui	de	co-financements	par	d’autres	sources.		
	
Cette	 action	 s’inscrit	 dans	 le	 cadre	 de	 la	 trajectoire	 IDEX	 2016-2019	 décrite	 dans	 le	 rapport	
d’évaluation	 de	 décembre	 2015,	 et	 dont	 le	 1er	 jalon	 (au	 30/09/2016)	 s’engage	 sur	:	 «	Finalize	 the	
proposition	of	a	global	research	strategy	currently	being	discussed	from	the	initial	propositions	of	the	
departments.	»,	avec	 la	 cible	 :	 «	White	book	with	 clear	propositions	 for	 funding	new	priorities	with	
IDEX	funding,	including	the	future	of	LIDEX	projects,	as	soon	as	September	2016.	»	
	
Le	mode	 de	 décision	menant	 à	 ce	 jalon	 est	 encadré	 par	 l’article	 10.1.1	 du	 règlement	 intérieur	 de	
l’Université	Paris-Saclay	:	«	La	stratégie	partagée	de	l'Université	Paris-Saclay	est	notamment	élaborée	
à	partir	des	contributions	de	chacun	des	départements	dans	leur	domaine	de	compétence	et	proposée	
par	 le	conseil	des	 tutelles	Recherches	au	conseil	d'administration	qui	délibère,	après	avis	du	conseil	
des	 Membres	 et	 du	 conseil	 académique.	 Dans	 ce	 cadre,	 les	 départements	 ont	 pour	 mission	 de	
contribuer	à	accroître	l’attractivité,	la	visibilité	et	l’ambition	de	l’ensemble	des	acteurs	de	la	recherche	
de	Paris-Saclay,	et	à	les	porter	au	tout	premier	plan	au	niveau	international.	»	

Processus	mis	en	place	
A	 court	 terme,	 il	 s’agit	 de	 focaliser	 les	 moyens	 de	 l’IDEX	 post-période	 probatoire	 sur	 des	 enjeux	
majeurs,	en	soutenant	des	initiatives	d’excellence	inter-établissements	qui	s’appuient	sur	la	richesse	
des	compétences	présentes	au	sein	du	périmètre	de	l’IDEX	Paris-Saclay.	Pour	les	3	ans	à	venir,	à	côté	
des	structures	d’excellence	déjà	en	place	telles	les	LABEX	et	les	EQUIPEX,	qui	sont	actifs	jusque	2019,	
ces	initiatives	permettront	de	co-construire	la	stratégie	de	recherche	partagée	de	l’Université	Paris-
Saclay.	Elles	en	constitueront	des	projets	phare,	aptes	à	répondre	à	des	enjeux	et	défis	scientifiques	
majeurs,	et	visibles	à	l’international.		
La	mise	en	place	de	ces	initiatives	en	octobre	2016	s’articule	avec	la	fin	des	financements	actuels	des	
projets	 LIDEX	 de	 la	 période	 2013-2016.	 Ces	 projets	 sont	 incités	 à	 discuter	 leur	 avenir	 avec	 les	
départements	concernés,	dans	le	cadre	de	cet	Appel	à	manifestations	d’intérêt	(AMI).	
Un	deuxième	point	de	rencontre	majeur	est	programmé	en	2018.	Il	s’agira	de	proposer	l’organisation	
du	périmètre	d’excellence	 recherche	dans	 la	période	post-LABEX	 (à	partir	de	2020),	en	phase	avec	
l’évaluation	HCERES	des	laboratoires	de	l’Université	Paris-Saclay.	
Dans	ce	cadre,	après	avis	du	Conseil	des	Tutelles	Recherche	puis	du	Comité	IDEX,	il	est	proposé	un	
processus	en	deux	étapes	successives	:		

1. Première	définition	de	priorités	stratégiques	et	présélection	de	manifestations	d’intérêt	
Une	première	étape	de	présélection	comportera	deux	réflexions	menées	en	parallèle	:	
• le	présent	Appel	à	manifestations	d’intérêt	(AMI),	lancé	auprès	des	départements	de	l’Université	

Paris-Saclay,	 et	 décrit	 ci-dessous.	 Cet	 AMI	 fera	 remonter	 des	 descriptions	 synthétiques	
(maximum	 3	 pages	 chacune)	 d’initiatives	 stratégiques	 jugées	 prioritaires	 par	 chaque	
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IDEX	Paris-Saclay	
Appel	à	manifestation	d’intérêt	

«	Initiatives	de	Recherche	Stratégiques	»	
Sous	réserve	que	l’IDEX	Paris-Saclay	soit	prolongé	au-delà	du	30	juin	2016,	l’Université	Paris-Saclay	
envisage	de	soutenir	6	à	10	«	Initiatives	de	recherche	stratégiques	»	avec	un	budget	de	12	M€	sur	
la	période	2016-2019.	Le	 financement	apporté	par	 l’IDEX	à	chaque	 initiative	pourra	être	compris	
entre	0,6	et	2	M€,	en	appui	de	co-financements	par	d’autres	sources.		
	
Cette	 action	 s’inscrit	 dans	 le	 cadre	 de	 la	 trajectoire	 IDEX	 2016-2019	 décrite	 dans	 le	 rapport	
d’évaluation	 de	 décembre	 2015,	 et	 dont	 le	 1er	 jalon	 (au	 30/09/2016)	 s’engage	 sur	:	 «	Finalize	 the	
proposition	of	a	global	research	strategy	currently	being	discussed	from	the	initial	propositions	of	the	
departments.	»,	avec	 la	 cible	 :	 «	White	book	with	 clear	propositions	 for	 funding	new	priorities	with	
IDEX	funding,	including	the	future	of	LIDEX	projects,	as	soon	as	September	2016.	»	
	
Le	mode	 de	 décision	menant	 à	 ce	 jalon	 est	 encadré	 par	 l’article	 10.1.1	 du	 règlement	 intérieur	 de	
l’Université	Paris-Saclay	:	«	La	stratégie	partagée	de	l'Université	Paris-Saclay	est	notamment	élaborée	
à	partir	des	contributions	de	chacun	des	départements	dans	leur	domaine	de	compétence	et	proposée	
par	 le	conseil	des	 tutelles	Recherches	au	conseil	d'administration	qui	délibère,	après	avis	du	conseil	
des	 Membres	 et	 du	 conseil	 académique.	 Dans	 ce	 cadre,	 les	 départements	 ont	 pour	 mission	 de	
contribuer	à	accroître	l’attractivité,	la	visibilité	et	l’ambition	de	l’ensemble	des	acteurs	de	la	recherche	
de	Paris-Saclay,	et	à	les	porter	au	tout	premier	plan	au	niveau	international.	»	

Processus	mis	en	place	
A	 court	 terme,	 il	 s’agit	 de	 focaliser	 les	 moyens	 de	 l’IDEX	 post-période	 probatoire	 sur	 des	 enjeux	
majeurs,	en	soutenant	des	initiatives	d’excellence	inter-établissements	qui	s’appuient	sur	la	richesse	
des	compétences	présentes	au	sein	du	périmètre	de	l’IDEX	Paris-Saclay.	Pour	les	3	ans	à	venir,	à	côté	
des	structures	d’excellence	déjà	en	place	telles	les	LABEX	et	les	EQUIPEX,	qui	sont	actifs	jusque	2019,	
ces	initiatives	permettront	de	co-construire	la	stratégie	de	recherche	partagée	de	l’Université	Paris-
Saclay.	Elles	en	constitueront	des	projets	phare,	aptes	à	répondre	à	des	enjeux	et	défis	scientifiques	
majeurs,	et	visibles	à	l’international.		
La	mise	en	place	de	ces	initiatives	en	octobre	2016	s’articule	avec	la	fin	des	financements	actuels	des	
projets	 LIDEX	 de	 la	 période	 2013-2016.	 Ces	 projets	 sont	 incités	 à	 discuter	 leur	 avenir	 avec	 les	
départements	concernés,	dans	le	cadre	de	cet	Appel	à	manifestations	d’intérêt	(AMI).	
Un	deuxième	point	de	rencontre	majeur	est	programmé	en	2018.	Il	s’agira	de	proposer	l’organisation	
du	périmètre	d’excellence	 recherche	dans	 la	période	post-LABEX	 (à	partir	de	2020),	en	phase	avec	
l’évaluation	HCERES	des	laboratoires	de	l’Université	Paris-Saclay.	
Dans	ce	cadre,	après	avis	du	Conseil	des	Tutelles	Recherche	puis	du	Comité	IDEX,	il	est	proposé	un	
processus	en	deux	étapes	successives	:		

1. Première	définition	de	priorités	stratégiques	et	présélection	de	manifestations	d’intérêt	
Une	première	étape	de	présélection	comportera	deux	réflexions	menées	en	parallèle	:	
• le	présent	Appel	à	manifestations	d’intérêt	(AMI),	lancé	auprès	des	départements	de	l’Université	

Paris-Saclay,	 et	 décrit	 ci-dessous.	 Cet	 AMI	 fera	 remonter	 des	 descriptions	 synthétiques	
(maximum	 3	 pages	 chacune)	 d’initiatives	 stratégiques	 jugées	 prioritaires	 par	 chaque	
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Transition amplitudes

Separation energies

spectroscopic factors

4

Tracing the latter matrices over the one-body Hilbert space H1 provides spectroscopic factors
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which are nothing but the norms of the spectroscopic amplitudes. A spectroscopic factor sums the probabilities that
an eigenstate of the A+1 (A-1) system can be described as a nucleon added to (removed from) a single-particle state
on top of the ground state of the A-nucleon system.

One can then gather the complete spectroscopic information associated with one-nucleon addition and removal
processes into the so-called spectral function S(!). The spectral function denotes an energy-dependent matrix defined
on H1 through
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where the first (second) sum is restricted to eigenstates of H in the Hilbert space HA+1 (HA�1) associated with the
A+1 (A-1) system. Note that S(!) is directly related to the imaginary part of Dyson’s one-body Green’s function
G(!) [? ]. Taking the trace of S(!) provides the spectral strength distribution (SDD)
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which is a basis-independent function of the energy.

}

⦿ Combine numerator and denominator of Lehmann representation

2

G(r , r 0; z) =
X

n

hr |�nih�n | r 0i
z � En

=
X

n

h0|ar |�nih�n | a†r 0 |0i
z � En

(15)

G(r , r 0; z) =
X

µ

h N

0 |ar | N+1
µ

ih N+1
µ

| a†r 0 | N

0 i
z � E

+
µ

+
X

⌫

h N

0 |a†r 0 | N�1
⌫

ih N�1
⌫

| ar | N

0 i
z � E

�
⌫

(16)

E
+
µ
⌘ E

N+1
µ

� E
N

0 (17)

E
�

⌫
⌘ E

N

0 � E
N�1
⌫

(18)

| N±1


i (19)

Gab(z) =
X

µ

h N

0 |aa | N+1
µ

ih N+1
µ

| a†
b
| N

0 i
z � E

+
µ + i⌘

+
X

⌫

h N

0 |a†
b
| N�1

⌫
ih N�1

⌫
| aa| N

0 i
z � E

�
⌫ � i⌘

(20)

Gab(z) =
X

µ

U
µ

a
(Uµ

b
)⇤

z � E
+
µ + i⌘

+
X

⌫

(V ⌫

a
)⇤V ⌫

b

z � E
�
⌫ � i⌘

(21)

+
X

�

Z
1

Tc

dE
h N

0 |a†
b
| N�1

� E
ih N�1

� E
| aa| N

0 i
z � E � i⌘

(22)

Gab(z) =
X

µ

h N

0 |aa | N+1
µ

ih N+1
µ

| a†
b
| N

0 i
z � E

+
µ + i⌘

+ ... (23)

U
b

µ
⌘ h N

0 |ab | N+1
µ

i (24)

V
b

⌫
⌘ h N

0 |a†
b
| N�1

⌫
i (25)

Gab(z) �! G(k, z) =

Z
d!

2⇡

A(k,!)

z � !
(26)

�! G(k, z) =

Z
d!

2⇡

A(k,!)

z � !
(27)

GR/A(k, z) =

Z
d!

2⇡

A(k,!)

z � ! ± i⌘
(28)

G
�1(k, z) = z � k

2

2m
� ⌃(k, z) (29)

Spectral representation

Spectral representation

12

X

ab

ha|D̂ | bi h A

⌫
|c†

a
cb | A

0 i (99)

✓
d�

d3Q

◆

DWIA

= SFN ⇥
⌧
d�pN

d⌦

�
⇥
⌦
SpASp(A�1)SN(A�1) N

↵
(100)

Wµ⌫

1b (q,!) =

Z
d3p0 dE

(2⇡)3
m2

N

e(p0)e(p0�q)
�(! + E � e(p0))

X

s

Sh

s
(p0�q, E)hp0|jµ

s

†|p0�qihp0�q|j⌫
s
|p0i ,

⇣ d�

dE0d⌦0

⌘

`

= C`

E0

k

Ek

Lµ⌫W
µ⌫ �! C`

E0

k

Ek

Lµ⌫W
µ⌫

1b (101)

⌃̃↵�(!) =
X

m

(
Mm

↵
Mm†

�

! � Em + i⌘
+

Nm

↵
Nm†

�

! + Em � i⌘

)
⌘ ⌃̃+

↵�
(!) + ⌃̃�

↵�
(!) (102)

⌃̃+
↵�

(!) = M↵ (!1�E)�1 M†

�
(103)

⌃̃+ADC
↵�

(!) = C↵ (!1�W �P)�1 C†

�
(104)

⌃̃+ADC
↵�

(!) = C↵ (!1�W)�1
1X

⌫=0

n
P (!1�W)�1

o⌫

C†

�
(105)

P = P(1) +P(2) + . . . (106)

C↵ = C(1)
↵

+C(2)
↵

+ . . . (107)

⌃̃+ADC(2)
↵�

(!) = C(1)
↵

(!1�W)�1 C(1) †
�

+O(3) (108)

BX = !X (109)

B = B(⌃̃(1),C,W,P) (110)

g↵�(!) =
X

n

(Xn

↵
)⇤Xn

�

! � "+n + i⌘
+

X

k

Yk

↵
(Yk

�
)⇤

! � "�
k
� i⌘

(111)

Xn

↵
= h A+1

n
|a†

↵
| A

0 i (112)

Yk

↵
= h A-1

k
|a↵| A

0 i (113)

12

X

ab

ha|D̂ | bi h A

⌫
|c†

a
cb | A

0 i (99)

✓
d�

d3Q

◆

DWIA

= SFN ⇥
⌧
d�pN

d⌦

�
⇥
⌦
SpASp(A�1)SN(A�1) N

↵
(100)

Wµ⌫

1b (q,!) =

Z
d3p0 dE

(2⇡)3
m2

N

e(p0)e(p0�q)
�(! + E � e(p0))

X

s

Sh

s
(p0�q, E)hp0|jµ

s

†|p0�qihp0�q|j⌫
s
|p0i ,

⇣ d�

dE0d⌦0

⌘

`

= C`

E0

k

Ek

Lµ⌫W
µ⌫ �! C`

E0

k

Ek

Lµ⌫W
µ⌫

1b (101)

⌃̃↵�(!) =
X

m

(
Mm

↵
Mm†

�

! � Em + i⌘
+

Nm

↵
Nm†

�

! + Em � i⌘

)
⌘ ⌃̃+

↵�
(!) + ⌃̃�

↵�
(!) (102)

⌃̃+
↵�

(!) = M↵ (!1�E)�1 M†

�
(103)

⌃̃+ADC
↵�

(!) = C↵ (!1�W �P)�1 C†

�
(104)

⌃̃+ADC
↵�

(!) = C↵ (!1�W)�1
1X

⌫=0

n
P (!1�W)�1

o⌫

C†

�
(105)

P = P(1) +P(2) + . . . (106)

C↵ = C(1)
↵

+C(2)
↵

+ . . . (107)

⌃̃+ADC(2)
↵�

(!) = C(1)
↵

(!1�W)�1 C(1) †
�

+O(3) (108)

BX = !X (109)

B = B(⌃̃(1),C,W,P) (110)

g↵�(!) =
X

n

(Xn

↵
)⇤Xn

�

! � "+n + i⌘
+

X

k

Yk

↵
(Yk

�
)⇤

! � "�
k
� i⌘

(111)

Xn

↵
= h A+1

n
|a†

↵
| A

0 i (112)

Yk

↵
= h A-1

k
|a↵| A

0 i (113)13

"+
n
= EA+1

n
� EA

0 (114)

"�
k
= EA

0 � EA�1
k

(115)

SF+
n

=
X

↵2H1

|Xn

↵
|2 (116)

SF�

k
=

X

↵2H1

��Yk

↵

��2 (117)

S(!) =
X

n2HA+1

SF+
n
�(! � EA+1

n
) +

X

k2HA�1

SF�

k
�(! � EA�1

k
) (118)

13

"+
n
= EA+1

n
� EA

0 (114)

"�
k
= EA

0 � EA�1
k

(115)

SF+
n

=
X

↵2H1

|Xn

↵
|2 (116)

SF�

k
=

X

↵2H1

��Yk

↵

��2 (117)

S(!) =
X

n2HA+1

SF+
n
�(! � EA+1

n
) +

X

k2HA�1

SF�

k
�(! � EA�1

k
) (118)

13

"+
n
= EA+1

n
� EA

0 (114)

"�
k
= EA

0 � EA�1
k

(115)

SF+
n

=
X

↵2H1

|Xn

↵
|2 (116)

SF�

k
=

X

↵2H1

��Yk

↵

��2 (117)

S(!) =
X

n2HA+1

SF+
n
�(! � EA+1

n
) +

X

k2HA�1

SF�

k
�(! � EA�1

k
) (118)

➪ Exact GF display a spectral representation

Transition amplitudes

Separation energies

spectroscopic factors

4

Tracing the latter matrices over the one-body Hilbert space H1 provides spectroscopic factors
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which are nothing but the norms of the spectroscopic amplitudes. A spectroscopic factor sums the probabilities that
an eigenstate of the A+1 (A-1) system can be described as a nucleon added to (removed from) a single-particle state
on top of the ground state of the A-nucleon system.

One can then gather the complete spectroscopic information associated with one-nucleon addition and removal
processes into the so-called spectral function S(!). The spectral function denotes an energy-dependent matrix defined
on H1 through
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where the first (second) sum is restricted to eigenstates of H in the Hilbert space HA+1 (HA�1) associated with the
A+1 (A-1) system. Note that S(!) is directly related to the imaginary part of Dyson’s one-body Green’s function
G(!) [? ]. Taking the trace of S(!) provides the spectral strength distribution (SDD)
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Tracing the latter matrices over the one-body Hilbert space H1 provides spectroscopic factors
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which are nothing but the norms of the spectroscopic amplitudes. A spectroscopic factor sums the probabilities that
an eigenstate of the A+1 (A-1) system can be described as a nucleon added to (removed from) a single-particle state
on top of the ground state of the A-nucleon system.

One can then gather the complete spectroscopic information associated with one-nucleon addition and removal
processes into the so-called spectral function S(!). The spectral function denotes an energy-dependent matrix defined
on H1 through
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where the first (second) sum is restricted to eigenstates of H in the Hilbert space HA+1 (HA�1) associated with the
A+1 (A-1) system. Note that S(!) is directly related to the imaginary part of Dyson’s one-body Green’s function
G(!) [? ]. Taking the trace of S(!) provides the spectral strength distribution (SDD)
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which is a basis-independent function of the energy.
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Tracing the latter matrices over the one-body Hilbert space H1 provides spectroscopic factors

SF
+
µ

⌘ TrH1

⇥
S+
µ

⇤
=

X

a2H1

��Ua

µ

��2 (45a)

SF
�

⌫
⌘ TrH1

⇥
S�

⌫

⇤
=

X

a2H1

|V a

⌫
|2 (45b)

which are nothing but the norms of the spectroscopic amplitudes. A spectroscopic factor sums the probabilities that
an eigenstate of the A+1 (A-1) system can be described as a nucleon added to (removed from) a single-particle state
on top of the ground state of the A-nucleon system.

One can then gather the complete spectroscopic information associated with one-nucleon addition and removal
processes into the so-called spectral function S(!). The spectral function denotes an energy-dependent matrix defined
on H1 through
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where the first (second) sum is restricted to eigenstates of H in the Hilbert space HA+1 (HA�1) associated with the
A+1 (A-1) system. Note that S(!) is directly related to the imaginary part of Dyson’s one-body Green’s function
G(!) [? ]. Taking the trace of S(!) provides the spectral strength distribution (SDD)
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which is a basis-independent function of the energy.
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which are nothing but the norms of the spectroscopic amplitudes. A spectroscopic factor sums the probabilities that
an eigenstate of the A+1 (A-1) system can be described as a nucleon added to (removed from) a single-particle state
on top of the ground state of the A-nucleon system.

One can then gather the complete spectroscopic information associated with one-nucleon addition and removal
processes into the so-called spectral function S(!). The spectral function denotes an energy-dependent matrix defined
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where the first (second) sum is restricted to eigenstates of H in the Hilbert space HA+1 (HA�1) associated with the
A+1 (A-1) system. Note that S(!) is directly related to the imaginary part of Dyson’s one-body Green’s function
G(!) [? ]. Taking the trace of S(!) provides the spectral strength distribution (SDD)
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}
⦿ Combine numerator and denominator of Lehmann representation

2

G(r , r 0; z) =
X

n

hr |�nih�n | r 0i
z � En

=
X

n

h0|ar |�nih�n | a†r 0 |0i
z � En

(15)

G(r , r 0; z) =
X

µ

h N

0 |ar | N+1
µ

ih N+1
µ

| a†r 0 | N

0 i
z � E

+
µ

+
X

⌫

h N

0 |a†r 0 | N�1
⌫

ih N�1
⌫

| ar | N

0 i
z � E

�
⌫

(16)

E
+
µ
⌘ E

N+1
µ

� E
N

0 (17)

E
�

⌫
⌘ E

N

0 � E
N�1
⌫

(18)

| N±1


i (19)

Gab(z) =
X

µ

h N

0 |aa | N+1
µ

ih N+1
µ

| a†
b
| N

0 i
z � E

+
µ + i⌘

+
X

⌫

h N

0 |a†
b
| N�1

⌫
ih N�1

⌫
| aa| N

0 i
z � E

�
⌫ � i⌘

(20)

Gab(z) =
X

µ

U
µ

a
(Uµ

b
)⇤

z � E
+
µ + i⌘

+
X

⌫

(V ⌫

a
)⇤V ⌫

b

z � E
�
⌫ � i⌘

(21)

+
X

�

Z
1

Tc

dE
h N

0 |a†
b
| N�1

� E
ih N�1

� E
| aa| N

0 i
z � E � i⌘

(22)

Gab(z) =
X

µ

h N

0 |aa | N+1
µ

ih N+1
µ

| a†
b
| N

0 i
z � E

+
µ + i⌘

+ ... (23)

U
b

µ
⌘ h N

0 |ab | N+1
µ

i (24)

V
b

⌫
⌘ h N

0 |a†
b
| N�1

⌫
i (25)

Gab(z) �! G(k, z) =

Z
d!

2⇡

A(k,!)

z � !
(26)

�! G(k, z) =

Z
d!

2⇡

A(k,!)

z � !
(27)

GR/A(k, z) =

Z
d!

2⇡

A(k,!)

z � ! ± i⌘
(28)

G
�1(k, z) = z � k

2

2m
� ⌃(k, z) (29)

Spectral representation

Spectral representation

12

X

ab

ha|D̂ | bi h A

⌫
|c†

a
cb | A

0 i (99)

✓
d�

d3Q

◆

DWIA

= SFN ⇥
⌧
d�pN

d⌦

�
⇥
⌦
SpASp(A�1)SN(A�1) N

↵
(100)

Wµ⌫

1b (q,!) =

Z
d3p0 dE

(2⇡)3
m2

N

e(p0)e(p0�q)
�(! + E � e(p0))

X

s

Sh

s
(p0�q, E)hp0|jµ

s

†|p0�qihp0�q|j⌫
s
|p0i ,

⇣ d�

dE0d⌦0

⌘

`

= C`

E0

k

Ek

Lµ⌫W
µ⌫ �! C`

E0

k

Ek

Lµ⌫W
µ⌫

1b (101)

⌃̃↵�(!) =
X

m

(
Mm

↵
Mm†

�

! � Em + i⌘
+

Nm

↵
Nm†

�

! + Em � i⌘

)
⌘ ⌃̃+

↵�
(!) + ⌃̃�

↵�
(!) (102)

⌃̃+
↵�

(!) = M↵ (!1�E)�1 M†

�
(103)

⌃̃+ADC
↵�

(!) = C↵ (!1�W �P)�1 C†

�
(104)

⌃̃+ADC
↵�

(!) = C↵ (!1�W)�1
1X

⌫=0

n
P (!1�W)�1

o⌫

C†

�
(105)

P = P(1) +P(2) + . . . (106)

C↵ = C(1)
↵

+C(2)
↵

+ . . . (107)

⌃̃+ADC(2)
↵�

(!) = C(1)
↵

(!1�W)�1 C(1) †
�

+O(3) (108)

BX = !X (109)

B = B(⌃̃(1),C,W,P) (110)

g↵�(!) =
X

n

(Xn

↵
)⇤Xn

�

! � "+n + i⌘
+

X

k

Yk

↵
(Yk

�
)⇤

! � "�
k
� i⌘

(111)

Xn

↵
= h A+1

n
|a†

↵
| A

0 i (112)

Yk

↵
= h A-1

k
|a↵| A

0 i (113)

12

X

ab

ha|D̂ | bi h A

⌫
|c†

a
cb | A

0 i (99)

✓
d�

d3Q

◆

DWIA

= SFN ⇥
⌧
d�pN

d⌦

�
⇥
⌦
SpASp(A�1)SN(A�1) N

↵
(100)

Wµ⌫

1b (q,!) =

Z
d3p0 dE

(2⇡)3
m2

N

e(p0)e(p0�q)
�(! + E � e(p0))

X

s

Sh

s
(p0�q, E)hp0|jµ

s

†|p0�qihp0�q|j⌫
s
|p0i ,

⇣ d�

dE0d⌦0

⌘

`

= C`

E0

k

Ek

Lµ⌫W
µ⌫ �! C`

E0

k

Ek

Lµ⌫W
µ⌫

1b (101)

⌃̃↵�(!) =
X

m

(
Mm

↵
Mm†

�

! � Em + i⌘
+

Nm

↵
Nm†

�

! + Em � i⌘

)
⌘ ⌃̃+

↵�
(!) + ⌃̃�

↵�
(!) (102)

⌃̃+
↵�

(!) = M↵ (!1�E)�1 M†

�
(103)

⌃̃+ADC
↵�

(!) = C↵ (!1�W �P)�1 C†

�
(104)

⌃̃+ADC
↵�

(!) = C↵ (!1�W)�1
1X

⌫=0

n
P (!1�W)�1

o⌫

C†

�
(105)

P = P(1) +P(2) + . . . (106)

C↵ = C(1)
↵

+C(2)
↵

+ . . . (107)

⌃̃+ADC(2)
↵�

(!) = C(1)
↵

(!1�W)�1 C(1) †
�

+O(3) (108)

BX = !X (109)

B = B(⌃̃(1),C,W,P) (110)

g↵�(!) =
X

n

(Xn

↵
)⇤Xn

�

! � "+n + i⌘
+

X

k

Yk

↵
(Yk

�
)⇤

! � "�
k
� i⌘

(111)

Xn

↵
= h A+1

n
|a†

↵
| A

0 i (112)

Yk

↵
= h A-1

k
|a↵| A

0 i (113)13

"+
n
= EA+1

n
� EA

0 (114)

"�
k
= EA

0 � EA�1
k

(115)

SF+
n

=
X

↵2H1

|Xn

↵
|2 (116)

SF�

k
=

X

↵2H1

��Yk

↵

��2 (117)

S(!) =
X

n2HA+1

SF+
n
�(! � EA+1

n
) +

X

k2HA�1

SF�

k
�(! � EA�1

k
) (118)

13

"+
n
= EA+1

n
� EA

0 (114)

"�
k
= EA

0 � EA�1
k

(115)

SF+
n

=
X

↵2H1

|Xn

↵
|2 (116)

SF�

k
=

X

↵2H1

��Yk

↵

��2 (117)

S(!) =
X

n2HA+1

SF+
n
�(! � EA+1

n
) +

X

k2HA�1

SF�

k
�(! � EA�1

k
) (118)

13

"+
n
= EA+1

n
� EA

0 (114)

"�
k
= EA

0 � EA�1
k

(115)

SF+
n

=
X

↵2H1

|Xn

↵
|2 (116)

SF�

k
=

X

↵2H1

��Yk

↵

��2 (117)

S(!) =
X

n2HA+1

SF+
n
�(! � EA+1

n
) +

X

k2HA�1

SF�

k
�(! � EA�1

k
) (118)
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Transition amplitudes

Separation energies

spectroscopic factors
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Tracing the latter matrices over the one-body Hilbert space H1 provides spectroscopic factors
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which are nothing but the norms of the spectroscopic amplitudes. A spectroscopic factor sums the probabilities that
an eigenstate of the A+1 (A-1) system can be described as a nucleon added to (removed from) a single-particle state
on top of the ground state of the A-nucleon system.

One can then gather the complete spectroscopic information associated with one-nucleon addition and removal
processes into the so-called spectral function S(!). The spectral function denotes an energy-dependent matrix defined
on H1 through
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where the first (second) sum is restricted to eigenstates of H in the Hilbert space HA+1 (HA�1) associated with the
A+1 (A-1) system. Note that S(!) is directly related to the imaginary part of Dyson’s one-body Green’s function
G(!) [? ]. Taking the trace of S(!) provides the spectral strength distribution (SDD)
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which is a basis-independent function of the energy.
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Tracing the latter matrices over the one-body Hilbert space H1 provides spectroscopic factors
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which are nothing but the norms of the spectroscopic amplitudes. A spectroscopic factor sums the probabilities that
an eigenstate of the A+1 (A-1) system can be described as a nucleon added to (removed from) a single-particle state
on top of the ground state of the A-nucleon system.

One can then gather the complete spectroscopic information associated with one-nucleon addition and removal
processes into the so-called spectral function S(!). The spectral function denotes an energy-dependent matrix defined
on H1 through
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where the first (second) sum is restricted to eigenstates of H in the Hilbert space HA+1 (HA�1) associated with the
A+1 (A-1) system. Note that S(!) is directly related to the imaginary part of Dyson’s one-body Green’s function
G(!) [? ]. Taking the trace of S(!) provides the spectral strength distribution (SDD)
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Tracing the latter matrices over the one-body Hilbert space H1 provides spectroscopic factors
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which are nothing but the norms of the spectroscopic amplitudes. A spectroscopic factor sums the probabilities that
an eigenstate of the A+1 (A-1) system can be described as a nucleon added to (removed from) a single-particle state
on top of the ground state of the A-nucleon system.

One can then gather the complete spectroscopic information associated with one-nucleon addition and removal
processes into the so-called spectral function S(!). The spectral function denotes an energy-dependent matrix defined
on H1 through
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where the first (second) sum is restricted to eigenstates of H in the Hilbert space HA+1 (HA�1) associated with the
A+1 (A-1) system. Note that S(!) is directly related to the imaginary part of Dyson’s one-body Green’s function
G(!) [? ]. Taking the trace of S(!) provides the spectral strength distribution (SDD)
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which is a basis-independent function of the energy.
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Tracing the latter matrices over the one-body Hilbert space H1 provides spectroscopic factors
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which are nothing but the norms of the spectroscopic amplitudes. A spectroscopic factor sums the probabilities that
an eigenstate of the A+1 (A-1) system can be described as a nucleon added to (removed from) a single-particle state
on top of the ground state of the A-nucleon system.

One can then gather the complete spectroscopic information associated with one-nucleon addition and removal
processes into the so-called spectral function S(!). The spectral function denotes an energy-dependent matrix defined
on H1 through
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where the first (second) sum is restricted to eigenstates of H in the Hilbert space HA+1 (HA�1) associated with the
A+1 (A-1) system. Note that S(!) is directly related to the imaginary part of Dyson’s one-body Green’s function
G(!) [? ]. Taking the trace of S(!) provides the spectral strength distribution (SDD)
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which is a basis-independent function of the energy.

}

⦿ Combine numerator and denominator of Lehmann representation

2

G(r , r 0; z) =
X

n

hr |�nih�n | r 0i
z � En

=
X

n

h0|ar |�nih�n | a†r 0 |0i
z � En

(15)

G(r , r 0; z) =
X

µ

h N

0 |ar | N+1
µ

ih N+1
µ

| a†r 0 | N

0 i
z � E

+
µ

+
X

⌫

h N

0 |a†r 0 | N�1
⌫

ih N�1
⌫

| ar | N

0 i
z � E

�
⌫

(16)

E
+
µ
⌘ E

N+1
µ

� E
N

0 (17)

E
�

⌫
⌘ E

N

0 � E
N�1
⌫

(18)

| N±1


i (19)

Gab(z) =
X

µ

h N

0 |aa | N+1
µ

ih N+1
µ

| a†
b
| N

0 i
z � E

+
µ + i⌘

+
X

⌫

h N

0 |a†
b
| N�1

⌫
ih N�1

⌫
| aa| N

0 i
z � E

�
⌫ � i⌘

(20)

Gab(z) =
X

µ

U
µ

a
(Uµ

b
)⇤

z � E
+
µ + i⌘

+
X

⌫

(V ⌫

a
)⇤V ⌫

b

z � E
�
⌫ � i⌘

(21)

+
X

�

Z
1

Tc

dE
h N

0 |a†
b
| N�1

� E
ih N�1

� E
| aa| N

0 i
z � E � i⌘

(22)

Gab(z) =
X

µ

h N

0 |aa | N+1
µ

ih N+1
µ

| a†
b
| N

0 i
z � E

+
µ + i⌘

+ ... (23)

U
b

µ
⌘ h N

0 |ab | N+1
µ

i (24)

V
b

⌫
⌘ h N

0 |a†
b
| N�1

⌫
i (25)

Gab(z) �! G(k, z) =

Z
d!

2⇡

A(k,!)

z � !
(26)

�! G(k, z) =

Z
d!

2⇡

A(k,!)

z � !
(27)

GR/A(k, z) =

Z
d!

2⇡

A(k,!)

z � ! ± i⌘
(28)

G
�1(k, z) = z � k

2

2m
� ⌃(k, z) (29)

Spectral representation

13

"+
n
= EA+1

n
� EA

0 (114)

"�
k
= EA

0 � EA�1
k

(115)

"+
n
= EA+1

n
� EA

0 (116)

"�
k
= EA

0 � EA�1
k

(117)

SF+
n

=
X

↵2H1

|Xn

↵
|2 (118)

SF�

k
=

X

↵2H1

��Yk

↵

��2 (119)

S(!) =
X

n2HA+1

SF+
n
�(! � EA+1

n
) +

X

k2HA�1

SF�

k
�(! � EA�1

k
) (120)

Spectral representation

12

X

ab

ha|D̂ | bi h A

⌫
|c†

a
cb | A

0 i (99)

✓
d�

d3Q

◆

DWIA

= SFN ⇥
⌧
d�pN

d⌦

�
⇥
⌦
SpASp(A�1)SN(A�1) N

↵
(100)

Wµ⌫

1b (q,!) =

Z
d3p0 dE

(2⇡)3
m2

N

e(p0)e(p0�q)
�(! + E � e(p0))

X

s

Sh

s
(p0�q, E)hp0|jµ

s

†|p0�qihp0�q|j⌫
s
|p0i ,

⇣ d�

dE0d⌦0

⌘

`

= C`

E0

k

Ek

Lµ⌫W
µ⌫ �! C`

E0

k

Ek

Lµ⌫W
µ⌫

1b (101)

⌃̃↵�(!) =
X

m

(
Mm

↵
Mm†

�

! � Em + i⌘
+

Nm

↵
Nm†

�

! + Em � i⌘

)
⌘ ⌃̃+

↵�
(!) + ⌃̃�

↵�
(!) (102)

⌃̃+
↵�

(!) = M↵ (!1�E)�1 M†

�
(103)

⌃̃+ADC
↵�

(!) = C↵ (!1�W �P)�1 C†

�
(104)

⌃̃+ADC
↵�

(!) = C↵ (!1�W)�1
1X

⌫=0

n
P (!1�W)�1

o⌫

C†

�
(105)

P = P(1) +P(2) + . . . (106)

C↵ = C(1)
↵

+C(2)
↵

+ . . . (107)

⌃̃+ADC(2)
↵�

(!) = C(1)
↵

(!1�W)�1 C(1) †
�

+O(3) (108)

BX = !X (109)

B = B(⌃̃(1),C,W,P) (110)

g↵�(!) =
X

n

(Xn

↵
)⇤Xn

�

! � "+n + i⌘
+

X

k

Yk

↵
(Yk

�
)⇤

! � "�
k
� i⌘

(111)

Xn

↵
= h A+1

n
|a†

↵
| A

0 i (112)

Yk

↵
= h A-1

k
|a↵| A

0 i (113)

12

X

ab

ha|D̂ | bi h A

⌫
|c†

a
cb | A

0 i (99)

✓
d�

d3Q

◆

DWIA

= SFN ⇥
⌧
d�pN

d⌦

�
⇥
⌦
SpASp(A�1)SN(A�1) N

↵
(100)

Wµ⌫

1b (q,!) =

Z
d3p0 dE

(2⇡)3
m2

N

e(p0)e(p0�q)
�(! + E � e(p0))

X

s

Sh

s
(p0�q, E)hp0|jµ

s

†|p0�qihp0�q|j⌫
s
|p0i ,

⇣ d�

dE0d⌦0

⌘

`

= C`

E0

k

Ek

Lµ⌫W
µ⌫ �! C`

E0

k

Ek

Lµ⌫W
µ⌫

1b (101)

⌃̃↵�(!) =
X

m

(
Mm

↵
Mm†

�

! � Em + i⌘
+

Nm

↵
Nm†

�

! + Em � i⌘

)
⌘ ⌃̃+

↵�
(!) + ⌃̃�

↵�
(!) (102)

⌃̃+
↵�

(!) = M↵ (!1�E)�1 M†

�
(103)

⌃̃+ADC
↵�

(!) = C↵ (!1�W �P)�1 C†

�
(104)

⌃̃+ADC
↵�

(!) = C↵ (!1�W)�1
1X

⌫=0

n
P (!1�W)�1

o⌫

C†

�
(105)

P = P(1) +P(2) + . . . (106)

C↵ = C(1)
↵

+C(2)
↵

+ . . . (107)

⌃̃+ADC(2)
↵�

(!) = C(1)
↵

(!1�W)�1 C(1) †
�

+O(3) (108)

BX = !X (109)

B = B(⌃̃(1),C,W,P) (110)

g↵�(!) =
X

n

(Xn

↵
)⇤Xn

�

! � "+n + i⌘
+

X

k

Yk

↵
(Yk

�
)⇤

! � "�
k
� i⌘

(111)

Xn

↵
= h A+1

n
|a†

↵
| A

0 i (112)

Yk

↵
= h A-1

k
|a↵| A

0 i (113)13

"+
n
= EA+1

n
� EA

0 (114)

"�
k
= EA

0 � EA�1
k

(115)

SF+
n

=
X

↵2H1

|Xn

↵
|2 (116)

SF�

k
=

X

↵2H1

��Yk

↵

��2 (117)

S(!) =
X

n2HA+1

SF+
n
�(! � EA+1

n
) +

X

k2HA�1

SF�

k
�(! � EA�1

k
) (118)

13

"+
n
= EA+1

n
� EA

0 (114)

"�
k
= EA

0 � EA�1
k

(115)

SF+
n

=
X

↵2H1

|Xn

↵
|2 (116)

SF�

k
=

X

↵2H1

��Yk

↵

��2 (117)

S(!) =
X

n2HA+1

SF+
n
�(! � EA+1

n
) +

X

k2HA�1

SF�

k
�(! � EA�1

k
) (118)

13

"+
n
= EA+1

n
� EA

0 (114)

"�
k
= EA

0 � EA�1
k

(115)

SF+
n

=
X

↵2H1

|Xn

↵
|2 (116)

SF�

k
=

X

↵2H1

��Yk

↵

��2 (117)

S(!) =
X

n2HA+1

SF+
n
�(! � EA+1

n
) +

X

k2HA�1

SF�

k
�(! � EA�1

k
) (118)

➪ Exact GF display a spectral representation

Transition amplitudes

Separation energies

Spectral representation

12

X

ab

ha|D̂ | bi h A

⌫
|c†

a
cb | A

0 i (99)

✓
d�

d3Q

◆

DWIA

= SFN ⇥
⌧
d�pN

d⌦

�
⇥
⌦
SpASp(A�1)SN(A�1) N

↵
(100)

Wµ⌫

1b (q,!) =

Z
d3p0 dE

(2⇡)3
m2

N

e(p0)e(p0�q)
�(! + E � e(p0))

X

s

Sh

s
(p0�q, E)hp0|jµ

s

†|p0�qihp0�q|j⌫
s
|p0i ,

⇣ d�

dE0d⌦0

⌘

`

= C`

E0

k

Ek

Lµ⌫W
µ⌫ �! C`

E0

k

Ek

Lµ⌫W
µ⌫

1b (101)

⌃̃↵�(!) =
X

m

(
Mm

↵
Mm†

�

! � Em + i⌘
+

Nm

↵
Nm†

�

! + Em � i⌘

)
⌘ ⌃̃+

↵�
(!) + ⌃̃�

↵�
(!) (102)

⌃̃+
↵�

(!) = M↵ (!1�E)�1 M†

�
(103)

⌃̃+ADC
↵�

(!) = C↵ (!1�W �P)�1 C†

�
(104)

⌃̃+ADC
↵�

(!) = C↵ (!1�W)�1
1X

⌫=0

n
P (!1�W)�1

o⌫

C†

�
(105)

P = P(1) +P(2) + . . . (106)

C↵ = C(1)
↵

+C(2)
↵

+ . . . (107)

⌃̃+ADC(2)
↵�

(!) = C(1)
↵

(!1�W)�1 C(1) †
�

+O(3) (108)

BX = !X (109)

B = B(⌃̃(1),C,W,P) (110)

g↵�(!) =
X

n

(Xn

↵
)⇤Xn

�

! � "+n + i⌘
+

X

k

Yk

↵
(Yk

�
)⇤

! � "�
k
� i⌘

(111)

Xn

↵
= h A+1

n
|a†

↵
| A

0 i (112)

Yk

↵
= h A-1

k
|a↵| A

0 i (113)

12

X

ab

ha|D̂ | bi h A

⌫
|c†

a
cb | A

0 i (99)

✓
d�

d3Q

◆

DWIA

= SFN ⇥
⌧
d�pN

d⌦

�
⇥
⌦
SpASp(A�1)SN(A�1) N

↵
(100)

Wµ⌫

1b (q,!) =

Z
d3p0 dE

(2⇡)3
m2

N

e(p0)e(p0�q)
�(! + E � e(p0))

X

s

Sh

s
(p0�q, E)hp0|jµ

s

†|p0�qihp0�q|j⌫
s
|p0i ,

⇣ d�

dE0d⌦0

⌘

`

= C`

E0

k

Ek

Lµ⌫W
µ⌫ �! C`

E0

k

Ek

Lµ⌫W
µ⌫

1b (101)

⌃̃↵�(!) =
X

m

(
Mm

↵
Mm†

�

! � Em + i⌘
+

Nm

↵
Nm†

�

! + Em � i⌘

)
⌘ ⌃̃+

↵�
(!) + ⌃̃�

↵�
(!) (102)

⌃̃+
↵�

(!) = M↵ (!1�E)�1 M†

�
(103)

⌃̃+ADC
↵�

(!) = C↵ (!1�W �P)�1 C†

�
(104)

⌃̃+ADC
↵�

(!) = C↵ (!1�W)�1
1X

⌫=0

n
P (!1�W)�1

o⌫

C†

�
(105)

P = P(1) +P(2) + . . . (106)

C↵ = C(1)
↵

+C(2)
↵

+ . . . (107)

⌃̃+ADC(2)
↵�

(!) = C(1)
↵

(!1�W)�1 C(1) †
�

+O(3) (108)

BX = !X (109)

B = B(⌃̃(1),C,W,P) (110)

g↵�(!) =
X

n

(Xn

↵
)⇤Xn

�

! � "+n + i⌘
+

X

k

Yk

↵
(Yk

�
)⇤

! � "�
k
� i⌘

(111)

Xn

↵
= h A+1

n
|a†

↵
| A

0 i (112)

Yk

↵
= h A-1

k
|a↵| A

0 i (113)13

"+
n
= EA+1

n
� EA

0 (114)

"�
k
= EA

0 � EA�1
k

(115)

SF+
n

=
X

↵2H1

|Xn

↵
|2 (116)

SF�

k
=

X

↵2H1

��Yk

↵

��2 (117)

S(!) =
X

n2HA+1

SF+
n
�(! � EA+1

n
) +

X

k2HA�1

SF�

k
�(! � EA�1

k
) (118)

13

"+
n
= EA+1

n
� EA

0 (114)

"�
k
= EA

0 � EA�1
k

(115)

SF+
n

=
X

↵2H1

|Xn

↵
|2 (116)

SF�

k
=

X

↵2H1

��Yk

↵

��2 (117)

S(!) =
X

n2HA+1

SF+
n
�(! � EA+1

n
) +

X

k2HA�1

SF�

k
�(! � EA�1

k
) (118)

13

"+
n
= EA+1

n
� EA

0 (114)

"�
k
= EA

0 � EA�1
k

(115)

SF+
n

=
X

↵2H1

|Xn

↵
|2 (116)

SF�

k
=

X

↵2H1

��Yk

↵

��2 (117)

S(!) =
X

n2HA+1

SF+
n
�(! � EA+1

n
) +

X

k2HA�1

SF�

k
�(! � EA�1

k
) (118)

➪ Exact GF display a spectral representation

Transition amplitudes

Separation energies

spectroscopic factors

4

Tracing the latter matrices over the one-body Hilbert space H1 provides spectroscopic factors
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which are nothing but the norms of the spectroscopic amplitudes. A spectroscopic factor sums the probabilities that
an eigenstate of the A+1 (A-1) system can be described as a nucleon added to (removed from) a single-particle state
on top of the ground state of the A-nucleon system.

One can then gather the complete spectroscopic information associated with one-nucleon addition and removal
processes into the so-called spectral function S(!). The spectral function denotes an energy-dependent matrix defined
on H1 through
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where the first (second) sum is restricted to eigenstates of H in the Hilbert space HA+1 (HA�1) associated with the
A+1 (A-1) system. Note that S(!) is directly related to the imaginary part of Dyson’s one-body Green’s function
G(!) [? ]. Taking the trace of S(!) provides the spectral strength distribution (SDD)
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Tracing the latter matrices over the one-body Hilbert space H1 provides spectroscopic factors
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which are nothing but the norms of the spectroscopic amplitudes. A spectroscopic factor sums the probabilities that
an eigenstate of the A+1 (A-1) system can be described as a nucleon added to (removed from) a single-particle state
on top of the ground state of the A-nucleon system.

One can then gather the complete spectroscopic information associated with one-nucleon addition and removal
processes into the so-called spectral function S(!). The spectral function denotes an energy-dependent matrix defined
on H1 through
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where the first (second) sum is restricted to eigenstates of H in the Hilbert space HA+1 (HA�1) associated with the
A+1 (A-1) system. Note that S(!) is directly related to the imaginary part of Dyson’s one-body Green’s function
G(!) [? ]. Taking the trace of S(!) provides the spectral strength distribution (SDD)
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Tracing the latter matrices over the one-body Hilbert space H1 provides spectroscopic factors
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which are nothing but the norms of the spectroscopic amplitudes. A spectroscopic factor sums the probabilities that
an eigenstate of the A+1 (A-1) system can be described as a nucleon added to (removed from) a single-particle state
on top of the ground state of the A-nucleon system.

One can then gather the complete spectroscopic information associated with one-nucleon addition and removal
processes into the so-called spectral function S(!). The spectral function denotes an energy-dependent matrix defined
on H1 through
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where the first (second) sum is restricted to eigenstates of H in the Hilbert space HA+1 (HA�1) associated with the
A+1 (A-1) system. Note that S(!) is directly related to the imaginary part of Dyson’s one-body Green’s function
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Tracing the latter matrices over the one-body Hilbert space H1 provides spectroscopic factors
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which are nothing but the norms of the spectroscopic amplitudes. A spectroscopic factor sums the probabilities that
an eigenstate of the A+1 (A-1) system can be described as a nucleon added to (removed from) a single-particle state
on top of the ground state of the A-nucleon system.

One can then gather the complete spectroscopic information associated with one-nucleon addition and removal
processes into the so-called spectral function S(!). The spectral function denotes an energy-dependent matrix defined
on H1 through
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where the first (second) sum is restricted to eigenstates of H in the Hilbert space HA+1 (HA�1) associated with the
A+1 (A-1) system. Note that S(!) is directly related to the imaginary part of Dyson’s one-body Green’s function
G(!) [? ]. Taking the trace of S(!) provides the spectral strength distribution (SDD)
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Tracing the latter matrices over the one-body Hilbert space H1 provides spectroscopic factors
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which are nothing but the norms of the spectroscopic amplitudes. A spectroscopic factor sums the probabilities that
an eigenstate of the A+1 (A-1) system can be described as a nucleon added to (removed from) a single-particle state
on top of the ground state of the A-nucleon system.

One can then gather the complete spectroscopic information associated with one-nucleon addition and removal
processes into the so-called spectral function S(!). The spectral function denotes an energy-dependent matrix defined
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where the first (second) sum is restricted to eigenstates of H in the Hilbert space HA+1 (HA�1) associated with the
A+1 (A-1) system. Note that S(!) is directly related to the imaginary part of Dyson’s one-body Green’s function
G(!) [? ]. Taking the trace of S(!) provides the spectral strength distribution (SDD)
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Transition amplitudes

Separation energies

spectroscopic factors
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Tracing the latter matrices over the one-body Hilbert space H1 provides spectroscopic factors
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which are nothing but the norms of the spectroscopic amplitudes. A spectroscopic factor sums the probabilities that
an eigenstate of the A+1 (A-1) system can be described as a nucleon added to (removed from) a single-particle state
on top of the ground state of the A-nucleon system.

One can then gather the complete spectroscopic information associated with one-nucleon addition and removal
processes into the so-called spectral function S(!). The spectral function denotes an energy-dependent matrix defined
on H1 through
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where the first (second) sum is restricted to eigenstates of H in the Hilbert space HA+1 (HA�1) associated with the
A+1 (A-1) system. Note that S(!) is directly related to the imaginary part of Dyson’s one-body Green’s function
G(!) [? ]. Taking the trace of S(!) provides the spectral strength distribution (SDD)
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which is a basis-independent function of the energy.
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Tracing the latter matrices over the one-body Hilbert space H1 provides spectroscopic factors
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which are nothing but the norms of the spectroscopic amplitudes. A spectroscopic factor sums the probabilities that
an eigenstate of the A+1 (A-1) system can be described as a nucleon added to (removed from) a single-particle state
on top of the ground state of the A-nucleon system.

One can then gather the complete spectroscopic information associated with one-nucleon addition and removal
processes into the so-called spectral function S(!). The spectral function denotes an energy-dependent matrix defined
on H1 through
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where the first (second) sum is restricted to eigenstates of H in the Hilbert space HA+1 (HA�1) associated with the
A+1 (A-1) system. Note that S(!) is directly related to the imaginary part of Dyson’s one-body Green’s function
G(!) [? ]. Taking the trace of S(!) provides the spectral strength distribution (SDD)
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Tracing the latter matrices over the one-body Hilbert space H1 provides spectroscopic factors
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which are nothing but the norms of the spectroscopic amplitudes. A spectroscopic factor sums the probabilities that
an eigenstate of the A+1 (A-1) system can be described as a nucleon added to (removed from) a single-particle state
on top of the ground state of the A-nucleon system.

One can then gather the complete spectroscopic information associated with one-nucleon addition and removal
processes into the so-called spectral function S(!). The spectral function denotes an energy-dependent matrix defined
on H1 through
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where the first (second) sum is restricted to eigenstates of H in the Hilbert space HA+1 (HA�1) associated with the
A+1 (A-1) system. Note that S(!) is directly related to the imaginary part of Dyson’s one-body Green’s function
G(!) [? ]. Taking the trace of S(!) provides the spectral strength distribution (SDD)
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which is a basis-independent function of the energy.
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Tracing the latter matrices over the one-body Hilbert space H1 provides spectroscopic factors
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which are nothing but the norms of the spectroscopic amplitudes. A spectroscopic factor sums the probabilities that
an eigenstate of the A+1 (A-1) system can be described as a nucleon added to (removed from) a single-particle state
on top of the ground state of the A-nucleon system.

One can then gather the complete spectroscopic information associated with one-nucleon addition and removal
processes into the so-called spectral function S(!). The spectral function denotes an energy-dependent matrix defined
on H1 through
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where the first (second) sum is restricted to eigenstates of H in the Hilbert space HA+1 (HA�1) associated with the
A+1 (A-1) system. Note that S(!) is directly related to the imaginary part of Dyson’s one-body Green’s function
G(!) [? ]. Taking the trace of S(!) provides the spectral strength distribution (SDD)
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which is a basis-independent function of the energy.
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Tracing the latter matrices over the one-body Hilbert space H1 provides spectroscopic factors

SF
+
µ

⌘ TrH1

⇥
S+
µ

⇤
=

X

a2H1

��Ua

µ

��2 (45a)

SF
�

⌫
⌘ TrH1

⇥
S�

⌫

⇤
=

X

a2H1

|V a

⌫
|2 (45b)

which are nothing but the norms of the spectroscopic amplitudes. A spectroscopic factor sums the probabilities that
an eigenstate of the A+1 (A-1) system can be described as a nucleon added to (removed from) a single-particle state
on top of the ground state of the A-nucleon system.

One can then gather the complete spectroscopic information associated with one-nucleon addition and removal
processes into the so-called spectral function S(!). The spectral function denotes an energy-dependent matrix defined
on H1 through
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where the first (second) sum is restricted to eigenstates of H in the Hilbert space HA+1 (HA�1) associated with the
A+1 (A-1) system. Note that S(!) is directly related to the imaginary part of Dyson’s one-body Green’s function
G(!) [? ]. Taking the trace of S(!) provides the spectral strength distribution (SDD)
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which is a basis-independent function of the energy.
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➪ Exact GF display a spectral representation

Transition amplitudes

Separation energies

spectroscopic factors
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Tracing the latter matrices over the one-body Hilbert space H1 provides spectroscopic factors
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which are nothing but the norms of the spectroscopic amplitudes. A spectroscopic factor sums the probabilities that
an eigenstate of the A+1 (A-1) system can be described as a nucleon added to (removed from) a single-particle state
on top of the ground state of the A-nucleon system.

One can then gather the complete spectroscopic information associated with one-nucleon addition and removal
processes into the so-called spectral function S(!). The spectral function denotes an energy-dependent matrix defined
on H1 through
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where the first (second) sum is restricted to eigenstates of H in the Hilbert space HA+1 (HA�1) associated with the
A+1 (A-1) system. Note that S(!) is directly related to the imaginary part of Dyson’s one-body Green’s function
G(!) [? ]. Taking the trace of S(!) provides the spectral strength distribution (SDD)
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which is a basis-independent function of the energy.
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Tracing the latter matrices over the one-body Hilbert space H1 provides spectroscopic factors
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which are nothing but the norms of the spectroscopic amplitudes. A spectroscopic factor sums the probabilities that
an eigenstate of the A+1 (A-1) system can be described as a nucleon added to (removed from) a single-particle state
on top of the ground state of the A-nucleon system.

One can then gather the complete spectroscopic information associated with one-nucleon addition and removal
processes into the so-called spectral function S(!). The spectral function denotes an energy-dependent matrix defined
on H1 through
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where the first (second) sum is restricted to eigenstates of H in the Hilbert space HA+1 (HA�1) associated with the
A+1 (A-1) system. Note that S(!) is directly related to the imaginary part of Dyson’s one-body Green’s function
G(!) [? ]. Taking the trace of S(!) provides the spectral strength distribution (SDD)
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Tracing the latter matrices over the one-body Hilbert space H1 provides spectroscopic factors

SF
+
µ

⌘ TrH1

⇥
S+
µ

⇤
=

X

a2H1

��Ua

µ

��2 (45a)

SF
�

⌫
⌘ TrH1

⇥
S�

⌫

⇤
=

X

a2H1

|V a

⌫
|2 (45b)

which are nothing but the norms of the spectroscopic amplitudes. A spectroscopic factor sums the probabilities that
an eigenstate of the A+1 (A-1) system can be described as a nucleon added to (removed from) a single-particle state
on top of the ground state of the A-nucleon system.

One can then gather the complete spectroscopic information associated with one-nucleon addition and removal
processes into the so-called spectral function S(!). The spectral function denotes an energy-dependent matrix defined
on H1 through
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where the first (second) sum is restricted to eigenstates of H in the Hilbert space HA+1 (HA�1) associated with the
A+1 (A-1) system. Note that S(!) is directly related to the imaginary part of Dyson’s one-body Green’s function
G(!) [? ]. Taking the trace of S(!) provides the spectral strength distribution (SDD)
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which is a basis-independent function of the energy.
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⦿ Combine numerator and denominator of Lehmann representation
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Tracing the latter matrices over the one-body Hilbert space H1 provides spectroscopic factors
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which are nothing but the norms of the spectroscopic amplitudes. A spectroscopic factor sums the probabilities that
an eigenstate of the A+1 (A-1) system can be described as a nucleon added to (removed from) a single-particle state
on top of the ground state of the A-nucleon system.

One can then gather the complete spectroscopic information associated with one-nucleon addition and removal
processes into the so-called spectral function S(!). The spectral function denotes an energy-dependent matrix defined
on H1 through

S(z) ⌘
X

µ2HA+1

S+
µ
�(z � E

+
µ
) +

X

⌫2HA�1

S�

⌫
�(z � E

�

⌫
)

where the first (second) sum is restricted to eigenstates of H in the Hilbert space HA+1 (HA�1) associated with the
A+1 (A-1) system. Note that S(!) is directly related to the imaginary part of Dyson’s one-body Green’s function
G(!) [? ]. Taking the trace of S(!) provides the spectral strength distribution (SDD)
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Tracing the latter matrices over the one-body Hilbert space H1 provides spectroscopic factors
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which are nothing but the norms of the spectroscopic amplitudes. A spectroscopic factor sums the probabilities that
an eigenstate of the A+1 (A-1) system can be described as a nucleon added to (removed from) a single-particle state
on top of the ground state of the A-nucleon system.

One can then gather the complete spectroscopic information associated with one-nucleon addition and removal
processes into the so-called spectral function S(!). The spectral function denotes an energy-dependent matrix defined
on H1 through
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where the first (second) sum is restricted to eigenstates of H in the Hilbert space HA+1 (HA�1) associated with the
A+1 (A-1) system. Note that S(!) is directly related to the imaginary part of Dyson’s one-body Green’s function
G(!) [? ]. Taking the trace of S(!) provides the spectral strength distribution (SDD)
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which is a basis-independent function of the energy.
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Tracing the latter matrices over the one-body Hilbert space H1 provides spectroscopic factors
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which are nothing but the norms of the spectroscopic amplitudes. A spectroscopic factor sums the probabilities that
an eigenstate of the A+1 (A-1) system can be described as a nucleon added to (removed from) a single-particle state
on top of the ground state of the A-nucleon system.

One can then gather the complete spectroscopic information associated with one-nucleon addition and removal
processes into the so-called spectral function S(!). The spectral function denotes an energy-dependent matrix defined
on H1 through
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where the first (second) sum is restricted to eigenstates of H in the Hilbert space HA+1 (HA�1) associated with the
A+1 (A-1) system. Note that S(!) is directly related to the imaginary part of Dyson’s one-body Green’s function
G(!) [? ]. Taking the trace of S(!) provides the spectral strength distribution (SDD)
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Tracing the latter matrices over the one-body Hilbert space H1 provides spectroscopic factors
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which are nothing but the norms of the spectroscopic amplitudes. A spectroscopic factor sums the probabilities that
an eigenstate of the A+1 (A-1) system can be described as a nucleon added to (removed from) a single-particle state
on top of the ground state of the A-nucleon system.

One can then gather the complete spectroscopic information associated with one-nucleon addition and removal
processes into the so-called spectral function S(!). The spectral function denotes an energy-dependent matrix defined
on H1 through
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where the first (second) sum is restricted to eigenstates of H in the Hilbert space HA+1 (HA�1) associated with the
A+1 (A-1) system. Note that S(!) is directly related to the imaginary part of Dyson’s one-body Green’s function
G(!) [? ]. Taking the trace of S(!) provides the spectral strength distribution (SDD)
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which is a basis-independent function of the energy.

}

⦿ Combine numerator and denominator of Lehmann representation

2

G(r , r 0; z) =
X

n

hr |�nih�n | r 0i
z � En

=
X

n

h0|ar |�nih�n | a†r 0 |0i
z � En

(15)

G(r , r 0; z) =
X

µ

h N

0 |ar | N+1
µ

ih N+1
µ

| a†r 0 | N

0 i
z � E

+
µ

+
X

⌫

h N

0 |a†r 0 | N�1
⌫

ih N�1
⌫

| ar | N

0 i
z � E

�
⌫

(16)

E
+
µ
⌘ E

N+1
µ

� E
N

0 (17)

E
�

⌫
⌘ E

N

0 � E
N�1
⌫

(18)

| N±1


i (19)

Gab(z) =
X

µ

h N

0 |aa | N+1
µ

ih N+1
µ

| a†
b
| N

0 i
z � E

+
µ + i⌘

+
X

⌫

h N

0 |a†
b
| N�1

⌫
ih N�1

⌫
| aa| N

0 i
z � E

�
⌫ � i⌘

(20)

Gab(z) =
X

µ

U
µ

a
(Uµ

b
)⇤

z � E
+
µ + i⌘

+
X

⌫

(V ⌫

a
)⇤V ⌫

b

z � E
�
⌫ � i⌘

(21)

+
X

�

Z
1

Tc

dE
h N

0 |a†
b
| N�1

� E
ih N�1

� E
| aa| N

0 i
z � E � i⌘

(22)

Gab(z) =
X

µ

h N

0 |aa | N+1
µ

ih N+1
µ

| a†
b
| N

0 i
z � E

+
µ + i⌘

+ ... (23)

U
b

µ
⌘ h N

0 |ab | N+1
µ

i (24)

V
b

⌫
⌘ h N

0 |a†
b
| N�1

⌫
i (25)

Gab(z) �! G(k, z) =

Z
d!

2⇡

A(k,!)

z � !
(26)

�! G(k, z) =

Z
d!

2⇡

A(k,!)

z � !
(27)

GR/A(k, z) =

Z
d!

2⇡

A(k,!)

z � ! ± i⌘
(28)

G
�1(k, z) = z � k

2

2m
� ⌃(k, z) (29)

Spectral representation

Spectral representation

12

X

ab

ha|D̂ | bi h A

⌫
|c†

a
cb | A

0 i (99)

✓
d�

d3Q

◆

DWIA

= SFN ⇥
⌧
d�pN

d⌦

�
⇥
⌦
SpASp(A�1)SN(A�1) N

↵
(100)

Wµ⌫

1b (q,!) =

Z
d3p0 dE

(2⇡)3
m2

N

e(p0)e(p0�q)
�(! + E � e(p0))

X

s

Sh

s
(p0�q, E)hp0|jµ

s

†|p0�qihp0�q|j⌫
s
|p0i ,

⇣ d�

dE0d⌦0

⌘

`

= C`

E0

k

Ek

Lµ⌫W
µ⌫ �! C`

E0

k

Ek

Lµ⌫W
µ⌫

1b (101)

⌃̃↵�(!) =
X

m

(
Mm

↵
Mm†

�

! � Em + i⌘
+

Nm

↵
Nm†

�

! + Em � i⌘

)
⌘ ⌃̃+

↵�
(!) + ⌃̃�

↵�
(!) (102)

⌃̃+
↵�

(!) = M↵ (!1�E)�1 M†

�
(103)

⌃̃+ADC
↵�

(!) = C↵ (!1�W �P)�1 C†

�
(104)

⌃̃+ADC
↵�

(!) = C↵ (!1�W)�1
1X

⌫=0

n
P (!1�W)�1

o⌫

C†

�
(105)

P = P(1) +P(2) + . . . (106)

C↵ = C(1)
↵

+C(2)
↵

+ . . . (107)

⌃̃+ADC(2)
↵�

(!) = C(1)
↵

(!1�W)�1 C(1) †
�

+O(3) (108)

BX = !X (109)

B = B(⌃̃(1),C,W,P) (110)

g↵�(!) =
X

n

(Xn

↵
)⇤Xn

�

! � "+n + i⌘
+

X

k

Yk

↵
(Yk

�
)⇤

! � "�
k
� i⌘

(111)

Xn

↵
= h A+1

n
|a†

↵
| A

0 i (112)

Yk

↵
= h A-1

k
|a↵| A

0 i (113)

12

X

ab

ha|D̂ | bi h A

⌫
|c†

a
cb | A

0 i (99)

✓
d�

d3Q

◆

DWIA

= SFN ⇥
⌧
d�pN

d⌦

�
⇥
⌦
SpASp(A�1)SN(A�1) N

↵
(100)

Wµ⌫

1b (q,!) =

Z
d3p0 dE

(2⇡)3
m2

N

e(p0)e(p0�q)
�(! + E � e(p0))

X

s

Sh

s
(p0�q, E)hp0|jµ

s

†|p0�qihp0�q|j⌫
s
|p0i ,

⇣ d�

dE0d⌦0

⌘

`

= C`

E0

k

Ek

Lµ⌫W
µ⌫ �! C`

E0

k

Ek

Lµ⌫W
µ⌫

1b (101)

⌃̃↵�(!) =
X

m

(
Mm

↵
Mm†

�

! � Em + i⌘
+

Nm

↵
Nm†

�

! + Em � i⌘

)
⌘ ⌃̃+

↵�
(!) + ⌃̃�

↵�
(!) (102)

⌃̃+
↵�

(!) = M↵ (!1�E)�1 M†

�
(103)

⌃̃+ADC
↵�

(!) = C↵ (!1�W �P)�1 C†

�
(104)

⌃̃+ADC
↵�

(!) = C↵ (!1�W)�1
1X

⌫=0

n
P (!1�W)�1

o⌫

C†

�
(105)

P = P(1) +P(2) + . . . (106)

C↵ = C(1)
↵

+C(2)
↵

+ . . . (107)

⌃̃+ADC(2)
↵�

(!) = C(1)
↵

(!1�W)�1 C(1) †
�

+O(3) (108)

BX = !X (109)

B = B(⌃̃(1),C,W,P) (110)

g↵�(!) =
X

n

(Xn

↵
)⇤Xn

�

! � "+n + i⌘
+

X

k

Yk

↵
(Yk

�
)⇤

! � "�
k
� i⌘

(111)

Xn

↵
= h A+1

n
|a†

↵
| A

0 i (112)

Yk

↵
= h A-1

k
|a↵| A

0 i (113)13

"+
n
= EA+1

n
� EA

0 (114)

"�
k
= EA

0 � EA�1
k

(115)

SF+
n

=
X

↵2H1

|Xn

↵
|2 (116)

SF�

k
=

X

↵2H1

��Yk

↵

��2 (117)

S(!) =
X

n2HA+1

SF+
n
�(! � EA+1

n
) +

X

k2HA�1

SF�

k
�(! � EA�1

k
) (118)

13

"+
n
= EA+1

n
� EA

0 (114)

"�
k
= EA

0 � EA�1
k

(115)

SF+
n

=
X

↵2H1

|Xn

↵
|2 (116)

SF�

k
=

X

↵2H1

��Yk

↵

��2 (117)

S(!) =
X

n2HA+1

SF+
n
�(! � EA+1

n
) +

X

k2HA�1

SF�

k
�(! � EA�1

k
) (118)

13

"+
n
= EA+1

n
� EA

0 (114)

"�
k
= EA

0 � EA�1
k

(115)

SF+
n

=
X

↵2H1

|Xn

↵
|2 (116)

SF�

k
=

X

↵2H1

��Yk

↵

��2 (117)

S(!) =
X

n2HA+1

SF+
n
�(! � EA+1

n
) +

X

k2HA�1

SF�

k
�(! � EA�1

k
) (118)

➪ Exact GF display a spectral representation

Transition amplitudes

Separation energies

spectroscopic factors

4

Tracing the latter matrices over the one-body Hilbert space H1 provides spectroscopic factors
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which are nothing but the norms of the spectroscopic amplitudes. A spectroscopic factor sums the probabilities that
an eigenstate of the A+1 (A-1) system can be described as a nucleon added to (removed from) a single-particle state
on top of the ground state of the A-nucleon system.

One can then gather the complete spectroscopic information associated with one-nucleon addition and removal
processes into the so-called spectral function S(!). The spectral function denotes an energy-dependent matrix defined
on H1 through
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where the first (second) sum is restricted to eigenstates of H in the Hilbert space HA+1 (HA�1) associated with the
A+1 (A-1) system. Note that S(!) is directly related to the imaginary part of Dyson’s one-body Green’s function
G(!) [? ]. Taking the trace of S(!) provides the spectral strength distribution (SDD)
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which is a basis-independent function of the energy.
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Tracing the latter matrices over the one-body Hilbert space H1 provides spectroscopic factors
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which are nothing but the norms of the spectroscopic amplitudes. A spectroscopic factor sums the probabilities that
an eigenstate of the A+1 (A-1) system can be described as a nucleon added to (removed from) a single-particle state
on top of the ground state of the A-nucleon system.

One can then gather the complete spectroscopic information associated with one-nucleon addition and removal
processes into the so-called spectral function S(!). The spectral function denotes an energy-dependent matrix defined
on H1 through
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where the first (second) sum is restricted to eigenstates of H in the Hilbert space HA+1 (HA�1) associated with the
A+1 (A-1) system. Note that S(!) is directly related to the imaginary part of Dyson’s one-body Green’s function
G(!) [? ]. Taking the trace of S(!) provides the spectral strength distribution (SDD)
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which is a basis-independent function of the energy.
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Tracing the latter matrices over the one-body Hilbert space H1 provides spectroscopic factors
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which are nothing but the norms of the spectroscopic amplitudes. A spectroscopic factor sums the probabilities that
an eigenstate of the A+1 (A-1) system can be described as a nucleon added to (removed from) a single-particle state
on top of the ground state of the A-nucleon system.

One can then gather the complete spectroscopic information associated with one-nucleon addition and removal
processes into the so-called spectral function S(!). The spectral function denotes an energy-dependent matrix defined
on H1 through
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where the first (second) sum is restricted to eigenstates of H in the Hilbert space HA+1 (HA�1) associated with the
A+1 (A-1) system. Note that S(!) is directly related to the imaginary part of Dyson’s one-body Green’s function
G(!) [? ]. Taking the trace of S(!) provides the spectral strength distribution (SDD)

S(z) ⌘ TrH1 [S(z)] (46)

=
X

µ2HA+1

SF
+
µ
�(z � E

+
µ
) +

X

⌫2HA�1

SF
�

⌫
�(z � E

�

⌫
)

which is a basis-independent function of the energy.
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Tracing the latter matrices over the one-body Hilbert space H1 provides spectroscopic factors
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which are nothing but the norms of the spectroscopic amplitudes. A spectroscopic factor sums the probabilities that
an eigenstate of the A+1 (A-1) system can be described as a nucleon added to (removed from) a single-particle state
on top of the ground state of the A-nucleon system.

One can then gather the complete spectroscopic information associated with one-nucleon addition and removal
processes into the so-called spectral function S(!). The spectral function denotes an energy-dependent matrix defined
on H1 through
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where the first (second) sum is restricted to eigenstates of H in the Hilbert space HA+1 (HA�1) associated with the
A+1 (A-1) system. Note that S(!) is directly related to the imaginary part of Dyson’s one-body Green’s function
G(!) [? ]. Taking the trace of S(!) provides the spectral strength distribution (SDD)
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Transition amplitudes

Separation energies

spectroscopic factors
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Tracing the latter matrices over the one-body Hilbert space H1 provides spectroscopic factors
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which are nothing but the norms of the spectroscopic amplitudes. A spectroscopic factor sums the probabilities that
an eigenstate of the A+1 (A-1) system can be described as a nucleon added to (removed from) a single-particle state
on top of the ground state of the A-nucleon system.

One can then gather the complete spectroscopic information associated with one-nucleon addition and removal
processes into the so-called spectral function S(!). The spectral function denotes an energy-dependent matrix defined
on H1 through
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where the first (second) sum is restricted to eigenstates of H in the Hilbert space HA+1 (HA�1) associated with the
A+1 (A-1) system. Note that S(!) is directly related to the imaginary part of Dyson’s one-body Green’s function
G(!) [? ]. Taking the trace of S(!) provides the spectral strength distribution (SDD)
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which is a basis-independent function of the energy.
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⦿ Combine numerator and denominator of Lehmann representation
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Tracing the latter matrices over the one-body Hilbert space H1 provides spectroscopic factors
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which are nothing but the norms of the spectroscopic amplitudes. A spectroscopic factor sums the probabilities that
an eigenstate of the A+1 (A-1) system can be described as a nucleon added to (removed from) a single-particle state
on top of the ground state of the A-nucleon system.

One can then gather the complete spectroscopic information associated with one-nucleon addition and removal
processes into the so-called spectral function S(!). The spectral function denotes an energy-dependent matrix defined
on H1 through
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where the first (second) sum is restricted to eigenstates of H in the Hilbert space HA+1 (HA�1) associated with the
A+1 (A-1) system. Note that S(!) is directly related to the imaginary part of Dyson’s one-body Green’s function
G(!) [? ]. Taking the trace of S(!) provides the spectral strength distribution (SDD)
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Tracing the latter matrices over the one-body Hilbert space H1 provides spectroscopic factors
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which are nothing but the norms of the spectroscopic amplitudes. A spectroscopic factor sums the probabilities that
an eigenstate of the A+1 (A-1) system can be described as a nucleon added to (removed from) a single-particle state
on top of the ground state of the A-nucleon system.

One can then gather the complete spectroscopic information associated with one-nucleon addition and removal
processes into the so-called spectral function S(!). The spectral function denotes an energy-dependent matrix defined
on H1 through
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where the first (second) sum is restricted to eigenstates of H in the Hilbert space HA+1 (HA�1) associated with the
A+1 (A-1) system. Note that S(!) is directly related to the imaginary part of Dyson’s one-body Green’s function
G(!) [? ]. Taking the trace of S(!) provides the spectral strength distribution (SDD)
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which is a basis-independent function of the energy.
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Tracing the latter matrices over the one-body Hilbert space H1 provides spectroscopic factors
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which are nothing but the norms of the spectroscopic amplitudes. A spectroscopic factor sums the probabilities that
an eigenstate of the A+1 (A-1) system can be described as a nucleon added to (removed from) a single-particle state
on top of the ground state of the A-nucleon system.

One can then gather the complete spectroscopic information associated with one-nucleon addition and removal
processes into the so-called spectral function S(!). The spectral function denotes an energy-dependent matrix defined
on H1 through
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where the first (second) sum is restricted to eigenstates of H in the Hilbert space HA+1 (HA�1) associated with the
A+1 (A-1) system. Note that S(!) is directly related to the imaginary part of Dyson’s one-body Green’s function
G(!) [? ]. Taking the trace of S(!) provides the spectral strength distribution (SDD)
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which is a basis-independent function of the energy.
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Tracing the latter matrices over the one-body Hilbert space H1 provides spectroscopic factors
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which are nothing but the norms of the spectroscopic amplitudes. A spectroscopic factor sums the probabilities that
an eigenstate of the A+1 (A-1) system can be described as a nucleon added to (removed from) a single-particle state
on top of the ground state of the A-nucleon system.

One can then gather the complete spectroscopic information associated with one-nucleon addition and removal
processes into the so-called spectral function S(!). The spectral function denotes an energy-dependent matrix defined
on H1 through

S(z) ⌘
X

µ2HA+1

S+
µ
�(z � E

+
µ
) +

X

⌫2HA�1

S�

⌫
�(z � E

�

⌫
)

where the first (second) sum is restricted to eigenstates of H in the Hilbert space HA+1 (HA�1) associated with the
A+1 (A-1) system. Note that S(!) is directly related to the imaginary part of Dyson’s one-body Green’s function
G(!) [? ]. Taking the trace of S(!) provides the spectral strength distribution (SDD)
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➪ Exact GF display a spectral representation

Transition amplitudes

Separation energies

spectroscopic factors

4

Tracing the latter matrices over the one-body Hilbert space H1 provides spectroscopic factors
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which are nothing but the norms of the spectroscopic amplitudes. A spectroscopic factor sums the probabilities that
an eigenstate of the A+1 (A-1) system can be described as a nucleon added to (removed from) a single-particle state
on top of the ground state of the A-nucleon system.

One can then gather the complete spectroscopic information associated with one-nucleon addition and removal
processes into the so-called spectral function S(!). The spectral function denotes an energy-dependent matrix defined
on H1 through
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where the first (second) sum is restricted to eigenstates of H in the Hilbert space HA+1 (HA�1) associated with the
A+1 (A-1) system. Note that S(!) is directly related to the imaginary part of Dyson’s one-body Green’s function
G(!) [? ]. Taking the trace of S(!) provides the spectral strength distribution (SDD)
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which is a basis-independent function of the energy.
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Spectral strength distribution

+ numerator

Spectral strength distribution
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Tracing the latter matrices over the one-body Hilbert space H1 provides spectroscopic factors
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which are nothing but the norms of the spectroscopic amplitudes. A spectroscopic factor sums the probabilities that
an eigenstate of the A+1 (A-1) system can be described as a nucleon added to (removed from) a single-particle state
on top of the ground state of the A-nucleon system.

One can then gather the complete spectroscopic information associated with one-nucleon addition and removal
processes into the so-called spectral function S(!). The spectral function denotes an energy-dependent matrix defined
on H1 through
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where the first (second) sum is restricted to eigenstates of H in the Hilbert space HA+1 (HA�1) associated with the
A+1 (A-1) system. Note that S(!) is directly related to the imaginary part of Dyson’s one-body Green’s function
G(!) [? ]. Taking the trace of S(!) provides the spectral strength distribution (SDD)
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Tracing the latter matrices over the one-body Hilbert space H1 provides spectroscopic factors
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which are nothing but the norms of the spectroscopic amplitudes. A spectroscopic factor sums the probabilities that
an eigenstate of the A+1 (A-1) system can be described as a nucleon added to (removed from) a single-particle state
on top of the ground state of the A-nucleon system.

One can then gather the complete spectroscopic information associated with one-nucleon addition and removal
processes into the so-called spectral function S(!). The spectral function denotes an energy-dependent matrix defined
on H1 through
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where the first (second) sum is restricted to eigenstates of H in the Hilbert space HA+1 (HA�1) associated with the
A+1 (A-1) system. Note that S(!) is directly related to the imaginary part of Dyson’s one-body Green’s function
G(!) [? ]. Taking the trace of S(!) provides the spectral strength distribution (SDD)
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which is a basis-independent function of the energy.
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Tracing the latter matrices over the one-body Hilbert space H1 provides spectroscopic factors
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which are nothing but the norms of the spectroscopic amplitudes. A spectroscopic factor sums the probabilities that
an eigenstate of the A+1 (A-1) system can be described as a nucleon added to (removed from) a single-particle state
on top of the ground state of the A-nucleon system.

One can then gather the complete spectroscopic information associated with one-nucleon addition and removal
processes into the so-called spectral function S(!). The spectral function denotes an energy-dependent matrix defined
on H1 through
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where the first (second) sum is restricted to eigenstates of H in the Hilbert space HA+1 (HA�1) associated with the
A+1 (A-1) system. Note that S(!) is directly related to the imaginary part of Dyson’s one-body Green’s function
G(!) [? ]. Taking the trace of S(!) provides the spectral strength distribution (SDD)
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which are nothing but the norms of the spectroscopic amplitudes. A spectroscopic factor sums the probabilities that
an eigenstate of the A+1 (A-1) system can be described as a nucleon added to (removed from) a single-particle state
on top of the ground state of the A-nucleon system.

One can then gather the complete spectroscopic information associated with one-nucleon addition and removal
processes into the so-called spectral function S(!). The spectral function denotes an energy-dependent matrix defined
on H1 through

S(z) ⌘
X

µ2HA+1

S+
µ
�(z � E

+
µ
) +

X

⌫2HA�1

S�

⌫
�(z � E

�

⌫
)

where the first (second) sum is restricted to eigenstates of H in the Hilbert space HA+1 (HA�1) associated with the
A+1 (A-1) system. Note that S(!) is directly related to the imaginary part of Dyson’s one-body Green’s function
G(!) [? ]. Taking the trace of S(!) provides the spectral strength distribution (SDD)
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spectroscopic factors
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Tracing the latter matrices over the one-body Hilbert space H1 provides spectroscopic factors
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which are nothing but the norms of the spectroscopic amplitudes. A spectroscopic factor sums the probabilities that
an eigenstate of the A+1 (A-1) system can be described as a nucleon added to (removed from) a single-particle state
on top of the ground state of the A-nucleon system.

One can then gather the complete spectroscopic information associated with one-nucleon addition and removal
processes into the so-called spectral function S(!). The spectral function denotes an energy-dependent matrix defined
on H1 through
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where the first (second) sum is restricted to eigenstates of H in the Hilbert space HA+1 (HA�1) associated with the
A+1 (A-1) system. Note that S(!) is directly related to the imaginary part of Dyson’s one-body Green’s function
G(!) [? ]. Taking the trace of S(!) provides the spectral strength distribution (SDD)
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which is a basis-independent function of the energy.
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Tracing the latter matrices over the one-body Hilbert space H1 provides spectroscopic factors
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which are nothing but the norms of the spectroscopic amplitudes. A spectroscopic factor sums the probabilities that
an eigenstate of the A+1 (A-1) system can be described as a nucleon added to (removed from) a single-particle state
on top of the ground state of the A-nucleon system.

One can then gather the complete spectroscopic information associated with one-nucleon addition and removal
processes into the so-called spectral function S(!). The spectral function denotes an energy-dependent matrix defined
on H1 through
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where the first (second) sum is restricted to eigenstates of H in the Hilbert space HA+1 (HA�1) associated with the
A+1 (A-1) system. Note that S(!) is directly related to the imaginary part of Dyson’s one-body Green’s function
G(!) [? ]. Taking the trace of S(!) provides the spectral strength distribution (SDD)
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Tracing the latter matrices over the one-body Hilbert space H1 provides spectroscopic factors
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which are nothing but the norms of the spectroscopic amplitudes. A spectroscopic factor sums the probabilities that
an eigenstate of the A+1 (A-1) system can be described as a nucleon added to (removed from) a single-particle state
on top of the ground state of the A-nucleon system.

One can then gather the complete spectroscopic information associated with one-nucleon addition and removal
processes into the so-called spectral function S(!). The spectral function denotes an energy-dependent matrix defined
on H1 through
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where the first (second) sum is restricted to eigenstates of H in the Hilbert space HA+1 (HA�1) associated with the
A+1 (A-1) system. Note that S(!) is directly related to the imaginary part of Dyson’s one-body Green’s function
G(!) [? ]. Taking the trace of S(!) provides the spectral strength distribution (SDD)
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which is a basis-independent function of the energy.
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Tracing the latter matrices over the one-body Hilbert space H1 provides spectroscopic factors
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which are nothing but the norms of the spectroscopic amplitudes. A spectroscopic factor sums the probabilities that
an eigenstate of the A+1 (A-1) system can be described as a nucleon added to (removed from) a single-particle state
on top of the ground state of the A-nucleon system.

One can then gather the complete spectroscopic information associated with one-nucleon addition and removal
processes into the so-called spectral function S(!). The spectral function denotes an energy-dependent matrix defined
on H1 through
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where the first (second) sum is restricted to eigenstates of H in the Hilbert space HA+1 (HA�1) associated with the
A+1 (A-1) system. Note that S(!) is directly related to the imaginary part of Dyson’s one-body Green’s function
G(!) [? ]. Taking the trace of S(!) provides the spectral strength distribution (SDD)

S(z) ⌘ TrH1 [S(z)] (46)

=
X

µ2HA+1

SF
+
µ
�(z � E

+
µ
) +

X

⌫2HA�1

SF
�

⌫
�(z � E

�

⌫
)

which is a basis-independent function of the energy.
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Tracing the latter matrices over the one-body Hilbert space H1 provides spectroscopic factors
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which are nothing but the norms of the spectroscopic amplitudes. A spectroscopic factor sums the probabilities that
an eigenstate of the A+1 (A-1) system can be described as a nucleon added to (removed from) a single-particle state
on top of the ground state of the A-nucleon system.

One can then gather the complete spectroscopic information associated with one-nucleon addition and removal
processes into the so-called spectral function S(!). The spectral function denotes an energy-dependent matrix defined
on H1 through
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where the first (second) sum is restricted to eigenstates of H in the Hilbert space HA+1 (HA�1) associated with the
A+1 (A-1) system. Note that S(!) is directly related to the imaginary part of Dyson’s one-body Green’s function
G(!) [? ]. Taking the trace of S(!) provides the spectral strength distribution (SDD)
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which is a basis-independent function of the energy.
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Tracing the latter matrices over the one-body Hilbert space H1 provides spectroscopic factors
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which are nothing but the norms of the spectroscopic amplitudes. A spectroscopic factor sums the probabilities that
an eigenstate of the A+1 (A-1) system can be described as a nucleon added to (removed from) a single-particle state
on top of the ground state of the A-nucleon system.

One can then gather the complete spectroscopic information associated with one-nucleon addition and removal
processes into the so-called spectral function S(!). The spectral function denotes an energy-dependent matrix defined
on H1 through
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where the first (second) sum is restricted to eigenstates of H in the Hilbert space HA+1 (HA�1) associated with the
A+1 (A-1) system. Note that S(!) is directly related to the imaginary part of Dyson’s one-body Green’s function
G(!) [? ]. Taking the trace of S(!) provides the spectral strength distribution (SDD)
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which is a basis-independent function of the energy.
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Tracing the latter matrices over the one-body Hilbert space H1 provides spectroscopic factors
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which are nothing but the norms of the spectroscopic amplitudes. A spectroscopic factor sums the probabilities that
an eigenstate of the A+1 (A-1) system can be described as a nucleon added to (removed from) a single-particle state
on top of the ground state of the A-nucleon system.

One can then gather the complete spectroscopic information associated with one-nucleon addition and removal
processes into the so-called spectral function S(!). The spectral function denotes an energy-dependent matrix defined
on H1 through
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where the first (second) sum is restricted to eigenstates of H in the Hilbert space HA+1 (HA�1) associated with the
A+1 (A-1) system. Note that S(!) is directly related to the imaginary part of Dyson’s one-body Green’s function
G(!) [? ]. Taking the trace of S(!) provides the spectral strength distribution (SDD)
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which is a basis-independent function of the energy.
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spectroscopic factors
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Tracing the latter matrices over the one-body Hilbert space H1 provides spectroscopic factors
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which are nothing but the norms of the spectroscopic amplitudes. A spectroscopic factor sums the probabilities that
an eigenstate of the A+1 (A-1) system can be described as a nucleon added to (removed from) a single-particle state
on top of the ground state of the A-nucleon system.

One can then gather the complete spectroscopic information associated with one-nucleon addition and removal
processes into the so-called spectral function S(!). The spectral function denotes an energy-dependent matrix defined
on H1 through
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where the first (second) sum is restricted to eigenstates of H in the Hilbert space HA+1 (HA�1) associated with the
A+1 (A-1) system. Note that S(!) is directly related to the imaginary part of Dyson’s one-body Green’s function
G(!) [? ]. Taking the trace of S(!) provides the spectral strength distribution (SDD)
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which is a basis-independent function of the energy.
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⦿ Combine numerator and denominator of Lehmann representation
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Tracing the latter matrices over the one-body Hilbert space H1 provides spectroscopic factors
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which are nothing but the norms of the spectroscopic amplitudes. A spectroscopic factor sums the probabilities that
an eigenstate of the A+1 (A-1) system can be described as a nucleon added to (removed from) a single-particle state
on top of the ground state of the A-nucleon system.

One can then gather the complete spectroscopic information associated with one-nucleon addition and removal
processes into the so-called spectral function S(!). The spectral function denotes an energy-dependent matrix defined
on H1 through
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where the first (second) sum is restricted to eigenstates of H in the Hilbert space HA+1 (HA�1) associated with the
A+1 (A-1) system. Note that S(!) is directly related to the imaginary part of Dyson’s one-body Green’s function
G(!) [? ]. Taking the trace of S(!) provides the spectral strength distribution (SDD)
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which is a basis-independent function of the energy.
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Tracing the latter matrices over the one-body Hilbert space H1 provides spectroscopic factors
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which are nothing but the norms of the spectroscopic amplitudes. A spectroscopic factor sums the probabilities that
an eigenstate of the A+1 (A-1) system can be described as a nucleon added to (removed from) a single-particle state
on top of the ground state of the A-nucleon system.

One can then gather the complete spectroscopic information associated with one-nucleon addition and removal
processes into the so-called spectral function S(!). The spectral function denotes an energy-dependent matrix defined
on H1 through
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where the first (second) sum is restricted to eigenstates of H in the Hilbert space HA+1 (HA�1) associated with the
A+1 (A-1) system. Note that S(!) is directly related to the imaginary part of Dyson’s one-body Green’s function
G(!) [? ]. Taking the trace of S(!) provides the spectral strength distribution (SDD)
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which is a basis-independent function of the energy.
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⦿ Combine numerator and denominator of Lehmann representation
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Tracing the latter matrices over the one-body Hilbert space H1 provides spectroscopic factors
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⇤
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��2 (45a)
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=

X

a2H1

|V a

⌫
|2 (45b)

which are nothing but the norms of the spectroscopic amplitudes. A spectroscopic factor sums the probabilities that
an eigenstate of the A+1 (A-1) system can be described as a nucleon added to (removed from) a single-particle state
on top of the ground state of the A-nucleon system.

One can then gather the complete spectroscopic information associated with one-nucleon addition and removal
processes into the so-called spectral function S(!). The spectral function denotes an energy-dependent matrix defined
on H1 through

S(z) ⌘
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)

where the first (second) sum is restricted to eigenstates of H in the Hilbert space HA+1 (HA�1) associated with the
A+1 (A-1) system. Note that S(!) is directly related to the imaginary part of Dyson’s one-body Green’s function
G(!) [? ]. Taking the trace of S(!) provides the spectral strength distribution (SDD)
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which is a basis-independent function of the energy.

}

⦿ Combine numerator and denominator of Lehmann representation
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Tracing the latter matrices over the one-body Hilbert space H1 provides spectroscopic factors
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which are nothing but the norms of the spectroscopic amplitudes. A spectroscopic factor sums the probabilities that
an eigenstate of the A+1 (A-1) system can be described as a nucleon added to (removed from) a single-particle state
on top of the ground state of the A-nucleon system.

One can then gather the complete spectroscopic information associated with one-nucleon addition and removal
processes into the so-called spectral function S(!). The spectral function denotes an energy-dependent matrix defined
on H1 through
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where the first (second) sum is restricted to eigenstates of H in the Hilbert space HA+1 (HA�1) associated with the
A+1 (A-1) system. Note that S(!) is directly related to the imaginary part of Dyson’s one-body Green’s function
G(!) [? ]. Taking the trace of S(!) provides the spectral strength distribution (SDD)
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}

⦿ Combine numerator and denominator of Lehmann representation

2

G(r , r 0; z) =
X

n

hr |�nih�n | r 0i
z � En

=
X

n

h0|ar |�nih�n | a†r 0 |0i
z � En

(15)

G(r , r 0; z) =
X

µ

h N

0 |ar | N+1
µ

ih N+1
µ

| a†r 0 | N

0 i
z � E

+
µ

+
X

⌫

h N

0 |a†r 0 | N�1
⌫

ih N�1
⌫

| ar | N

0 i
z � E

�
⌫

(16)

E
+
µ
⌘ E

N+1
µ

� E
N

0 (17)

E
�

⌫
⌘ E

N

0 � E
N�1
⌫

(18)

| N±1


i (19)

Gab(z) =
X

µ

h N

0 |aa | N+1
µ

ih N+1
µ

| a†
b
| N

0 i
z � E

+
µ + i⌘

+
X

⌫

h N

0 |a†
b
| N�1

⌫
ih N�1

⌫
| aa| N

0 i
z � E

�
⌫ � i⌘

(20)

Gab(z) =
X

µ

U
µ

a
(Uµ

b
)⇤

z � E
+
µ + i⌘

+
X

⌫

(V ⌫

a
)⇤V ⌫

b

z � E
�
⌫ � i⌘

(21)

+
X

�

Z
1

Tc

dE
h N

0 |a†
b
| N�1

� E
ih N�1

� E
| aa| N

0 i
z � E � i⌘

(22)

Gab(z) =
X

µ

h N

0 |aa | N+1
µ

ih N+1
µ

| a†
b
| N

0 i
z � E

+
µ + i⌘

+ ... (23)

U
b

µ
⌘ h N

0 |ab | N+1
µ

i (24)

V
b

⌫
⌘ h N

0 |a†
b
| N�1

⌫
i (25)

Gab(z) �! G(k, z) =

Z
d!

2⇡

A(k,!)

z � !
(26)

�! G(k, z) =

Z
d!

2⇡

A(k,!)

z � !
(27)

GR/A(k, z) =

Z
d!

2⇡

A(k,!)

z � ! ± i⌘
(28)

G
�1(k, z) = z � k

2

2m
� ⌃(k, z) (29)

Spectral representation

Spectral representation

12

X

ab

ha|D̂ | bi h A

⌫
|c†

a
cb | A

0 i (99)

✓
d�

d3Q

◆

DWIA

= SFN ⇥
⌧
d�pN

d⌦

�
⇥
⌦
SpASp(A�1)SN(A�1) N

↵
(100)

Wµ⌫

1b (q,!) =

Z
d3p0 dE

(2⇡)3
m2

N

e(p0)e(p0�q)
�(! + E � e(p0))

X

s

Sh

s
(p0�q, E)hp0|jµ

s

†|p0�qihp0�q|j⌫
s
|p0i ,

⇣ d�

dE0d⌦0

⌘

`

= C`

E0

k

Ek

Lµ⌫W
µ⌫ �! C`

E0

k

Ek

Lµ⌫W
µ⌫

1b (101)

⌃̃↵�(!) =
X

m

(
Mm

↵
Mm†

�

! � Em + i⌘
+

Nm

↵
Nm†

�

! + Em � i⌘

)
⌘ ⌃̃+

↵�
(!) + ⌃̃�

↵�
(!) (102)

⌃̃+
↵�

(!) = M↵ (!1�E)�1 M†

�
(103)

⌃̃+ADC
↵�

(!) = C↵ (!1�W �P)�1 C†

�
(104)

⌃̃+ADC
↵�

(!) = C↵ (!1�W)�1
1X

⌫=0

n
P (!1�W)�1

o⌫

C†

�
(105)

P = P(1) +P(2) + . . . (106)

C↵ = C(1)
↵

+C(2)
↵

+ . . . (107)

⌃̃+ADC(2)
↵�

(!) = C(1)
↵

(!1�W)�1 C(1) †
�

+O(3) (108)

BX = !X (109)

B = B(⌃̃(1),C,W,P) (110)

g↵�(!) =
X

n

(Xn

↵
)⇤Xn

�

! � "+n + i⌘
+

X

k

Yk

↵
(Yk

�
)⇤

! � "�
k
� i⌘

(111)

Xn

↵
= h A+1

n
|a†

↵
| A

0 i (112)

Yk

↵
= h A-1

k
|a↵| A

0 i (113)

12

X

ab

ha|D̂ | bi h A

⌫
|c†

a
cb | A

0 i (99)

✓
d�

d3Q

◆

DWIA

= SFN ⇥
⌧
d�pN

d⌦

�
⇥
⌦
SpASp(A�1)SN(A�1) N

↵
(100)

Wµ⌫

1b (q,!) =

Z
d3p0 dE

(2⇡)3
m2

N

e(p0)e(p0�q)
�(! + E � e(p0))

X

s

Sh

s
(p0�q, E)hp0|jµ

s

†|p0�qihp0�q|j⌫
s
|p0i ,

⇣ d�

dE0d⌦0

⌘

`

= C`

E0

k

Ek

Lµ⌫W
µ⌫ �! C`

E0

k

Ek

Lµ⌫W
µ⌫

1b (101)

⌃̃↵�(!) =
X

m

(
Mm

↵
Mm†

�

! � Em + i⌘
+

Nm

↵
Nm†

�

! + Em � i⌘

)
⌘ ⌃̃+

↵�
(!) + ⌃̃�

↵�
(!) (102)

⌃̃+
↵�

(!) = M↵ (!1�E)�1 M†

�
(103)

⌃̃+ADC
↵�

(!) = C↵ (!1�W �P)�1 C†

�
(104)

⌃̃+ADC
↵�

(!) = C↵ (!1�W)�1
1X

⌫=0

n
P (!1�W)�1

o⌫

C†

�
(105)

P = P(1) +P(2) + . . . (106)

C↵ = C(1)
↵

+C(2)
↵

+ . . . (107)

⌃̃+ADC(2)
↵�

(!) = C(1)
↵

(!1�W)�1 C(1) †
�

+O(3) (108)

BX = !X (109)

B = B(⌃̃(1),C,W,P) (110)

g↵�(!) =
X

n

(Xn

↵
)⇤Xn

�

! � "+n + i⌘
+

X

k

Yk

↵
(Yk

�
)⇤

! � "�
k
� i⌘

(111)

Xn

↵
= h A+1

n
|a†

↵
| A

0 i (112)

Yk

↵
= h A-1

k
|a↵| A

0 i (113)13

"+
n
= EA+1

n
� EA

0 (114)

"�
k
= EA

0 � EA�1
k

(115)

SF+
n

=
X

↵2H1

|Xn

↵
|2 (116)

SF�

k
=

X

↵2H1

��Yk

↵

��2 (117)

S(!) =
X

n2HA+1

SF+
n
�(! � EA+1

n
) +

X

k2HA�1

SF�

k
�(! � EA�1

k
) (118)

13

"+
n
= EA+1

n
� EA

0 (114)

"�
k
= EA

0 � EA�1
k

(115)

SF+
n

=
X

↵2H1

|Xn

↵
|2 (116)

SF�

k
=

X

↵2H1

��Yk

↵

��2 (117)

S(!) =
X

n2HA+1

SF+
n
�(! � EA+1

n
) +

X

k2HA�1

SF�

k
�(! � EA�1

k
) (118)

13

"+
n
= EA+1

n
� EA

0 (114)

"�
k
= EA

0 � EA�1
k

(115)

SF+
n

=
X

↵2H1

|Xn

↵
|2 (116)

SF�

k
=

X

↵2H1

��Yk

↵

��2 (117)

S(!) =
X

n2HA+1

SF+
n
�(! � EA+1

n
) +

X

k2HA�1

SF�

k
�(! � EA�1

k
) (118)

➪ Exact GF display a spectral representation

Transition amplitudes

Separation energies

spectroscopic factors

4

Tracing the latter matrices over the one-body Hilbert space H1 provides spectroscopic factors
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which are nothing but the norms of the spectroscopic amplitudes. A spectroscopic factor sums the probabilities that
an eigenstate of the A+1 (A-1) system can be described as a nucleon added to (removed from) a single-particle state
on top of the ground state of the A-nucleon system.

One can then gather the complete spectroscopic information associated with one-nucleon addition and removal
processes into the so-called spectral function S(!). The spectral function denotes an energy-dependent matrix defined
on H1 through
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where the first (second) sum is restricted to eigenstates of H in the Hilbert space HA+1 (HA�1) associated with the
A+1 (A-1) system. Note that S(!) is directly related to the imaginary part of Dyson’s one-body Green’s function
G(!) [? ]. Taking the trace of S(!) provides the spectral strength distribution (SDD)
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Tracing the latter matrices over the one-body Hilbert space H1 provides spectroscopic factors

SF
+
µ

⌘ TrH1

⇥
S+
µ

⇤
=

X

a2H1

��Ua

µ

��2 (45a)

SF
�

⌫
⌘ TrH1

⇥
S�

⌫

⇤
=

X

a2H1

|V a

⌫
|2 (45b)

which are nothing but the norms of the spectroscopic amplitudes. A spectroscopic factor sums the probabilities that
an eigenstate of the A+1 (A-1) system can be described as a nucleon added to (removed from) a single-particle state
on top of the ground state of the A-nucleon system.

One can then gather the complete spectroscopic information associated with one-nucleon addition and removal
processes into the so-called spectral function S(!). The spectral function denotes an energy-dependent matrix defined
on H1 through
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where the first (second) sum is restricted to eigenstates of H in the Hilbert space HA+1 (HA�1) associated with the
A+1 (A-1) system. Note that S(!) is directly related to the imaginary part of Dyson’s one-body Green’s function
G(!) [? ]. Taking the trace of S(!) provides the spectral strength distribution (SDD)

S(z) ⌘ TrH1 [S(z)] (46)

=
X

µ2HA+1

SF
+
µ
�(z � E

+
µ
) +

X

⌫2HA�1

SF
�

⌫
�(z � E

�

⌫
)

which is a basis-independent function of the energy.
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Tracing the latter matrices over the one-body Hilbert space H1 provides spectroscopic factors
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which are nothing but the norms of the spectroscopic amplitudes. A spectroscopic factor sums the probabilities that
an eigenstate of the A+1 (A-1) system can be described as a nucleon added to (removed from) a single-particle state
on top of the ground state of the A-nucleon system.

One can then gather the complete spectroscopic information associated with one-nucleon addition and removal
processes into the so-called spectral function S(!). The spectral function denotes an energy-dependent matrix defined
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where the first (second) sum is restricted to eigenstates of H in the Hilbert space HA+1 (HA�1) associated with the
A+1 (A-1) system. Note that S(!) is directly related to the imaginary part of Dyson’s one-body Green’s function
G(!) [? ]. Taking the trace of S(!) provides the spectral strength distribution (SDD)
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}

⦿ Combine numerator and denominator of Lehmann representation

2

G(r , r 0; z) =
X

n

hr |�nih�n | r 0i
z � En

=
X

n

h0|ar |�nih�n | a†r 0 |0i
z � En

(15)

G(r , r 0; z) =
X

µ

h N

0 |ar | N+1
µ

ih N+1
µ

| a†r 0 | N

0 i
z � E

+
µ

+
X

⌫

h N

0 |a†r 0 | N�1
⌫

ih N�1
⌫

| ar | N

0 i
z � E

�
⌫

(16)

E
+
µ
⌘ E

N+1
µ

� E
N

0 (17)

E
�

⌫
⌘ E

N

0 � E
N�1
⌫

(18)

| N±1


i (19)

Gab(z) =
X

µ

h N

0 |aa | N+1
µ

ih N+1
µ

| a†
b
| N

0 i
z � E

+
µ + i⌘

+
X

⌫

h N

0 |a†
b
| N�1

⌫
ih N�1

⌫
| aa| N

0 i
z � E

�
⌫ � i⌘

(20)

Gab(z) =
X

µ

U
µ

a
(Uµ

b
)⇤

z � E
+
µ + i⌘

+
X

⌫

(V ⌫

a
)⇤V ⌫

b

z � E
�
⌫ � i⌘

(21)

+
X

�

Z
1

Tc

dE
h N

0 |a†
b
| N�1

� E
ih N�1

� E
| aa| N

0 i
z � E � i⌘

(22)

Gab(z) =
X

µ

h N

0 |aa | N+1
µ

ih N+1
µ

| a†
b
| N

0 i
z � E

+
µ + i⌘

+ ... (23)

U
b

µ
⌘ h N

0 |ab | N+1
µ

i (24)

V
b

⌫
⌘ h N

0 |a†
b
| N�1

⌫
i (25)

Gab(z) �! G(k, z) =

Z
d!

2⇡

A(k,!)

z � !
(26)

�! G(k, z) =

Z
d!

2⇡

A(k,!)

z � !
(27)

GR/A(k, z) =

Z
d!

2⇡

A(k,!)

z � ! ± i⌘
(28)

G
�1(k, z) = z � k

2

2m
� ⌃(k, z) (29)

Spectral representation

Spectral representation

12

X

ab

ha|D̂ | bi h A

⌫
|c†

a
cb | A

0 i (99)

✓
d�

d3Q

◆

DWIA

= SFN ⇥
⌧
d�pN

d⌦

�
⇥
⌦
SpASp(A�1)SN(A�1) N

↵
(100)

Wµ⌫

1b (q,!) =

Z
d3p0 dE

(2⇡)3
m2

N

e(p0)e(p0�q)
�(! + E � e(p0))

X

s

Sh

s
(p0�q, E)hp0|jµ

s

†|p0�qihp0�q|j⌫
s
|p0i ,

⇣ d�

dE0d⌦0

⌘

`

= C`

E0

k

Ek

Lµ⌫W
µ⌫ �! C`

E0

k

Ek

Lµ⌫W
µ⌫

1b (101)

⌃̃↵�(!) =
X

m

(
Mm

↵
Mm†

�

! � Em + i⌘
+

Nm

↵
Nm†

�

! + Em � i⌘

)
⌘ ⌃̃+

↵�
(!) + ⌃̃�

↵�
(!) (102)

⌃̃+
↵�

(!) = M↵ (!1�E)�1 M†

�
(103)

⌃̃+ADC
↵�

(!) = C↵ (!1�W �P)�1 C†

�
(104)

⌃̃+ADC
↵�

(!) = C↵ (!1�W)�1
1X

⌫=0

n
P (!1�W)�1

o⌫

C†

�
(105)

P = P(1) +P(2) + . . . (106)

C↵ = C(1)
↵

+C(2)
↵

+ . . . (107)

⌃̃+ADC(2)
↵�

(!) = C(1)
↵

(!1�W)�1 C(1) †
�

+O(3) (108)

BX = !X (109)

B = B(⌃̃(1),C,W,P) (110)

g↵�(!) =
X

n

(Xn

↵
)⇤Xn

�

! � "+n + i⌘
+

X

k

Yk

↵
(Yk

�
)⇤

! � "�
k
� i⌘

(111)

Xn

↵
= h A+1

n
|a†

↵
| A

0 i (112)

Yk

↵
= h A-1

k
|a↵| A

0 i (113)

12

X

ab

ha|D̂ | bi h A

⌫
|c†

a
cb | A

0 i (99)

✓
d�

d3Q

◆

DWIA

= SFN ⇥
⌧
d�pN

d⌦

�
⇥
⌦
SpASp(A�1)SN(A�1) N

↵
(100)

Wµ⌫

1b (q,!) =

Z
d3p0 dE

(2⇡)3
m2

N

e(p0)e(p0�q)
�(! + E � e(p0))

X

s

Sh

s
(p0�q, E)hp0|jµ

s

†|p0�qihp0�q|j⌫
s
|p0i ,

⇣ d�

dE0d⌦0

⌘

`

= C`

E0

k

Ek

Lµ⌫W
µ⌫ �! C`

E0

k

Ek

Lµ⌫W
µ⌫

1b (101)

⌃̃↵�(!) =
X

m

(
Mm

↵
Mm†

�

! � Em + i⌘
+

Nm

↵
Nm†

�

! + Em � i⌘

)
⌘ ⌃̃+

↵�
(!) + ⌃̃�

↵�
(!) (102)

⌃̃+
↵�

(!) = M↵ (!1�E)�1 M†

�
(103)

⌃̃+ADC
↵�

(!) = C↵ (!1�W �P)�1 C†

�
(104)

⌃̃+ADC
↵�

(!) = C↵ (!1�W)�1
1X

⌫=0

n
P (!1�W)�1

o⌫

C†

�
(105)

P = P(1) +P(2) + . . . (106)

C↵ = C(1)
↵

+C(2)
↵

+ . . . (107)

⌃̃+ADC(2)
↵�

(!) = C(1)
↵

(!1�W)�1 C(1) †
�

+O(3) (108)

BX = !X (109)

B = B(⌃̃(1),C,W,P) (110)

g↵�(!) =
X

n

(Xn

↵
)⇤Xn

�

! � "+n + i⌘
+

X

k

Yk

↵
(Yk

�
)⇤

! � "�
k
� i⌘

(111)

Xn

↵
= h A+1

n
|a†

↵
| A

0 i (112)

Yk

↵
= h A-1

k
|a↵| A

0 i (113)13

"+
n
= EA+1

n
� EA

0 (114)

"�
k
= EA

0 � EA�1
k

(115)

SF+
n

=
X

↵2H1

|Xn

↵
|2 (116)

SF�

k
=

X

↵2H1

��Yk

↵

��2 (117)

S(!) =
X

n2HA+1

SF+
n
�(! � EA+1

n
) +

X

k2HA�1

SF�

k
�(! � EA�1

k
) (118)

13

"+
n
= EA+1

n
� EA

0 (114)

"�
k
= EA

0 � EA�1
k

(115)

SF+
n

=
X

↵2H1

|Xn

↵
|2 (116)

SF�

k
=

X

↵2H1

��Yk

↵

��2 (117)

S(!) =
X

n2HA+1

SF+
n
�(! � EA+1

n
) +

X

k2HA�1

SF�

k
�(! � EA�1

k
) (118)

13

"+
n
= EA+1

n
� EA

0 (114)

"�
k
= EA

0 � EA�1
k

(115)

SF+
n

=
X

↵2H1

|Xn

↵
|2 (116)

SF�

k
=

X

↵2H1

��Yk

↵

��2 (117)

S(!) =
X

n2HA+1

SF+
n
�(! � EA+1

n
) +

X

k2HA�1

SF�

k
�(! � EA�1

k
) (118)
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Transition amplitudes

Separation energies

spectroscopic factors
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Tracing the latter matrices over the one-body Hilbert space H1 provides spectroscopic factors
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which are nothing but the norms of the spectroscopic amplitudes. A spectroscopic factor sums the probabilities that
an eigenstate of the A+1 (A-1) system can be described as a nucleon added to (removed from) a single-particle state
on top of the ground state of the A-nucleon system.

One can then gather the complete spectroscopic information associated with one-nucleon addition and removal
processes into the so-called spectral function S(!). The spectral function denotes an energy-dependent matrix defined
on H1 through
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where the first (second) sum is restricted to eigenstates of H in the Hilbert space HA+1 (HA�1) associated with the
A+1 (A-1) system. Note that S(!) is directly related to the imaginary part of Dyson’s one-body Green’s function
G(!) [? ]. Taking the trace of S(!) provides the spectral strength distribution (SDD)
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which is a basis-independent function of the energy.
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Tracing the latter matrices over the one-body Hilbert space H1 provides spectroscopic factors
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which are nothing but the norms of the spectroscopic amplitudes. A spectroscopic factor sums the probabilities that
an eigenstate of the A+1 (A-1) system can be described as a nucleon added to (removed from) a single-particle state
on top of the ground state of the A-nucleon system.

One can then gather the complete spectroscopic information associated with one-nucleon addition and removal
processes into the so-called spectral function S(!). The spectral function denotes an energy-dependent matrix defined
on H1 through
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where the first (second) sum is restricted to eigenstates of H in the Hilbert space HA+1 (HA�1) associated with the
A+1 (A-1) system. Note that S(!) is directly related to the imaginary part of Dyson’s one-body Green’s function
G(!) [? ]. Taking the trace of S(!) provides the spectral strength distribution (SDD)
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which is a basis-independent function of the energy.
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Tracing the latter matrices over the one-body Hilbert space H1 provides spectroscopic factors
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which are nothing but the norms of the spectroscopic amplitudes. A spectroscopic factor sums the probabilities that
an eigenstate of the A+1 (A-1) system can be described as a nucleon added to (removed from) a single-particle state
on top of the ground state of the A-nucleon system.

One can then gather the complete spectroscopic information associated with one-nucleon addition and removal
processes into the so-called spectral function S(!). The spectral function denotes an energy-dependent matrix defined
on H1 through
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where the first (second) sum is restricted to eigenstates of H in the Hilbert space HA+1 (HA�1) associated with the
A+1 (A-1) system. Note that S(!) is directly related to the imaginary part of Dyson’s one-body Green’s function
G(!) [? ]. Taking the trace of S(!) provides the spectral strength distribution (SDD)
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which is a basis-independent function of the energy.
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Tracing the latter matrices over the one-body Hilbert space H1 provides spectroscopic factors
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which are nothing but the norms of the spectroscopic amplitudes. A spectroscopic factor sums the probabilities that
an eigenstate of the A+1 (A-1) system can be described as a nucleon added to (removed from) a single-particle state
on top of the ground state of the A-nucleon system.

One can then gather the complete spectroscopic information associated with one-nucleon addition and removal
processes into the so-called spectral function S(!). The spectral function denotes an energy-dependent matrix defined
on H1 through
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where the first (second) sum is restricted to eigenstates of H in the Hilbert space HA+1 (HA�1) associated with the
A+1 (A-1) system. Note that S(!) is directly related to the imaginary part of Dyson’s one-body Green’s function
G(!) [? ]. Taking the trace of S(!) provides the spectral strength distribution (SDD)
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which is a basis-independent function of the energy.
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Tracing the latter matrices over the one-body Hilbert space H1 provides spectroscopic factors
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which are nothing but the norms of the spectroscopic amplitudes. A spectroscopic factor sums the probabilities that
an eigenstate of the A+1 (A-1) system can be described as a nucleon added to (removed from) a single-particle state
on top of the ground state of the A-nucleon system.

One can then gather the complete spectroscopic information associated with one-nucleon addition and removal
processes into the so-called spectral function S(!). The spectral function denotes an energy-dependent matrix defined
on H1 through
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where the first (second) sum is restricted to eigenstates of H in the Hilbert space HA+1 (HA�1) associated with the
A+1 (A-1) system. Note that S(!) is directly related to the imaginary part of Dyson’s one-body Green’s function
G(!) [? ]. Taking the trace of S(!) provides the spectral strength distribution (SDD)
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➪ Exact GF display a spectral representation

Transition amplitudes

Separation energies
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Tracing the latter matrices over the one-body Hilbert space H1 provides spectroscopic factors
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which are nothing but the norms of the spectroscopic amplitudes. A spectroscopic factor sums the probabilities that
an eigenstate of the A+1 (A-1) system can be described as a nucleon added to (removed from) a single-particle state
on top of the ground state of the A-nucleon system.

One can then gather the complete spectroscopic information associated with one-nucleon addition and removal
processes into the so-called spectral function S(!). The spectral function denotes an energy-dependent matrix defined
on H1 through
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where the first (second) sum is restricted to eigenstates of H in the Hilbert space HA+1 (HA�1) associated with the
A+1 (A-1) system. Note that S(!) is directly related to the imaginary part of Dyson’s one-body Green’s function
G(!) [? ]. Taking the trace of S(!) provides the spectral strength distribution (SDD)
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Tracing the latter matrices over the one-body Hilbert space H1 provides spectroscopic factors
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which are nothing but the norms of the spectroscopic amplitudes. A spectroscopic factor sums the probabilities that
an eigenstate of the A+1 (A-1) system can be described as a nucleon added to (removed from) a single-particle state
on top of the ground state of the A-nucleon system.

One can then gather the complete spectroscopic information associated with one-nucleon addition and removal
processes into the so-called spectral function S(!). The spectral function denotes an energy-dependent matrix defined
on H1 through
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where the first (second) sum is restricted to eigenstates of H in the Hilbert space HA+1 (HA�1) associated with the
A+1 (A-1) system. Note that S(!) is directly related to the imaginary part of Dyson’s one-body Green’s function
G(!) [? ]. Taking the trace of S(!) provides the spectral strength distribution (SDD)
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Transition amplitudes

Separation energies

spectroscopic factors
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Tracing the latter matrices over the one-body Hilbert space H1 provides spectroscopic factors
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which are nothing but the norms of the spectroscopic amplitudes. A spectroscopic factor sums the probabilities that
an eigenstate of the A+1 (A-1) system can be described as a nucleon added to (removed from) a single-particle state
on top of the ground state of the A-nucleon system.

One can then gather the complete spectroscopic information associated with one-nucleon addition and removal
processes into the so-called spectral function S(!). The spectral function denotes an energy-dependent matrix defined
on H1 through
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where the first (second) sum is restricted to eigenstates of H in the Hilbert space HA+1 (HA�1) associated with the
A+1 (A-1) system. Note that S(!) is directly related to the imaginary part of Dyson’s one-body Green’s function
G(!) [? ]. Taking the trace of S(!) provides the spectral strength distribution (SDD)

S(z) ⌘ TrH1 [S(z)] (46)

=
X

µ2HA+1

SF
+
µ
�(z � E

+
µ
) +

X

⌫2HA�1

SF
�

⌫
�(z � E

�

⌫
)

which is a basis-independent function of the energy.
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⦿ Combine numerator and denominator of Lehmann representation
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Tracing the latter matrices over the one-body Hilbert space H1 provides spectroscopic factors
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which are nothing but the norms of the spectroscopic amplitudes. A spectroscopic factor sums the probabilities that
an eigenstate of the A+1 (A-1) system can be described as a nucleon added to (removed from) a single-particle state
on top of the ground state of the A-nucleon system.

One can then gather the complete spectroscopic information associated with one-nucleon addition and removal
processes into the so-called spectral function S(!). The spectral function denotes an energy-dependent matrix defined
on H1 through
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where the first (second) sum is restricted to eigenstates of H in the Hilbert space HA+1 (HA�1) associated with the
A+1 (A-1) system. Note that S(!) is directly related to the imaginary part of Dyson’s one-body Green’s function
G(!) [? ]. Taking the trace of S(!) provides the spectral strength distribution (SDD)
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Tracing the latter matrices over the one-body Hilbert space H1 provides spectroscopic factors
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which are nothing but the norms of the spectroscopic amplitudes. A spectroscopic factor sums the probabilities that
an eigenstate of the A+1 (A-1) system can be described as a nucleon added to (removed from) a single-particle state
on top of the ground state of the A-nucleon system.

One can then gather the complete spectroscopic information associated with one-nucleon addition and removal
processes into the so-called spectral function S(!). The spectral function denotes an energy-dependent matrix defined
on H1 through
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where the first (second) sum is restricted to eigenstates of H in the Hilbert space HA+1 (HA�1) associated with the
A+1 (A-1) system. Note that S(!) is directly related to the imaginary part of Dyson’s one-body Green’s function
G(!) [? ]. Taking the trace of S(!) provides the spectral strength distribution (SDD)
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➪ Exact GF display a spectral representation
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➪ Exact GF display a spectral representation
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➪ Exact GF display a spectral representation
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Connection with experiments: direct reactions

⦿ Basic idea: spectroscopy via direct knock-out reactions

⦿ Two assumptions
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○ Impulse approximation (all energy transferred to one nucleon)

○No final state interactions

with○ Cross section

○ Reconstruct energy and momentum of struck nucleon 

○ External probe transferring energy ω and momentum q

○ Information contained in the spectral function!
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⦿ Example: electron scattering

Results from (e,e’p) on 16O  (ALS in Saclay)

[Mougey et al. 1980]ω [MeV]
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FIG. 9. (Color online) Diagonal part of the complete proton
spectral function [Eq. (A1)] for closed-subshell isotopes 14,16,22,24,28O.
The discretized energy peaks that appear as energy δ functions
in Eq. (3) have been smeared with Lorentzians of suitable with.
Energies below the Fermi surface, EF , correspond to the hole part of
the spectral distribution, while those above are for particle addition.
Energies ω > 0 MeV (plotted in red) correspond to proton-nucleus
scattering states.
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FIG. 10. (Color online) Same as Fig. 9, but for neutrons.
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GF calculations with chiral 2N+3N forces

[Cipollone, Barbieri, Navrátil 2015]

Connection with experiments: direct reactions

However, keep in mind that

○ Separation energies (position of the peaks in ω) are observable quantities

○ Spectroscopic factors (height of the peaks) are non-observable



Observables vs non-observables
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FIG. 8. (Color online) Spectroscopic factors associated with one-
neutron addition and removal process on the ground states of
14,16,18,20,22,24O computed as a function of the associated sep-
aration energy. For each final state, results obtained for λ =
1.88,2.00,2.24 fm−1 are joined by solid lines. One-, two-, and
three-body operators are retained in the (initial and) transformed
Hamiltonians. (a) Results obtained at the HFB level. (b) Results
obtained from second-order G-SCGF calculations.

within an independent (quasi)-particle picture such that the
strength for particle addition or removal is contained almost
entirely in individual single-particle states, i.e., the eigenstates
of hcent, by construction. Spectroscopic factors are actually
not strictly equal to 1 (or 0) owing to the treatment of
pairing correlations in the HFB framework, the two 5/2+

states associated with one-neutron addition and removal in
the open-shell 20O being the most prominent example.

The picture is different in Fig. 8(b), where results from
second-order G-SCGF calculations are compiled. There is
less variation along the horizontal axis than in the HFB
case because the improved many-body treatment reduces the
scale dependence of the observable one-neutron separation
energies (cf. Fig. 5). Owing to the inclusion of dynamical
correlations, the spectroscopic strength is now fragmented.
For certain states, in particular the 1/2− and 3/2− states, the
vertical spread becomes visible and indicates that the details
of this fragmentation depend on the resolution scale λ (while
the associated separation energy does not). By improving
the treatment of the many-body problem through switching
from HFB to G-SCGF, we have thus slightly increased the
scale dependence of some of the nonobservable spectroscopic
factors significantly. Still, a larger range of λ values will have

to be used to generate any significant and systematic scale
dependence.

IV. CONCLUSIONS

The present work is dedicated to specifying and illustrating
the nonobservable nature of the one-nucleon shell structure.
After a formal demonstration, state-of-the-art multireference
in-medium SRG and self-consistent Gorkov Green’s function
many-body calculations based on chiral two- and three-
nucleon interactions are employed to illustrate that, as opposed
to observable quantities, nuclear shell energies run under
unitary SRG transformations of the Hamiltonian parametrized
by the resolution scale λ. In practice, the unitarity of the
similarity transformations is broken owing to the omission of
induced many-body interactions in the present framework and
the approximate treatment of the Schrödinger equation. The
impact of this breaking is first characterized by quantifying
the (artificial) running of observables over a (necessarily)
finite interval of λ values. Then the (genuine) running of
ESPEs is characterized and shown to be convincingly larger
than that of observables (which would be zero in an exact
calculation).

The nonobservable nature of the nuclear shell structure,
i.e., the fact that it constitutes an intrinsically theoretical object
with no counterpart in the empirical world, must be recognized
and assimilated. Indeed, the shell structure cannot be extracted
from experimental data; hence, it cannot be talked about in an
absolute sense as it depends on the nonobservable resolution
scale employed in the theoretical calculation. Consequently,
correlations that one may establish between observables,
e.g., first 2+ excitation energies or one-nucleon separation
energies, and features of the shell structure, e.g., the size
of the particle-hole gap at the Fermi energy, depend on the
resolution scale. It is only at the price of fixing arbitrarily
(but conveniently) the resolution scale in the theoretical
framework that one can establish and utilize such correla-
tions. To some extent, fixing the resolution scale provides
ESPEs (and spectroscopic factors) with a quasi-observable
character.

Ultimately, practitioners can refer to nuclear shells and
spectroscopic factors in their analyses of nuclear phenomena.
This, however, requires that it is done on the basis of a
well-defined theoretical scheme, i.e., well-specified degrees
of freedom combined with a Hamiltonian characterized by a
fixed resolution scale. It is mandatory to perform comparisons
from one nucleus to the other or from one practitioner to
the other on the basis of that very same theoretical scheme.
Incidentally, this also necessitates to use consistent structure
and reaction theoretical schemes, i.e., structure and reaction
theories based on the same degrees of freedom and the
same fixed Hamiltonian, eventually employing the same
approximations within that many-body scheme. This is, of
course, a very challenging task for the future. Still, it indicates
that, from the perspective of future theoretical developments,
there is not much value in combining, e.g., high-quality ab
initio nuclear structure quantities with inconsistent nuclear
reaction theories. The focus should rather be on consistency
because there is more value in developing less advanced, e.g.,

034313-13

[Duguet, Hergert, Holt, Somà 2015]

⦿ Spectroscopic factors characterise how “correlated” the wave function is

⦿ Non-observability of spectroscopic factors

○ SF close to 100%  ➝  all s.p. strength in one state  ➝  ~ independent particle picture

○ Low SF  ➝   Fragmented strength  ➝  highly correlated w.f.  ≠  independent particle picture

This can be quantitatively discussed only within a given model at a given resolution scale

○ Can be mathematically proven

○ Was shown in actual GF calculations - in a limited interval of the res. scale (λ∊ [1.88, 2.23] fm-1)

Scale dependence visible but not huge
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strength distribution

S(ω) ≡ TrH1 [S(ω)]

=
∑

µ∈HA+1

SF+
µδ(ω − E+

µ ) +
∑

ν∈HA−1

SF−
ν δ(ω − E−

ν ), (7)

which is a basis-independent function of the energy.
We also introduce the nth moment of the spectral function

M(n) ≡
∫ +∞

−∞
ωnS(ω)dω, (8)

which defines an energy-independent matrix on H1. Using the
anticommutation rule of creation and annihilation operators
{ap,a

†
q} = δpq , the zero moment is shown to be nothing but

the identity matrix

M(0) =
∑

µ∈HA+1

S+
µ +

∑

ν∈HA−1

S−
ν = 1. (9)

This sum rule provides each diagonal matrix element of S(ω)
with the meaning of a probability distribution function (PDF)
in the statistical sense, i.e., the combined probability of adding
a nucleon to or removing a nucleon from a specific single-
particle basis state |p〉 integrates to 1 when summing over all
the final states of the A ± 1 systems.

The first moment M(1) of the spectral function defines the
so-called centroid matrix

hcent ≡
∑

µ∈HA+1

S+
µE+

µ +
∑

ν∈HA−1

S−
ν E−

ν . (10)

Effective single-particle energies are nothing but the eigenval-
ues {ecent

p } of the centroid field [10,29], and they are obtained
by solving

hcentψcent
p = ecent

p ψcent
p . (11)

Solving the eigenvalue problem (11) not only provides ESPEs
but also the corresponding single-particle states the nucleon is
effectively added to or removed from. The associated spherical
basis of H1 is denoted as {c†p}. In that basis, ESPEs are
expressed in terms of diagonal spectroscopic probabilities,

ecent
p ≡

∑

µ∈HA+1

S+pp
µ E+

µ +
∑

ν∈HA−1

S−pp
ν E−

ν . (12)

We see that ESPEs are nothing but centroids, i.e., an arithmetic
average, of one-nucleon separation energies weighted by
the probability to reach the corresponding A + 1 (A − 1)
eigenstates by adding (removing) a nucleon to (from) a single-
particle state ψcent

p . Centroid energies are by construction in
one-to-one correspondence with states spanning H1. The step
from one-neutron separation energies to neutron ESPEs is
illustrated in Fig. 3 for an ab initio self-consistent Gorkov
Green’s function (G-SCGF) calculation [30,31] of 74Ni with
a next-to-next-to-next-to-leading order (N3LO) 2N chiral
interaction [32] evolved down to a scale of 2 fm−1 via a SRG
transformation (see Sec. III for details).

It is worth noting that Baranger ESPEs defined through
Eqs. (10)–(12) display three fundamental properties that make
them fundamentally superior to any other definition of single-
particle energies used in the literature: They (i) only invoke

FIG. 3. (Color online) Self-consistent Gorkov Green’s function
calculation of 74Ni with a realistic 2N chiral interaction [32]. (Left)
Spectral strength distribution for one-neutron addition (above the
dashed line) and removal (below the dashed line) processes. (Right)
Baranger ESPEs.

outputs of the many-body Schrödinger equation, (ii) do not de-
pend on the single-particle basis used to expand the many-body
problem, and (iii) reduce to HF single-particle energies in the
HF approximation; i.e., they satisfy Koopmans’ theorem [33]
in such a limit. Eventually, the model-independent character
of Baranger ESPEs relates to the fact they can be computed
unambiguously within any (re)formulation (i.e., scheme) of the
nuclear many-body problem, e.g., shell-model formulations,
ab initio formulations, cluster models, etc.

The fact that model-independent Baranger ESPEs reduce
to HF single-particle energies in the HF approximation or to
standard monopole ESPEs when employing a naive filling is
best seen by applying the identity [34,35]

M (n)
pq =

〈
%A

0

∣∣{
n commutators︷ ︸︸ ︷

[. . . [[ap,H ],H ], . . .],a†
q}

∣∣%A
0

〉
(13)

to n = 1 [10,36,37],

hcent
pq = tpq +

∑

rs

v2N
prqsρ

[1]
sr + 1

4

∑

rstv

v3N
prtqsvρ

[2]
svrt

≡ h∞
pq, (14)

where

ρ[1]
pq ≡

〈
%A

0

∣∣a†
qap

∣∣%A
0

〉
=

∑

µ

V p
µ

∗V q
µ , (15a)

ρ[2]
pqrs ≡

〈
%A

0

∣∣a†
r a

†
s aqap

∣∣%A
0

〉
, (15b)

denote one- and two-body density matrices of the correlated
A-body ground state, respectively. As Eq. (14) stipulates,
the centroid field is equal to the one-body Hamiltonian
h∞ ≡ T + '(∞) whose potential part is nothing but the
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The discussion proposed here is not meant to disqualify
the notion of shell structure and the use of ESPEs in our
interpretation of experimental data but to specify the terms,
i.e., the exact sense and conditions, in which this can be
done meaningfully. Still, it is crucial to state up front that
the nonobservable character of the shell structure establishes
that nuclear shells have no counterpart in the empirical
world, i.e., in experiment, and that any apparent correlation
between ESPEs and actual observables can only exist in a
nonabsolute sense. Indeed, ESPEs change with a “parameter”
that is internal to the theory and that can be tuned at will
without modifying actual observables. As shown below, this
“parameter” presently takes the form of a momentum scale
λ parametrizing families of unitary transformations that can
be arbitrarily applied on the many-body Hilbert space. While
these unitary transformations do not modify the physics
output, i.e., true observables3 O, they typically change any
quantity that results from partitioning these observables, e.g.,
O ≡ o1(λ) + o2(λ) or O ≡ o1(λ) × o2(λ).

The nonobservable nature of the one-nucleon momentum
distribution [14], of spectroscopic factors [15], or of the
one-nucleon shell structure [13] is not as esoteric or shocking
as it may seem at first as it parallels situations encountered
in other fields of physics. As a matter of fact, quantum
mechanics and quantum field theories possess internal degrees
of freedom (e.g., the gauge symmetry) that are essential to
their formulation but that are not observable; i.e., nothing
in the empirical world can fix their value. Eventually, one
can fix this freedom arbitrarily (and conveniently) such that
nonobservable quantities depending on it acquire a fixed value
as well. Still, one must comply with the fact that the behavior
of observables cannot be correlated with nonobservable
quantities in an absolute sense, but only when the internal
degree of freedom is fixed to a particular value. Conversely,
it is mandatory to agree on the way to fix this freedom prior
to doing any comparison or even formulating any discourse
on nonobservable quantities [13,14]. The very same care
associated with partitioning or factorizing observables is also
routine in the discussion of parton distributions in hadronic
physics (see, e.g., Ref. [16]).

The nonobservable character of ESPEs make them both
resolution scale and theoretical scheme dependent. The present
paper focuses on the former by studying at length the “running”
of ESPEs with the scale λ characterizing similarity renormal-
ization group (SRG) transformations of the Hamiltonian [17].
Figure 2 anticipates this discussion by illustrating this feature
from a microscopic shell-model calculation [18–20] of 22,24O.
This calculation is performed in a sd valence space and is
based on realistic two-nucleon (2N ) and three-nucleon (3N )
chiral effective field theory (χ -EFT) interactions (see, e.g.,
Refs. [22,23]) that are evolved to low momenta and further
renormalized to the sd shell through third-order many-body
perturbation theory [18]. The resolution scale characterizing
the 2N interaction is varied from 1.8 to 2.2 fm−1 while keeping

3In the present text we use the same wording and/or notation to
denote the self-adjoint operator associated with an observable and
the corresponding eigenvalues accessed in a measurement.
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FIG. 2. (Color online) Comparison between the Fermi gap in the
ESPE spectrum and the first 2+ excitation energy in 22,24O. Results are
obtained from a microscopic shell model [18–20] based on realistic
2N and 3N interactions. Calculations are displayed for three different
values of the resolution scale characterizing the 2N interaction; see
Ref. [20,21] and the text for details.

the regulator of the 3N interaction unchanged [20,21]. In Fig. 2
the resulting values of the Fermi gap in the Baranger ESPE
spectrum are compared with the first 2+ excitation energies.
We observe that, while the ESPE Fermi gap typically changes
by more than 1 MeV for both nuclei, the 2+ excitation energy
varies by 400 keV in 22O and only 30 keV in 24O. Moreover,
whereas the Fermi gap is relatively close to the 2+ energy
for the lowest resolution scale, it can differ by up to 1 MeV
for the highest one. Consequently, after varying the resolution
scale the correlation between both quantities alluded to in
connection with Fig. 1 is weakened, while the observable 2+

excitation energy is unchanged.
The paper is organized as follows. Section II provides the

detailed formal basis for the proper definition of ESPEs and to
characterize their nonobservable nature. Section III illustrates
the formal proofs via state-of-the-art many-body calculations
based on χ -EFT 2N and 3N interactions. Conclusions are
given in Sec. IV.

II. NUCLEAR SHELL ENERGIES

A. Rationale

As already alluded to above, the interest of referring to
single-nucleon shells resides in the hypothesis that low-energy
observables reflect key patterns of the ESPE spectrum. Besides
2+ excitation energies, this is supposed to apply first and
foremost to one-nucleon separation energies E±

k . Such a
rationale translates into the assumption that the observables
can be partitioned into a dominant “independent-particle-like”
component complemented by many-body correlations, i.e.,
that one can write schematically

E±
k︸︷︷︸

Outcome of Schr. equation

= ep︸︷︷︸
Ind. particles

+ #Ep→k︸ ︷︷ ︸
Correlations

. (2)

Equation (2) is a basic tenet of numerous many-body
methods. For instance, in many-body perturbation theory,
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strength distribution

S(ω) ≡ TrH1 [S(ω)]

=
∑

µ∈HA+1

SF+
µδ(ω − E+

µ ) +
∑

ν∈HA−1

SF−
ν δ(ω − E−

ν ), (7)

which is a basis-independent function of the energy.
We also introduce the nth moment of the spectral function

M(n) ≡
∫ +∞

−∞
ωnS(ω)dω, (8)

which defines an energy-independent matrix on H1. Using the
anticommutation rule of creation and annihilation operators
{ap,a

†
q} = δpq , the zero moment is shown to be nothing but

the identity matrix

M(0) =
∑

µ∈HA+1

S+
µ +

∑

ν∈HA−1

S−
ν = 1. (9)

This sum rule provides each diagonal matrix element of S(ω)
with the meaning of a probability distribution function (PDF)
in the statistical sense, i.e., the combined probability of adding
a nucleon to or removing a nucleon from a specific single-
particle basis state |p〉 integrates to 1 when summing over all
the final states of the A ± 1 systems.

The first moment M(1) of the spectral function defines the
so-called centroid matrix

hcent ≡
∑

µ∈HA+1

S+
µE+

µ +
∑

ν∈HA−1

S−
ν E−

ν . (10)

Effective single-particle energies are nothing but the eigenval-
ues {ecent

p } of the centroid field [10,29], and they are obtained
by solving

hcentψcent
p = ecent

p ψcent
p . (11)

Solving the eigenvalue problem (11) not only provides ESPEs
but also the corresponding single-particle states the nucleon is
effectively added to or removed from. The associated spherical
basis of H1 is denoted as {c†p}. In that basis, ESPEs are
expressed in terms of diagonal spectroscopic probabilities,

ecent
p ≡

∑

µ∈HA+1

S+pp
µ E+

µ +
∑

ν∈HA−1

S−pp
ν E−

ν . (12)

We see that ESPEs are nothing but centroids, i.e., an arithmetic
average, of one-nucleon separation energies weighted by
the probability to reach the corresponding A + 1 (A − 1)
eigenstates by adding (removing) a nucleon to (from) a single-
particle state ψcent

p . Centroid energies are by construction in
one-to-one correspondence with states spanning H1. The step
from one-neutron separation energies to neutron ESPEs is
illustrated in Fig. 3 for an ab initio self-consistent Gorkov
Green’s function (G-SCGF) calculation [30,31] of 74Ni with
a next-to-next-to-next-to-leading order (N3LO) 2N chiral
interaction [32] evolved down to a scale of 2 fm−1 via a SRG
transformation (see Sec. III for details).

It is worth noting that Baranger ESPEs defined through
Eqs. (10)–(12) display three fundamental properties that make
them fundamentally superior to any other definition of single-
particle energies used in the literature: They (i) only invoke

FIG. 3. (Color online) Self-consistent Gorkov Green’s function
calculation of 74Ni with a realistic 2N chiral interaction [32]. (Left)
Spectral strength distribution for one-neutron addition (above the
dashed line) and removal (below the dashed line) processes. (Right)
Baranger ESPEs.

outputs of the many-body Schrödinger equation, (ii) do not de-
pend on the single-particle basis used to expand the many-body
problem, and (iii) reduce to HF single-particle energies in the
HF approximation; i.e., they satisfy Koopmans’ theorem [33]
in such a limit. Eventually, the model-independent character
of Baranger ESPEs relates to the fact they can be computed
unambiguously within any (re)formulation (i.e., scheme) of the
nuclear many-body problem, e.g., shell-model formulations,
ab initio formulations, cluster models, etc.

The fact that model-independent Baranger ESPEs reduce
to HF single-particle energies in the HF approximation or to
standard monopole ESPEs when employing a naive filling is
best seen by applying the identity [34,35]

M (n)
pq =

〈
%A

0

∣∣{
n commutators︷ ︸︸ ︷

[. . . [[ap,H ],H ], . . .],a†
q}

∣∣%A
0

〉
(13)

to n = 1 [10,36,37],

hcent
pq = tpq +

∑

rs

v2N
prqsρ

[1]
sr + 1

4

∑

rstv

v3N
prtqsvρ

[2]
svrt

≡ h∞
pq, (14)

where

ρ[1]
pq ≡

〈
%A

0

∣∣a†
qap

∣∣%A
0

〉
=

∑

µ

V p
µ

∗V q
µ , (15a)

ρ[2]
pqrs ≡

〈
%A

0

∣∣a†
r a

†
s aqap

∣∣%A
0

〉
, (15b)

denote one- and two-body density matrices of the correlated
A-body ground state, respectively. As Eq. (14) stipulates,
the centroid field is equal to the one-body Hamiltonian
h∞ ≡ T + '(∞) whose potential part is nothing but the
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strength distribution

S(ω) ≡ TrH1 [S(ω)]

=
∑

µ∈HA+1

SF+
µδ(ω − E+

µ ) +
∑

ν∈HA−1

SF−
ν δ(ω − E−

ν ), (7)

which is a basis-independent function of the energy.
We also introduce the nth moment of the spectral function

M(n) ≡
∫ +∞

−∞
ωnS(ω)dω, (8)

which defines an energy-independent matrix on H1. Using the
anticommutation rule of creation and annihilation operators
{ap,a

†
q} = δpq , the zero moment is shown to be nothing but

the identity matrix

M(0) =
∑

µ∈HA+1

S+
µ +

∑

ν∈HA−1

S−
ν = 1. (9)

This sum rule provides each diagonal matrix element of S(ω)
with the meaning of a probability distribution function (PDF)
in the statistical sense, i.e., the combined probability of adding
a nucleon to or removing a nucleon from a specific single-
particle basis state |p〉 integrates to 1 when summing over all
the final states of the A ± 1 systems.

The first moment M(1) of the spectral function defines the
so-called centroid matrix

hcent ≡
∑

µ∈HA+1

S+
µE+

µ +
∑

ν∈HA−1

S−
ν E−

ν . (10)

Effective single-particle energies are nothing but the eigenval-
ues {ecent

p } of the centroid field [10,29], and they are obtained
by solving

hcentψcent
p = ecent

p ψcent
p . (11)

Solving the eigenvalue problem (11) not only provides ESPEs
but also the corresponding single-particle states the nucleon is
effectively added to or removed from. The associated spherical
basis of H1 is denoted as {c†p}. In that basis, ESPEs are
expressed in terms of diagonal spectroscopic probabilities,

ecent
p ≡

∑

µ∈HA+1

S+pp
µ E+

µ +
∑

ν∈HA−1

S−pp
ν E−

ν . (12)

We see that ESPEs are nothing but centroids, i.e., an arithmetic
average, of one-nucleon separation energies weighted by
the probability to reach the corresponding A + 1 (A − 1)
eigenstates by adding (removing) a nucleon to (from) a single-
particle state ψcent

p . Centroid energies are by construction in
one-to-one correspondence with states spanning H1. The step
from one-neutron separation energies to neutron ESPEs is
illustrated in Fig. 3 for an ab initio self-consistent Gorkov
Green’s function (G-SCGF) calculation [30,31] of 74Ni with
a next-to-next-to-next-to-leading order (N3LO) 2N chiral
interaction [32] evolved down to a scale of 2 fm−1 via a SRG
transformation (see Sec. III for details).

It is worth noting that Baranger ESPEs defined through
Eqs. (10)–(12) display three fundamental properties that make
them fundamentally superior to any other definition of single-
particle energies used in the literature: They (i) only invoke

FIG. 3. (Color online) Self-consistent Gorkov Green’s function
calculation of 74Ni with a realistic 2N chiral interaction [32]. (Left)
Spectral strength distribution for one-neutron addition (above the
dashed line) and removal (below the dashed line) processes. (Right)
Baranger ESPEs.

outputs of the many-body Schrödinger equation, (ii) do not de-
pend on the single-particle basis used to expand the many-body
problem, and (iii) reduce to HF single-particle energies in the
HF approximation; i.e., they satisfy Koopmans’ theorem [33]
in such a limit. Eventually, the model-independent character
of Baranger ESPEs relates to the fact they can be computed
unambiguously within any (re)formulation (i.e., scheme) of the
nuclear many-body problem, e.g., shell-model formulations,
ab initio formulations, cluster models, etc.

The fact that model-independent Baranger ESPEs reduce
to HF single-particle energies in the HF approximation or to
standard monopole ESPEs when employing a naive filling is
best seen by applying the identity [34,35]

M (n)
pq =

〈
%A

0

∣∣{
n commutators︷ ︸︸ ︷

[. . . [[ap,H ],H ], . . .],a†
q}
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0
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(13)

to n = 1 [10,36,37],
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pq = tpq +
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4

∑
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where

ρ[1]
pq ≡
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0

∣∣a†
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0

〉
=

∑

µ

V p
µ
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µ , (15a)

ρ[2]
pqrs ≡

〈
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0
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†
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0

〉
, (15b)

denote one- and two-body density matrices of the correlated
A-body ground state, respectively. As Eq. (14) stipulates,
the centroid field is equal to the one-body Hamiltonian
h∞ ≡ T + '(∞) whose potential part is nothing but the
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strength distribution

S(ω) ≡ TrH1 [S(ω)]

=
∑

µ∈HA+1

SF+
µδ(ω − E+

µ ) +
∑

ν∈HA−1

SF−
ν δ(ω − E−

ν ), (7)

which is a basis-independent function of the energy.
We also introduce the nth moment of the spectral function

M(n) ≡
∫ +∞

−∞
ωnS(ω)dω, (8)

which defines an energy-independent matrix on H1. Using the
anticommutation rule of creation and annihilation operators
{ap,a

†
q} = δpq , the zero moment is shown to be nothing but

the identity matrix

M(0) =
∑

µ∈HA+1

S+
µ +

∑

ν∈HA−1

S−
ν = 1. (9)

This sum rule provides each diagonal matrix element of S(ω)
with the meaning of a probability distribution function (PDF)
in the statistical sense, i.e., the combined probability of adding
a nucleon to or removing a nucleon from a specific single-
particle basis state |p〉 integrates to 1 when summing over all
the final states of the A ± 1 systems.

The first moment M(1) of the spectral function defines the
so-called centroid matrix

hcent ≡
∑

µ∈HA+1

S+
µE+

µ +
∑

ν∈HA−1

S−
ν E−

ν . (10)

Effective single-particle energies are nothing but the eigenval-
ues {ecent

p } of the centroid field [10,29], and they are obtained
by solving

hcentψcent
p = ecent

p ψcent
p . (11)

Solving the eigenvalue problem (11) not only provides ESPEs
but also the corresponding single-particle states the nucleon is
effectively added to or removed from. The associated spherical
basis of H1 is denoted as {c†p}. In that basis, ESPEs are
expressed in terms of diagonal spectroscopic probabilities,

ecent
p ≡

∑

µ∈HA+1

S+pp
µ E+

µ +
∑

ν∈HA−1

S−pp
ν E−

ν . (12)

We see that ESPEs are nothing but centroids, i.e., an arithmetic
average, of one-nucleon separation energies weighted by
the probability to reach the corresponding A + 1 (A − 1)
eigenstates by adding (removing) a nucleon to (from) a single-
particle state ψcent

p . Centroid energies are by construction in
one-to-one correspondence with states spanning H1. The step
from one-neutron separation energies to neutron ESPEs is
illustrated in Fig. 3 for an ab initio self-consistent Gorkov
Green’s function (G-SCGF) calculation [30,31] of 74Ni with
a next-to-next-to-next-to-leading order (N3LO) 2N chiral
interaction [32] evolved down to a scale of 2 fm−1 via a SRG
transformation (see Sec. III for details).

It is worth noting that Baranger ESPEs defined through
Eqs. (10)–(12) display three fundamental properties that make
them fundamentally superior to any other definition of single-
particle energies used in the literature: They (i) only invoke

FIG. 3. (Color online) Self-consistent Gorkov Green’s function
calculation of 74Ni with a realistic 2N chiral interaction [32]. (Left)
Spectral strength distribution for one-neutron addition (above the
dashed line) and removal (below the dashed line) processes. (Right)
Baranger ESPEs.

outputs of the many-body Schrödinger equation, (ii) do not de-
pend on the single-particle basis used to expand the many-body
problem, and (iii) reduce to HF single-particle energies in the
HF approximation; i.e., they satisfy Koopmans’ theorem [33]
in such a limit. Eventually, the model-independent character
of Baranger ESPEs relates to the fact they can be computed
unambiguously within any (re)formulation (i.e., scheme) of the
nuclear many-body problem, e.g., shell-model formulations,
ab initio formulations, cluster models, etc.

The fact that model-independent Baranger ESPEs reduce
to HF single-particle energies in the HF approximation or to
standard monopole ESPEs when employing a naive filling is
best seen by applying the identity [34,35]

M (n)
pq =

〈
%A

0

∣∣{
n commutators︷ ︸︸ ︷

[. . . [[ap,H ],H ], . . .],a†
q}

∣∣%A
0

〉
(13)

to n = 1 [10,36,37],

hcent
pq = tpq +

∑

rs

v2N
prqsρ

[1]
sr + 1

4

∑

rstv

v3N
prtqsvρ

[2]
svrt

≡ h∞
pq, (14)

where

ρ[1]
pq ≡

〈
%A

0

∣∣a†
qap
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0

〉
=

∑

µ

V p
µ

∗V q
µ , (15a)

ρ[2]
pqrs ≡

〈
%A

0

∣∣a†
r a

†
s aqap

∣∣%A
0

〉
, (15b)

denote one- and two-body density matrices of the correlated
A-body ground state, respectively. As Eq. (14) stipulates,
the centroid field is equal to the one-body Hamiltonian
h∞ ≡ T + '(∞) whose potential part is nothing but the
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Recollect strength in both removal and addition channels
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FIG. 8. (Color online) Spectroscopic factors associated with one-
neutron addition and removal process on the ground states of
14,16,18,20,22,24O computed as a function of the associated sep-
aration energy. For each final state, results obtained for λ =
1.88,2.00,2.24 fm−1 are joined by solid lines. One-, two-, and
three-body operators are retained in the (initial and) transformed
Hamiltonians. (a) Results obtained at the HFB level. (b) Results
obtained from second-order G-SCGF calculations.

within an independent (quasi)-particle picture such that the
strength for particle addition or removal is contained almost
entirely in individual single-particle states, i.e., the eigenstates
of hcent, by construction. Spectroscopic factors are actually
not strictly equal to 1 (or 0) owing to the treatment of
pairing correlations in the HFB framework, the two 5/2+

states associated with one-neutron addition and removal in
the open-shell 20O being the most prominent example.

The picture is different in Fig. 8(b), where results from
second-order G-SCGF calculations are compiled. There is
less variation along the horizontal axis than in the HFB
case because the improved many-body treatment reduces the
scale dependence of the observable one-neutron separation
energies (cf. Fig. 5). Owing to the inclusion of dynamical
correlations, the spectroscopic strength is now fragmented.
For certain states, in particular the 1/2− and 3/2− states, the
vertical spread becomes visible and indicates that the details
of this fragmentation depend on the resolution scale λ (while
the associated separation energy does not). By improving
the treatment of the many-body problem through switching
from HFB to G-SCGF, we have thus slightly increased the
scale dependence of some of the nonobservable spectroscopic
factors significantly. Still, a larger range of λ values will have

to be used to generate any significant and systematic scale
dependence.

IV. CONCLUSIONS

The present work is dedicated to specifying and illustrating
the nonobservable nature of the one-nucleon shell structure.
After a formal demonstration, state-of-the-art multireference
in-medium SRG and self-consistent Gorkov Green’s function
many-body calculations based on chiral two- and three-
nucleon interactions are employed to illustrate that, as opposed
to observable quantities, nuclear shell energies run under
unitary SRG transformations of the Hamiltonian parametrized
by the resolution scale λ. In practice, the unitarity of the
similarity transformations is broken owing to the omission of
induced many-body interactions in the present framework and
the approximate treatment of the Schrödinger equation. The
impact of this breaking is first characterized by quantifying
the (artificial) running of observables over a (necessarily)
finite interval of λ values. Then the (genuine) running of
ESPEs is characterized and shown to be convincingly larger
than that of observables (which would be zero in an exact
calculation).

The nonobservable nature of the nuclear shell structure,
i.e., the fact that it constitutes an intrinsically theoretical object
with no counterpart in the empirical world, must be recognized
and assimilated. Indeed, the shell structure cannot be extracted
from experimental data; hence, it cannot be talked about in an
absolute sense as it depends on the nonobservable resolution
scale employed in the theoretical calculation. Consequently,
correlations that one may establish between observables,
e.g., first 2+ excitation energies or one-nucleon separation
energies, and features of the shell structure, e.g., the size
of the particle-hole gap at the Fermi energy, depend on the
resolution scale. It is only at the price of fixing arbitrarily
(but conveniently) the resolution scale in the theoretical
framework that one can establish and utilize such correla-
tions. To some extent, fixing the resolution scale provides
ESPEs (and spectroscopic factors) with a quasi-observable
character.

Ultimately, practitioners can refer to nuclear shells and
spectroscopic factors in their analyses of nuclear phenomena.
This, however, requires that it is done on the basis of a
well-defined theoretical scheme, i.e., well-specified degrees
of freedom combined with a Hamiltonian characterized by a
fixed resolution scale. It is mandatory to perform comparisons
from one nucleus to the other or from one practitioner to
the other on the basis of that very same theoretical scheme.
Incidentally, this also necessitates to use consistent structure
and reaction theoretical schemes, i.e., structure and reaction
theories based on the same degrees of freedom and the
same fixed Hamiltonian, eventually employing the same
approximations within that many-body scheme. This is, of
course, a very challenging task for the future. Still, it indicates
that, from the perspective of future theoretical developments,
there is not much value in combining, e.g., high-quality ab
initio nuclear structure quantities with inconsistent nuclear
reaction theories. The focus should rather be on consistency
because there is more value in developing less advanced, e.g.,
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Starting from one-nucleon spectroscopic amplitudes

d

dλ
V p

ν (λ) = −
〈
#A−1

ν (λ)
∣∣[η(λ),ap]

∣∣#A
0 (λ)

〉∗
, (27a)

d

dλ
Up

µ (λ) = −
〈
#A+1

µ (λ)
∣∣[η(λ),a†

p]
∣∣#A

0 (λ)
〉∗

, (27b)

one obtains flow equations for spectroscopic probability
matrices S+

µ and S−
ν as well as their traces SF+

µ and SF−
ν .

Combining Eq. (27) with the fact that observable one-nucleon
addition and removal energies are invariant because they are
differences of eigenvalues of H (λ) [see Eq. (21)],

d

dλ
E−

ν (λ) = d

dλ
E+

µ (λ) = 0, (28)

one can eventually derive flow equations for the zeroth and
first moments of the spectral function matrix8

d

dλ
M (0)

pq (λ) = 0, (29a)

d

dλ
M (1)

pq (λ) = −
〈
#A

0 (λ)
∣∣{[[η(λ),ap],H (λ)],a†

q} + {[ap,H (λ)],[η(λ),a†
q]}

∣∣#A
0 (λ)

〉
. (29b)

Equation (29) demonstrates that sum rule (9) is scale invariant
while the centroid matrix hcent(λ) and its eigenvalues ecent

p (λ)
are not. Just as for spectroscopic factors, the latter property
underlines the scale dependence of ESPEs; i.e., they “run”
with the unitary transformation U (λ), as opposed to true
observables.

4. Symmetry transformations

It is worth noting that symmetry transformations of the
Hamiltonian associated with a (locally) compact Lie groups
whose generators Ci are one-body operators do not induce
any running of spectroscopic factors and ESPEs. Using a one-
parameter group for simplicity and employing an exponential
map to represent the transformation, i.e., U (β) = eiβC , one
can show that the transformation of creation and annihilation
operators in Fock space reduces to

U (β)a†
pU †(β) =

∑

q

uqp(β)a†
q, (30a)

U (β)apU †(β) =
∑

q

u∗
qp(β)aq, (30b)

where uqp(β) ≡ 〈q|U (β)|p〉 is the unitary matrix representing
U (β) in the one-body Hilbert space H1. In contrast to Eq. (24),
a transformed creation (annihilation) operator remains a
linear combination of pure one-particle creation (annihilation)
operators. In this case, it is straightforward to show that
spectroscopic probability matrices and the centroid matrix
transform as standard matrices on H1 by using Eq. (30):

S
±pq
k (β) =

∑

rs

upr (β)S±rs
k u†

sq(β), (31a)

hcent
pq (β) =

∑

rs

upr (β)hcent
rs u†

sq(β). (31b)

By virtue of the unitarity of uqp(β), the spectroscopic factors,
i.e., the trace of the spectroscopic probability matrices, do not
depend on β. Because U (β) is a symmetry of H , it is also

8Starting from Eq. (13), it is straightforward to derive the flow
equation for an arbitrary moment M(n)(λ).

straightforward to show that hcent is a scalar and thus does not
depend on β either.9

Ultimately, this underlines the fact that we are presently
not concerned with symmetry transformations. The trans-
formations we are interested in are, e.g., free-space SRG
transformations defined through their generator η(λ) in such a
way that the virtual coupling between low and high momenta
is continuously reduced in H (λ) (see Ref. [17] for details).
Creation and annihilation operators are transformed on Fock
space according to the general law (24) and not the simpler
transformation (30), which, in turn, causes spectroscopic
factors and ESPEs to run with λ.

5. Discussion

The scale dependence of ESPEs generated by the flow equa-
tion (29b) has significant consequences. Despite the model-
independent and physically intuitive character of Baranger’s
ESPEs, these quantities are not observable. Like spectroscopic
factors, wave functions, or “correlations,” nuclear shells do
not qualify as an observable within the frame of quantum
mechanics because they can be modified at will under a unitary
transformation (while keeping true observables invariant). In
that respect, the partitioning provided by Eq. (18) can now be
further specified as

many-body observable

E+
µ︸︷︷︸

invariant under U (λ)

≡
single-particle components∑

p

s+pp
µ (λ)ecent

p (λ)

︸ ︷︷ ︸
varies under U (λ)

+
correlations∑

pq

s+pq
µ (λ)&dyn

qp (E+
µ ; λ)

︸ ︷︷ ︸
varies under U (λ)

, (32)

which underlines that such a partitioning is necessarily scale
dependent.10

9Simply insert a complete basis of H1 whose states span the
irreducible representations of the group in Eq. (31b).

10The flow equation for the independent-particle-like contribution
to one-nucleon separation energies can be easily worked out starting
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whose generators Ci are one-body operators do not induce
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i.e., the trace of the spectroscopic probability matrices, do not
depend on β. Because U (β) is a symmetry of H , it is also
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straightforward to show that hcent is a scalar and thus does not
depend on β either.9

Ultimately, this underlines the fact that we are presently
not concerned with symmetry transformations. The trans-
formations we are interested in are, e.g., free-space SRG
transformations defined through their generator η(λ) in such a
way that the virtual coupling between low and high momenta
is continuously reduced in H (λ) (see Ref. [17] for details).
Creation and annihilation operators are transformed on Fock
space according to the general law (24) and not the simpler
transformation (30), which, in turn, causes spectroscopic
factors and ESPEs to run with λ.

5. Discussion

The scale dependence of ESPEs generated by the flow equa-
tion (29b) has significant consequences. Despite the model-
independent and physically intuitive character of Baranger’s
ESPEs, these quantities are not observable. Like spectroscopic
factors, wave functions, or “correlations,” nuclear shells do
not qualify as an observable within the frame of quantum
mechanics because they can be modified at will under a unitary
transformation (while keeping true observables invariant). In
that respect, the partitioning provided by Eq. (18) can now be
further specified as
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Spectral representation and quasiparticles

⦿ The spectral function describes the dispersion in energy of modes with a given momentum

A(k,ω)

ω
➟ Idea: associate a well-defined peak with a quasiparticle. 

⦿ Excitation of the system would then show up as peaks in A

⦿ Quasiparticles will have, in general

4

Tracing the latter matrices over the one-body Hilbert space H1 provides spectroscopic factors
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which are nothing but the norms of the spectroscopic amplitudes. A spectroscopic factor sums the probabilities that
an eigenstate of the A+1 (A-1) system can be described as a nucleon added to (removed from) a single-particle state
on top of the ground state of the A-nucleon system.

One can then gather the complete spectroscopic information associated with one-nucleon addition and removal
processes into the so-called spectral function S(!). The spectral function denotes an energy-dependent matrix defined
on H1 through
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where the first (second) sum is restricted to eigenstates of H in the Hilbert space HA+1 (HA�1) associated with the
A+1 (A-1) system. Note that S(!) is directly related to the imaginary part of Dyson’s one-body Green’s function
G(!) [? ]. Taking the trace of S(!) provides the spectral strength distribution (SDD)
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=
X

µ2HA+1

SF
+
µ
�(z � E

+
µ
) +

X

⌫2HA�1

SF
�

⌫
�(z � E

�

⌫
)

which is a basis-independent function of the energy.
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○Modified or renormalised “single-particle” properties (e.g. an effective mass)

○A finite lifetime, physically associated with the damping of the excitation

○ The lifetime is given by the width of the quasiparticle peak
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○Quasiparticle properties computed from the GF pole
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Quasiparticle pole

Since we have considered a coupling constant given by
!=−!"R!E" /!E #E=0=1, the real part of the renormalization
factor at the Fermi level !ER=0" is Re!Zqp"$1 / !1+!"
$1 /2 at E=0, for both T=0 and T=#0 /10. Note that
Re!Zqp" vanishes continuously when going to ER→#0. At
higher temperatures, such as T=#0, the same qualitative be-
havior is observed, but Re!Zqp" is significantly weakened for
ER$#0. For all temperatures and ER%#0 the damped elec-
tron dominates the full spectral weight since Re!Zqp"→1 for
high energies.

Figures 4 and 5 show the electron spectral functions for
&k=2 at temperatures T=0 and T=#0 /10, respectively. The
bottom panels represent the analytically continued spectral
function Ak!z"=−Im%G̃k!z"& /' for &k=2#0. The top panels
demonstrate Ak!ER" in the real axis. At T=0, two poles are
clearly visible !bottom panels", one located at the real axis at
ER'0.8#0 and the other one at !ER'1.8#0 , EI'−2#0".
The first one corresponds to the polaron state, while the other
one is a damped electron. At finite temperatures, these two
states are again discernible, but several additional states
show up with smaller spectral weight.

D. Momentum-dependent self-energy in real materials

Besides the electron and phonon band structures, a key
ingredient for calculating electron-phonon interaction related
properties is the Eliashberg function6

(2Fi,k!#" = (
q,)

j

#gq,)
i,j #2*!# − #q,)"*!&n!,k+q − &n,k" . !31"

This function is basically the phonon density of states
weighted by the electron-phonon matrix elements, and gives

the probability of an electron-phonon scattering event trans-
ferring energy # at T=0. i and j label the different electron
bands, k and q are the electron and phonon wave vectors,
and #q,) and gq,)

i,j stand for the phonon energy and the
electron-phonon matrix elements !related to the phonon
mode )", respectively.

The Eliashberg function corresponding to the Einstein
model with phonon energy #0 and matrix element g,

(2FEi!#" =
#g#2

#0
*!# − #0" , !32"

is basically a Dirac delta function. Thus Eq. !31" may be
reinterpreted as the superposition of effective Einstein modes
with energies # and (2Fi,k!#" playing the role of the inter-
action strength. In this way, the total second-order self-
energy for an electron with band index i and momentum k
may be written as a sum of contributions of effective Ein-
stein modes.

"̃i,k!z" = )
0

+

d#(2Fi,k!#""̃Ei!z,#" . !33"

"̃i,k!z" is analytic across the real axis because so is "̃Ei!z ,#".
Hence one can use Eq. !33" in the complex Dyson equation
to describe any arbitrary system.

III. IMPLEMENTATION

Equation !33" gives the analytic continuation of the re-
tarded electron self-energy from the upper into the lower half
complex plane, i.e., from the physical into the unphysical

FIG. 4. !Color online" Representations of the analytically con-
tinued spectral function Ak!z"=−Im%G̃k!z"& /' for &k=2#0 and T
=0. The bottom panel shows Ak!z" in the complex plane, and the
top panel demonstrates Ak!ER" in the real axis.

FIG. 5. !Color online" Representations of the analytically con-
tinued spectral function Ak!z"=−1 /' Im%G̃k!z"& for &k=2#0 and T
=#0 /10. The bottom panel shows Ak!z" in complex plane, and top
panel demonstrates Ak!ER" in the real axis.
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[Eiguren, Ambrosch-Draxl & Echenique 2009]

Electron-phonon Einstein model

⦿ In practice, one needs to perform an analytic continuation of the self-energy
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Nucleon mean free path
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FIG. 5. (Color online) Correlation between the probability C
of accepted collisions and the stopping ratio S for two Fermi
spheres separated by relative energies of 30A,60A,90A,110A MeV
(symbols). The curves correspond to the fits Sβ , with the β values
displayed in the inserted table and their corresponding reduced χ2

values.

form between the stopping ratio S and the percentage of NN
collisions C for the corresponding available phase space. In the
following, we will use this quantity C calculated from Eq. (4)
to extract information on NN collisions.

C. Mass scaling and characteristic length

To understand the mass hierarchy observed in Figs. 3 and 4,
we scale the latter quantity C by A

γ
tot, Atot being the total mass

number of the system, and γ varying between 1/4 and 2/3.
The results are shown in Fig. 6. For γ ≈ 1

3 , all experimental
points collapse on a single curve for the whole range of
incident energy and for all systems; the agreement is somehow
particularly impressive for incident energies above the Fermi
energy.
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FIG. 6. (Color online) Scaled quantity C/A
γ
tot (see text), here

multiplied by 100, as a function of incident energy for γ = 0.25,
0.333,0.5,0.667. Symbols are the same as for Fig. 3.

This result suggests defining a characteristic quantity A
1/3
tot ,

homogeneous to a length, connected to the radial extent of
the system formed in central collisions. This length appears to
be a key quantity for describing the amount of stopping and
hence the percentage of NN collisions. In a Glauber picture,
this can be seen as the characteristic length associated with
NN collisions in nuclear matter. From this, we can infer that the
corresponding reduced valueC/A

1/3
tot is related to the associated

mean free path for NN collisions.

IV. IN-MEDIUM EFFECTS

A. Nucleon mean free path

In this section, we estimate the mean free path for a nucleon
from the stopping ratio S and the related quantity C. We
postulate from the previous findings that the mean free path
λNN can be simply expressed as the inverse of C:

λNN ≈ L/C, (5)

where L is a characteristic length proportional to A
1/3
tot ,

taken equal to the average nuclear radius L = r0A
1/3 with

r0 = 1.2 fm and A = Atot/2 ≈ Aprojectile ≈ Atarget. L can be
interpreted as a quantity related to the average distance traveled
by a nucleon. Also, we assume implicitly that the quantity
C = Sβ corresponds to the percentage of NN collisions when
the two incoming nuclei fully overlap in r-space, as one
can expect for central collisions. At this stage, we do not
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both generate all allowed diagrams at a given order without
missing any and to evaluate their expression in a quick and error-
safe way. Consequently, the last tool introduced to tackle this
difficulty consists of an automatized generation and evaluation
of diagrams [88–95]. All these technical, yet crucial, aspects of
MBPT are not addressed in the present article and the interested
reader is referred to the references.

5.1. Reference State
The present chapter is dedicated to the simplest form of MBPT
appropriate to closed-shell systems. This first version relies on the
use of a symmetry-conserving Slater determinant reference state

|!〉 ≡
A

∏

i=1

c†i |0〉, (34)

where the set of single-particle creation operators {c†p} acts on
the physical vacuum |0〉. This constitutes an appropriate starting
point of the perturbative expansion as long as |!〉 denotes a
closed-shell Slater determinant in agreement with the left-hand
case in Figure 2. While, in principle, the single-particle basis
is completely arbitrary, applications will reveal its significant
impact on the qualitative behavior of the perturbative expansion.

5.2. Normal Ordering
Applying Wick’s theorem with respect to |!〉, the Hamiltonian
can be rewritten in terms of normal-ordered contributions

H = H[0]+
∑

pq

H[2]
pq : c†pcq :+

1
4

∑

pqrs

H[4]
pqrs : c†pc

†
qcscr :+ . . . , (35)

where : : denotes the normal order of the involved creation and
annihilation operators. Thus, H[0] is the expectation value of
H in |!〉 whereas H[2]

pq and H[4]
pqrs define matrix elements of

effective, i.e., normal-ordered, one-body and two-body operators,
respectively. The dots denote normal-ordered operators of higher
ranks, up to the maximum rank kmax characterizing the initial
Hamiltonian (Equation 3). Through the application of Wick’s
theorem, an effective operator of rank keff receives contributions
from all initial operators with rank k, where keff ≤ k ≤
kmax. Using an initial Hamiltonian with up to three-nucleon
interactions and working in the normal-ordered two-body
approximation (NO2B) [79, 82], the residual three-body part
H[6] is presently discarded. For explicit expressions of the matrix
elements defining the normal-ordered operator (see [79, 82, 83]).

5.3. Partitioning
To explicitly set up the partitioning of the Hamiltonian
(Equation 8), one adds and subtracts a diagonal normal-ordered
one-body operator

H̄[2] ≡
∑

p

ep : c†pcp : (36)

such that

H0 = H[0] +
∑

p

ep : c†pcp :, (37a)

H1 ≡ H̆[2] +H[4], (37b)

with

H̆[2] ≡ H[2] − H̄[2] =
∑

p%=q

H[2]
pq : c†pcq : . (38)

Introducing the set of Slater determinants obtained from |!〉 via
n-particle/n-hole excitations

|!ab···
ij··· 〉 ≡ c†ac

†
b . . . cjci|!〉, (39)

one obtains an orthonormal basis of the A-body Hilbert space

H
A = {|!〉, |!a

i 〉, |!
ab
ij 〉, |!

abc
ijk 〉, ...}, (40)

which is nothing but the eigenbasis of H0

H0|!〉 = H[0]|!〉, (41a)

H0|!
ab···
ij··· 〉 = (H[0] + εab···ij··· )|!

ab···
ij··· 〉, (41b)

where

εab···ij··· ≡ (ea + eb + · · · )− (ei + ej + · · · ) (42)

sums (subtracts) the n one-body energies of the particle (hole)
states the nucleons are excited into (from). Equation (41)
corresponds to the explicit form of Equation (9) in the case of
a Slater determinant reference state.
Convention: One-body states occupied (unoccupied) in the
reference determinant are labeled by i, j, k, ... (a, b, c, ...) and are
referred to as hole (particle) states. Generic one-body states are
denoted by p, q, r, ....

The single-particle energies {εp} are parameters of the theory
that are fixed by the partitioning, which itself defines the
reference state. They can be chosen arbitrarily as long as the
A occupied hole states have lower energies than the remaining
particle states, such that εab···ij··· > 0. A simple choice employed in
nuclear physics consists of building |!〉 by filling up the A lowest
single-particle eigenstates of the spherical harmonic oscillator
Hamiltonian [32, 33], i.e., setting

H0 ≡
&p 2

2m
+

1
2
mω2&r 2, (43)

where the oscillator frequency ω specifies the width of the
potential. A more standard choice throughout various fields of
many-body physics and chemistry relates to the so-called Møller-
Plesset partitioning that corresponds to taking H̆[2] = 0, i.e.,
H1 = H[4]. This is obtained by using the reference Slater
determinant |!〉 solution of the Hartree-Fock (HF) variational
problem and by defining H̄[2] from the eigenvalues of the one-
body HF Hamiltonian.
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both generate all allowed diagrams at a given order without
missing any and to evaluate their expression in a quick and error-
safe way. Consequently, the last tool introduced to tackle this
difficulty consists of an automatized generation and evaluation
of diagrams [88–95]. All these technical, yet crucial, aspects of
MBPT are not addressed in the present article and the interested
reader is referred to the references.

5.1. Reference State
The present chapter is dedicated to the simplest form of MBPT
appropriate to closed-shell systems. This first version relies on the
use of a symmetry-conserving Slater determinant reference state

|!〉 ≡
A

∏

i=1

c†i |0〉, (34)

where the set of single-particle creation operators {c†p} acts on
the physical vacuum |0〉. This constitutes an appropriate starting
point of the perturbative expansion as long as |!〉 denotes a
closed-shell Slater determinant in agreement with the left-hand
case in Figure 2. While, in principle, the single-particle basis
is completely arbitrary, applications will reveal its significant
impact on the qualitative behavior of the perturbative expansion.

5.2. Normal Ordering
Applying Wick’s theorem with respect to |!〉, the Hamiltonian
can be rewritten in terms of normal-ordered contributions
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where : : denotes the normal order of the involved creation and
annihilation operators. Thus, H[0] is the expectation value of
H in |!〉 whereas H[2]

pq and H[4]
pqrs define matrix elements of

effective, i.e., normal-ordered, one-body and two-body operators,
respectively. The dots denote normal-ordered operators of higher
ranks, up to the maximum rank kmax characterizing the initial
Hamiltonian (Equation 3). Through the application of Wick’s
theorem, an effective operator of rank keff receives contributions
from all initial operators with rank k, where keff ≤ k ≤
kmax. Using an initial Hamiltonian with up to three-nucleon
interactions and working in the normal-ordered two-body
approximation (NO2B) [79, 82], the residual three-body part
H[6] is presently discarded. For explicit expressions of the matrix
elements defining the normal-ordered operator (see [79, 82, 83]).

5.3. Partitioning
To explicitly set up the partitioning of the Hamiltonian
(Equation 8), one adds and subtracts a diagonal normal-ordered
one-body operator

H̄[2] ≡
∑

p

ep : c†pcp : (36)

such that

H0 = H[0] +
∑

p

ep : c†pcp :, (37a)

H1 ≡ H̆[2] +H[4], (37b)

with

H̆[2] ≡ H[2] − H̄[2] =
∑

p%=q

H[2]
pq : c†pcq : . (38)

Introducing the set of Slater determinants obtained from |!〉 via
n-particle/n-hole excitations

|!ab···
ij··· 〉 ≡ c†ac

†
b . . . cjci|!〉, (39)

one obtains an orthonormal basis of the A-body Hilbert space

H
A = {|!〉, |!a

i 〉, |!
ab
ij 〉, |!

abc
ijk 〉, ...}, (40)

which is nothing but the eigenbasis of H0

H0|!〉 = H[0]|!〉, (41a)

H0|!
ab···
ij··· 〉 = (H[0] + εab···ij··· )|!

ab···
ij··· 〉, (41b)

where

εab···ij··· ≡ (ea + eb + · · · )− (ei + ej + · · · ) (42)

sums (subtracts) the n one-body energies of the particle (hole)
states the nucleons are excited into (from). Equation (41)
corresponds to the explicit form of Equation (9) in the case of
a Slater determinant reference state.
Convention: One-body states occupied (unoccupied) in the
reference determinant are labeled by i, j, k, ... (a, b, c, ...) and are
referred to as hole (particle) states. Generic one-body states are
denoted by p, q, r, ....

The single-particle energies {εp} are parameters of the theory
that are fixed by the partitioning, which itself defines the
reference state. They can be chosen arbitrarily as long as the
A occupied hole states have lower energies than the remaining
particle states, such that εab···ij··· > 0. A simple choice employed in
nuclear physics consists of building |!〉 by filling up the A lowest
single-particle eigenstates of the spherical harmonic oscillator
Hamiltonian [32, 33], i.e., setting

H0 ≡
&p 2

2m
+

1
2
mω2&r 2, (43)

where the oscillator frequency ω specifies the width of the
potential. A more standard choice throughout various fields of
many-body physics and chemistry relates to the so-called Møller-
Plesset partitioning that corresponds to taking H̆[2] = 0, i.e.,
H1 = H[4]. This is obtained by using the reference Slater
determinant |!〉 solution of the Hartree-Fock (HF) variational
problem and by defining H̄[2] from the eigenvalues of the one-
body HF Hamiltonian.
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⦿ Idea: reopen gap via symmetry breaking   (➝  GHam  ≠ Gwf )

Symmetry breaking
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⦿ Approximate/truncated methods capture correlations via an expansion in ph excitations

⦿ Open-shell nuclei are (near-)degenerate with respect to ph excitations
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⦿ Solution: multi-determinantal or symmetry-breaking reference state 

Doubly open-shell nuclei

Pairing correlations
↕ 

Superfluidity
↕

Breaking of U(1)

Quadrupole correlations
↕

Deformation
↕

Breaking of SU(2)

○ Symmetry-breaking solution allows to lift the degeneracy

Singly open-shells Doubly open-shells

To be developed and implementedDeveloped and implemented

⦿ Approximate/truncated methods capture correlations via an expansion in ph excitations

⦿ Open-shell nuclei are (near-)degenerate with respect to ph excitations

open-shellclosed-shell

i j

a b

i j a b

Approximate ab initio methods

i j

a b

Order parameter

1

h�0|Q|�0i = q ⌘ |q|ei arg (q)

Rabij = · · ·+
X

kl

X

cd

Hklcd tdj tak tcbil + . . .

v(i) = v(ri) ⌘ � v0
1 + exp( ri�R

a
)

h(i) =
~p2(i)

2m
+ v(i)

h0|↵i = "↵|↵i 8i

|�0i =
AY

i=1

a†
↵i
|0i

H0 =
AX

i=1

h0(i)

H0|�ki = ✏k|�ki

� ⌘ ↵�1/4 [fm�1]

V↵(k, k
0) ⇡ V↵=0(k, k

0) e�↵(k2
�k

02)2

dV↵(k, k0)

d↵
= �(k2 � k02)2V↵(k, k

0) +
2

⇡

Z
1

0
q2dq(k2 + k02 � 2q2)V↵(k, q)V↵(q, k

0)

H↵ = Tint + V↵

H↵ = Tint + V↵ + V 3N
↵

Hm =

2

6666664

↵1 �2

�2 ↵2 �3

�3 ↵3
. . .

. . .
. . . �m

�m ↵m

3

7777775

Hint = T � Tcm + VNN + V3N + · · ·

Hint| inti = Eint| inti

[Hcm, Hint] = 0



Gorkov Green’s functions

2.1 Symmetry breaking

⦿ Approximate/truncated methods capture correlations via an expansion in ph excitations

⦿ Open-shell nuclei are (near-)degenerate with respect to ph excitations

open-shellclosed-shell

i j

a b

i j a b

⦿ Solution: multi-determinantal or symmetry-breaking reference state 

Doubly open-shell nuclei

Pairing correlations
↕ 

Superfluidity
↕

Breaking of U(1)

Quadrupole correlations
↕

Deformation
↕

Breaking of SU(2)

○ Symmetry-breaking solution allows to lift the degeneracy

Singly open-shells Doubly open-shells

To be developed and implementedDeveloped and implemented

⦿ Approximate/truncated methods capture correlations via an expansion in ph excitations

⦿ Open-shell nuclei are (near-)degenerate with respect to ph excitations

open-shellclosed-shell

i j

a b

i j a b

⦿ Solution: multi-determinantal or symmetry-breaking reference state 

Doubly open-shell nuclei

Pairing correlations
↕ 

Superfluidity
↕

Breaking of U(1)

Quadrupole correlations
↕

Deformation
↕

Breaking of SU(2)

○ Symmetry-breaking solution allows to lift the degeneracy

Singly open-shells Doubly open-shells

To be developed and implementedDeveloped and implemented

⦿ Approximate/truncated methods capture correlations via an expansion in ph excitations

⦿ Open-shell nuclei are (near-)degenerate with respect to ph excitations

open-shellclosed-shell

i j

a b

i j a b

⦿ Solution: multi-determinantal or symmetry-breaking reference state 

Doubly open-shell nuclei

Pairing correlations
↕ 

Superfluidity
↕

Breaking of U(1)

Quadrupole correlations
↕

Deformation
↕

Breaking of SU(2)

○ Symmetry-breaking solution allows to lift the degeneracy

Singly open-shells Doubly open-shells

To be developed and implementedDeveloped and implemented

⦿ Approximate/truncated methods capture correlations via an expansion in ph excitations

⦿ Open-shell nuclei are (near-)degenerate with respect to ph excitations

open-shellclosed-shell

i j

a b

i j a b

Approximate ab initio methods

i j

a b

Figure 2.2 Schematic effect of introducing a symmetry-breaking reference state. Degen-
erate levels characterising an open-shell system in a symmetry-conserving scheme (on the
left, see Fig. 2.1 for the notation) become non-degenerate in the symmetry breaking case
(right).

sion, it also comes with additional complications. First, many-body formalisms might
become more involved and require new extensions or developments. Second, since nuclei
are finite systems (and as such they can not undergo a true phase transition because of the
associated finite inertia) [115–117], broken symmetries must be restored in a subsequent
step of the calculation, i.e. the computed A-body wave function (or GFs) should eventu-
ally recover all the relevant quantum numbers of the exact one. This typically increases
both the formal and the computational complexity of the approach. While these aspects6

are being tackled in state-of-the-art nuclear structure methods, several issues remain open.
In particular, while symmetry restoration has been formalised for many-body techniques
like MBPT or CC [68, 69], it still needs to be worked out in the case of GF theory.

Let us note that resorting to concepts based on symmetry-breaking has a long tradi-
tion in nuclear physics. The rotational model of Bohr and Mottelson [118, 119] and the
deformed shell model [120] are early examples of a successful description of nuclear spec-
tra in terms of deformed representations of the nucleus. More recently, energy density
functionals have embodied symmetry breaking and restoration techniques as an effective
way to capture strong static nucleonic correlations from the start [54]. Nevertheless, the
use of symmetry-breaking many-body techniques in the context of ab initio calculations
is rather recent and only dates back to the beginning of the 2010s, with the Gorkov SCGF
approach being one of the first examples.

U(1)-symmetry breaking framework
In the present document the extension of the SCGF formalism to the U(1) symmetry-
breaking case is discussed. The key physical consideration behind the breaking of particle-
number symmetry is that the ground state of a system characterised by strong pairing
correlations displays energies that are almost degenerate with respect to the addition or
removal of a fermionic pair, i.e.,

EA±2n
0 (Z ± 2n, N) − EA

0 (Z, N) ≈ ± 2nµZ ± n∆εP
Z , for n = 1, 2, 3 . . . , (2.2a)

and

EA±2n
0 (Z, N ± 2n) − EA

0 (Z, N) ≈ ± 2nµN ± n∆εP
N , for n = 1, 2, 3 . . . , (2.2b)

6The first drawback mainly pertains to the breaking of U(1) symmetry, while the second one is more
severe (and, in particular, strongly impacts the computational costs) in the case rotational invariance
is broken.
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Pairing correlations  ➪

Degeneracy associated to creating/annihilating pairs

Chapter 2 Gorkov formalism

for protons and neutrons respectively. The chemical potentials, µZ and µN , and the
average cost for the possible creation of Cooper pairs, ∆εP

Z and ∆εP
N , are substantially

independent of Z and N for sufficiently large particle numbers. In the limit where the
ground state coincides with a condensate of nucleon-nucleon pairs one has that ∆εP → 0
and chemical potentials become half the energy difference EA+2

0 − EA
0 .

This suggests that the system can be conveniently described in the grand-canonical
ensemble, where the Hamiltonian (1.2) is replaced by the grand canonical potential

Ω ≡ H − µZZ − µNN , (2.3)

and the Schrödinger equation by the generalised eigenvalue equation

Ω|Ψk〉 = Ωk|Ψk〉 . (2.4)

The corresponding ground state is obtained by minimising

Ω0 = min
|Ψ0〉

{〈Ψ0|Ω|Ψ0〉} (2.5)

under the constraints

Z = 〈Ψ0|Z|Ψ0〉 , (2.6a)

and

N = 〈Ψ0|N |Ψ0〉 , (2.6b)

and can thus be interpreted as the fermionic part of a ground-state wave function in
equilibrium with a reservoir of Cooper pairs. While the exact |Ψ0〉 associated with a
finite system is indeed an eigenstate of Z and N , it is not enforced to do so in the
thermodynamic limit or when being approximated. In such cases, it is only constrained
to carry the proton and neutron numbers Z and N on average.

With this in mind, the goal is to approximate the exact A-body ground state with a
symmetry-breaking state of the form

|Ψe(o)〉 =
∞∑

n=0
c2n(2n+1)|ψ2n(2n+1)〉 , (2.7)

i.e., a superposition of states |ψl〉 that are eigenstates of A with eigenvalue l and that
conserve either even (e) or odd (o) number parity. This will be achieved by introducing
a symmetry-breaking splitting of the (grand-canonical) Hamiltonian, as discussed in the
next section. States (2.7) are ensured to have good average proton and neutron numbers by
enforcing Eqs. (2.6), whereas the coefficients c are normalised according to the constraint

〈Ψe(o)|Ψe(o)〉 =
∑

n

|c2n(2n+1)|2 = 1 . (2.8)

2.2 Gorkov propagators
One-body basis
In order to generalise standard Green’s functions to a U(1)-symmetry-breaking framework,
it is convenient to associate to a given basis, {|α〉}, of the one-body Hilbert-space H1 a
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Hamiltonian  ➝  Grand-canonical potential

G.s. wave function in equilibrium with a reservoir of Cooper pairs
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Symmetry-breaking wave function

Chapter 2 Gorkov formalism

With these at hand, one defines four Gorkov one-body propagators with respect to the
ground state of Ω as follows [123]

i g11
αβ(t − t′) ≡ 〈Ψ0| T [aα(t)a†

β(t′)] |Ψ0〉 , (2.14a)
i g12

αβ(t − t′) ≡ 〈Ψ0| T [aα(t)āβ(t′)] |Ψ0〉 , (2.14b)
i g21

αβ(t − t′) ≡ 〈Ψ0| T [ā†
α(t)a†

β(t′)] |Ψ0〉 , (2.14c)
i g22

αβ(t − t′) ≡ 〈Ψ0| T [ā†
α(t)āβ(t′)] |Ψ0〉 , (2.14d)

where T [· · · ] denotes the usual time ordering operator and the superscripts ‘1’ (‘2’) are
the Nambu indices referring to creation and annihilation of normal (anomalous) single
particle excitations.

Nambu’s matrix formalism
Gorkov’s propagators can be conveniently grouped into a matrix representation, intro-
duced by Nambu [124]. First one defines the two-component vector9

Aα(t) ≡
(

aα(t)
ā†

α(t)

)

, (2.15a)

and its self adjoint
A†

α(t) =
(

a†
α(t) āα(t)

)
, (2.15b)

denoting generalized annihilation and creation operators. Their components fulfil the
anti-commutation relations

{
Ag1

α (t), Ag2 †
β (t)

}
= δg1g2 δαβ , (2.16)

where the extra label labels the rows (columns) of the annihilation (creation) vector
operator. One can then write the four propagators (2.14) in the matrix form

i gαβ(t − t′) ≡ 〈Ψ0|T
{
Aα(t)A†

β(t′)
}

|Ψ0〉

= i




g11

αβ(t − t′) g12
αβ(t − t′)

g21
αβ(t − t′) g22

αβ(t − t′)



 , (2.17)

where the time ordering operator acts separately on each element of Nambu’s matrix AA†.
In general, any object Og1g2

ab defined in Gorkov’s space can be put into such a matrix form

Oαβ(t, t′) ≡




O11

αβ(t, t′) O12
αβ(t, t′)

O21
αβ(t, t′) O22

αβ(t, t′)



 , (2.18)

with g1 and g2 labelling respectively the rows and the columns of the matrix.
9In Chapter 1 bold quantities were introduced to denote matrices in H1. Here they are instead used to

represent matrices in the 2 × 2 Nambu space. In Chapter 3 they will be used to group together both
notations.
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A method is proposed, based on the mathematical apparatus of quantum field theory, for the 
calculation of the properties of a system of Fermi particles with attractive interaction. 

IT was shown in the work of Cooper1 that if the {ia I at+ d 12m} (x)- g (x) (x)) (x) = o, 
interaction of electrons in a metal leads to an {ia I at- d I 2m} (x) + gifl+ (x) (x) (x)) = 0. (3) 
effective mutual attraction for two electrons close 
to the Fermi surface, then the pair of particles 
which possess mutually opposite momenta and spins 
can have bound states with negative coupling ener-
gies. In the works of Bardeen, Cooper and Schreif-
fer2•3 and of Bogoliubov4 a systematic theory of 
superconductivity has been erected on this princi-
ple. It was shown that the ground state of a system 
of interacting Fermi particles is located below the 
normal state with a filled Fermi sphere and, in con-
sequence, is separated from the excited states by 
a gap in order of magnitude equal to the energy of 
coupling of the individual pair. 

In the present work, a method is proposed, 
based on the physical idea of Cooper, which per-
mits us, with the help of the apparatus of quantum 
field theory, to obtain all the results by a short 
and simple method. 

We shall start out from a Hamiltonian in the 
form2 which is written in the case of second quanti-
zation: 

if = {- ( f dax, (1) 

where 

(x) = aka Sao eikx; (x') = v-'/, sat, s;ae-ikx' 
ka ka 

satisfy the usual commutation relations: 

(x), iflt (x')} = a (x- x'), 
(x), (x')} = {iflt(x), iflt (x')} = 0. (2) 

We shall consider the interaction to be equal to 
zero everywhere except in a region of energy of the 
particles 2K around the Fermi surface, from 
EF- K to EF + K. 

We transform to the Heisenberg representation, 
in which the operators 1/J and zp+ depend on the 
time and satisfy the following equations: 

505 

We determine the Green's function G a{3 ( x - x' ) 
as an average over the ground state of the system: 

(x- x') = - i (T (!flex (x), ifll (x'));, (4) 
where T is time-ordering operator. 

For the derivation of the equation for the func-
tion G (x -x') we take it into consideration that 
the ground state of the system differs from the 
usual state with a filled Fermi sphere by the pres-
ence of bound pairs of electrons. In the ground 
state, all the pairs are at rest as a whole. (This 
means that the interaction between particles is 
considered only insofar a·s it enters into the for-
mation of the bound pairs. We neglect scattering 
effects.) A sort of "Bose condensation" of pairs 
takes place in the case in which the momentum of 
their motion as a whole is equal to zero, just as 
in a Bose gas such a condensation takes place by 
virtue of the statistics for the particles themselves. 
This circumstance permits us to write down in a 
definite way the mean form < T ( 1/J ( x 1 ) 1/J ( x2 ) x 
1/J + ( x3 ) 1/J + ( x4 ) )> , which appears in the equations 
for G(x-x') by virtue of (3). 

For example, we have 

(T (xi) (x2) (xa) !flt (x4))) = 

- (T (xl) (xa))) <T (x2) !fit (x4))) 

+ (T (xl)) (x4))i (T (xz) (xa))) 

+(NIT (xl) (x2)) IN 

+ 2) (N + 21 T (iflJ (x3 ) IN>· 

(5) 

where IN> and IN+ 2> are the ground states of 
the system with numbers of particles N and N + 
2. The quantity 

(N 1 T 1 N + 2i ! N + 21 T l N i· (5a) 

Nambu notation



2.3 Gorkov equations

its grand-canonical version as

Ω = T + U − µZ − µN︸ ︷︷ ︸
≡ ΩU

+ V − U︸ ︷︷ ︸
≡ ΩI

, (2.31)

where now U represents an explicitly symmetry-breaking auxiliary one-body potential. The
latter can be written as

U =
∑

αβ

[
uαβ a†

αaβ + 1
2uan.

αβ a†
αa†

β + 1
2(uan.

αβ )∗ aαaβ

]
, (2.32)

where uαβ = u∗
βα and uan.

αβ = −uan.
βα without loss of generality. As a result, both the

unperturbed Hamiltonian ΩU and the perturbation ΩI are symmetry-breaking operators.
The perturbative expansion of Gorkov propagators is then devised following the stan-

dard approach of defining an unperturbed propagator, g0(t − t′), according to defini-
tions (2.14) but with operators defined in interaction picture (cf. Eq. (1.8)), where now
H0 is replaced by the one-body grand potential ΩU . After Fourier transform to frequency
domain, one finds

g0(ω) = [ωI − ΩU ]−1 , (2.33)

where single-particle and Nambu indices are implicit and the matrix inversion is performed
with respect to both. One then exploits the interaction picture to construct a perturbative
expansion of the full propagator, Eq. (2.17), that can be represented as a series of Feynman
diagrams in powers of the perturbation ΩI [57]. Doing so, the standard Dyson equation
for the exact propagator is generalised to a set of coupled Gorkov equations for the four
propagators (2.20). Using Nambu’s matrix notation, the equations read as

gαβ(ω) = g0 αβ(ω) +
∑

γ δ

g0 αγ(ω) Σ%
γδ(ω) gγβ(ω) , (2.34)

where the four self-energies

Σ%
αβ(ω) ≡




Σ% 11

αβ (ω) Σ% 12
αβ (ω)

Σ% 21
αβ (ω) Σ% 22

αβ (ω)



 (2.35)

include all possible one-particle irreducible diagrams stripped of their external legs. As for
the Dyson case, the remaining reducible diagrams are then generated in a non-perturbative
way through the all-orders resummation generated by Eq. (2.34).

In standard perturbation theory, a given approximation to Σ%(ω) is a functional of the
unperturbed propagators g(0)(ω) and hence depends directly on the choice of the reference
state associated with ΩU . In SCGF theory, the series of diagrams to be resummed is
further restricted to skeleton diagrams displaying no self-energy insertion, provided that
all propagator lines are replaced by the interacting propagator g(ω). Since the full Dyson-
Gorkov series is included in such a propagator, the SCGF procedure not only reduces the
number of Feynman diagrams that need to be dealt with but it implicitly accounts for
higher-order terms that are beyond the perturbative truncation chosen for the self-energy.
The self-energy becomes a functional of the interacting propagator, Σ%[g; T, V ] and no
longer depends on the unperturbed state. The price to pay for such improvements is that
diagrams expressed in terms of g(ω) are more demanding to deal with, due to the rich
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Self-energy matrix

Chapter 2 Gorkov formalism

It is useful to introduce a Nambu representation also for the Lehmann form of the
propagators by defining the two-component vectors

Xk†
α ≡ 〈Ψk|A†

α|Ψ0〉 =
(

Uk∗
α Vk∗

α

)
, (2.25a)

Yk
α ≡ 〈Ψk|Aα|Ψ0〉 =

(
V̄k∗

α

Ūk∗
α

)

, (2.25b)

where A and A† have been introduced in Eq. (2.15), which leads to writing

gαβ(ω) =
∑

k





Xk

α Xk†
β

ω − ωk + iη +
Yk

α Yk†
β

ω + ωk − iη




 . (2.26)

Note that vectors (2.25) contain equivalent physics information and are transformed into
each other by

Xk
α =

(
0 -1
1 0

)

Yk
ᾱ

∗
. (2.27)

Once the spectral representation (2.20) is known, it is possible to extract normal and
anomalous one-body density matrices according to

ραβ ≡ 〈Ψ0|c†
βcα|Ψ0〉 = 1

π

∫ 0

−∞
Im g11

αβ(ω) dω =
∑

k

V̄k
α

∗ V̄k
β , (2.28a)

ρ̃αβ ≡ 〈Ψ0|c̄βcα|Ψ0〉 = 1
π

∫ 0

−∞
Im g12

αβ(ω) dω =
∑

k

V̄k
α

∗ Ūk
β . (2.28b)

The expectation value of any one-body operator O is given by

〈Ψ0|O|Ψ0〉 =
∑

αβ

oαβρβα , (2.29)

whereas the Migdal-Galitski-Koltun energy sum rule is generalised to

Ω0 = 1
2π

∫ 0

−∞
dω

∑

αβ

[
tαβ − µδαβ + ωδαβ

]
Im g11

βα(ω) (2.30)

in the case of a Hamiltonian with up to two-particle interactions. Spectral functions,
its variants and its moments are also easily generalised in analogy with their Dyson
counterparts introduced in Sect. 1.5.

2.3 Gorkov equations
Following the discussion of Sect. 2.1, the Gorkov framework aims at devising approx-
imate (and possibly particle-number symmetry breaking) solutions to the many-body
Schrödinger equation (or, more specifically, to the exact one-body propagator). The cru-
cial step to achieve this consists in generalising the splitting of the Hamiltonian10 (1.6) to
10The formalism presented here is limited to a Hamiltonian with two-body forces only. Gorkov equations

with explicit three-body forces (as well as the Gorkov effective interaction formalism) have been
worked out [125] but introduce a substantial amount of technicalities, which is outside the scope of
this manuscript. The procedure through which three-nucleon forces are included in Gorkov SCGF
calculations is outlined in Sect. 3.2.
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Notice that the latter relationship can be also obtained from the
conjugate of Eq. (61) by using properties of Gorkov amplitudes
and self-energies. Equations (61) or (62) and their solutions are
independent of auxiliary potential U , which canceled out. This
leaves proper self-energy contributions only, which eventually
act as energy-dependent potentials. The self-energies depend,
in turn, on amplitudes U k and Vk such that Eqs. (61) or (62)
must be solved iteratively. At each iteration the chemical
potential µ must be fixed such that Eq. (18) is fulfilled, which
translates into the necessity for amplitude V to satisfy

N =
∑

a

ρaa =
∑

a,k

∣∣Vk
a

∣∣2
, (63)

where ρab is the (normal) one-body density matrix (54a).
As demonstrated in Appendix A, the spectroscopic am-

plitudes solution of Eq. (61) or (62) fulfill normalization
conditions

∑

a

∣∣Xk
a

∣∣2 = 1 +
∑

ab

Xk†
a

∂#ab(ω)
∂ω

∣∣∣∣
+ωk

Xk
b, (64a)

∑

a

∣∣Yk
a

∣∣2 = 1 +
∑

ab

Yk†
a

∂#ab(ω)
∂ω

∣∣∣∣
−ωk

Yk
b, (64b)

where only the proper self-energy appears because of the
energy independence of the auxiliary potential.

B. First-order self-energies

In Fig. 1, first-order diagrams contributing to normal and
anomalous self-energies are displayed. Diagrammatic rules
appropriate to the computation of Gorkov’s propagators and
for the evaluation of self-energy diagrams are discussed in
Appendix B, while the % derivability of the presently used
truncation scheme is addressed in Sec. VI.

The four first-order self-energies diagrams are computed in
Eqs. (B8), (B10), (B12), and (B13) and read

#
11 (1)
ab = +

∑

cd

V̄acbd ρdc ≡ +&ab = +&
†
ab, (65a)

#
22 (1)
ab = −

∑

cd

V̄b̄dāc ρ∗
cd = −&∗

āb̄
, (65b)

#
12 (1)
ab = 1

2

∑

cd

V̄ab̄cd̄ ρ̃cd ≡ +h̃ab, (65c)

#
21 (1)
ab = 1

2

∑

cd

V̄ ∗
bācd̄

ρ̃∗
cd = +h̃

†
ab, (65d)

where the normal (ρab) and anomalous (ρ̃ab) density matrices
have been defined in Eqs. (54).

FIG. 1. First-order normal #11 (1) (left) and anomalous #21 (1)

(right) self-energy diagrams. Double lines denote self-consistent
normal (two arrows in the same direction) and anomalous (two
arrows in opposite directions) propagators while dashed lines embody
antisymmetrized matrix elements of the NN interaction.

C. HFB limit

Neglecting higher-order contributions to the self-energy,
Eqs. (61) and (65) combine to give

∑

b

(
Tab + &ab − µ δab h̃ab

h̃
†
ab −T ∗

āb̄
− &∗

āb̄
+ µ δāb̄

) (
U k

b

Vk
b

)

= ωk

(
U k

a

Vk
a

)

, (66)

which is nothing but the HFB eigenvalue problem in the case
where time-reversal invariance is not assumed. In such a limit,
U k and Vk define the unitary Bogoliubov transformation [59]
according to

aa =
∑

k

U k
a βk + V̄k∗

a β
†
k , (67a)

a†
a =

∑

k

U k∗
a β

†
k + V̄k

a βk. (67b)

Moreover, normalization condition (64b) reduces in this case
to the well-known HFB identity

∑

a

∣∣Yk
a

∣∣2 =
∑

a

∣∣U k
a

∣∣2 +
∑

a

∣∣Vk
a

∣∣2 = 1. (68)

Let us now stress that, despite the energy independence of first-
order self-energies, some fragmentation of the single-particle
strength is already accounted for at the HFB level such that
one deals with quasiparticle degrees of freedom. In particular,
one can deduce from Eq. (68) that (generalized) spectroscopic
factors defined in Eq. (51) are already smaller than one. Such
a fragmentation is an established consequence of static pairing
correlations that are explicitly treated at the HFB level through
particle number symmetry breaking.

Finally, let us underline again that, whenever higher orders
are to be included in the calculation, first-order self-energies
(65) are self-consistently modified (in particular, through
the further fragmentation of the quasiparticle strength) such
that they no longer correspond to standard Hartree-Fock and
Bogoliubov potentials, in spite of their energy independence.
They actually correspond to the energy-independent part of
the (dynamically) correlated self-energy.

D. Second-order self-energies

Let us now discuss second-order contributions to normal
and anomalous (irreducible) self-energies.

In Figs. 2 and 3 the four types of normal and anomalous
self-energies are depicted. The evaluation of all second-order
diagrams is performed in Appendix B. Before addressing their

FIG. 2. Second-order normal self-energies #11 (2′) (left) and
#11 (2′′) (right). See Fig. 1 for conventions.
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FIG. 3. Second-order anomalous self-energies !21 (2′) (left) and
!21 (2′′) (right). See Fig. 1 for conventions.

expressions, let us introduce useful quantities

Mk1k2k3
a ≡

∑

ijk

V̄akij U k1
i U k2

j V̄k3
k , (69a)

Pk1k2k3
a ≡

∑

ijk

V̄ak̄ij̄ U k1
i Vk2

k Ū k3
j = Mk1k3k2

a , (69b)

Rk1k2k3
a ≡

∑

ijk

V̄ak̄īj Vk1
k U k2

j Ū k3
i = Mk3k2k1

a , (69c)

and

N k1k2k3
a ≡

∑

ijk

V̄akij Vk1
i Vk2

j Ū k3
k , (70a)

Qk1k2k3
a ≡

∑

ijk

V̄ak̄ij̄ Vk1
i U k2

k V̄k3
j = N k1k3k2

a , (70b)

Sk1k2k3
a ≡

∑

ijk

V̄ak̄īj U k1
k Vk2

j V̄k3
i = N k3k2k1

a , (70c)

in terms of which second-order self-energies are expressed
below. Using relations (41) one shows that

M̄k1k2k3
a = ηa Mk1k2k3

ã , (71a)

P̄k1k2k3
a = ηa Pk1k2k3

ã , (71b)

R̄k1k2k3
a = ηa Rk1k2k3

ã , (71c)

and

N̄ k1k2k3
a = −ηa N k1k2k3

ã , (72a)

Q̄k1k2k3
a = −ηa Qk1k2k3

ã , (72b)

S̄k1k2k3
a = −ηa Sk1k2k3

ã . (72c)

Given that P and R can be obtained from M through odd
permutations of indices {k1, k2, k3} and taking into account
the symmetries of interaction matrix elements, one can prove
that such quantities display the properties

∑

k1k2k3

Mk1k2k3
a Mk1k2k3

b

∗ = +
∑

k1k2k3

Pk1k2k3
a Pk1k2k3

b

∗

= +
∑

k1k2k3

Rk1k2k3
a Rk1k2k3

b

∗
, (73a)

and
∑

k1k2k3

Mk1k2k3
a Pk1k2k3

b

∗ = +
∑

k1k2k3

Mk1k2k3
a Rk1k2k3

b

∗

= +
∑

k1k2k3

Pk1k2k3
a Mk1k2k3

b

∗

= −
∑

k1k2k3

Pk1k2k3
a Rk1k2k3

b

∗

= +
∑

k1k2k3

Rk1k2k3
a Mk1k2k3

b

∗

= −
∑

k1k2k3

Rk1k2k3
a Pk1k2k3

b

∗
. (73b)

Similarly, for N , Q, and S one has
∑

k1k2k3

N k1k2k3
a

∗ N k1k2k3
b = +

∑

k1k2k3

Qk1k2k3
a

∗ Qk1k2k3
b

= +
∑

k1k2k3

Sk1k2k3
a

∗ Sk1k2k3
b , (74a)

and
∑

k1k2k3

N k1k2k3
a

∗ Qk1k2k3
b = +

∑

k1k2k3

N k1k2k3
a

∗ Sk1k2k3
b

= +
∑

k1k2k3

Qk1k2k3
a

∗ N k1k2k3
b

= −
∑

k1k2k3

Qk1k2k3
a

∗ Sk1k2k3
b

= +
∑

k1k2k3

Sk1k2k3
a

∗ N k1k2k3
b

= −
∑

k1k2k3

Sk1k2k3
a

∗ Qk1k2k3
b . (74b)

Analogous properties can be derived for terms mixing
{M,P,R} and {N ,Q,S}.

Let us now consider !11, whose second-order contribu-
tions, evaluated in Eqs. (B17) and (B19), can be written as

!
11 (2′)
ab (ω)

= 1
2

∑

k1k2k3

{
Mk1k2k3

a

(
Mk1k2k3

b

)∗

ω − Ek1k2k3 + iη
+

(
N̄ k1k2k3

a

)∗ N̄ k1k2k3
b

ω + Ek1k2k3 − iη

}

,

(75)

!
11 (2′′)
ab (ω)

= −
∑

k1k2k3

{
Mk1k2k3

a

(
Pk1k2k3

b

)∗

ω − Ek1k2k3 + iη
+

(
N̄ k1k2k3

a

)∗ Q̄k1k2k3
b

ω + Ek1k2k3 − iη

}

,

(76)

where the notation Ek1k2k3 ≡ ωk1 + ωk2 + ωk3 has been intro-
duced. Summing the two terms and using properties (73) and
(74) one obtains

!
11 (2′+2′′)
ab (ω)

=
∑

k1k2k3

{
Ck1k2k3

a

(
Ck1k2k3

b

)∗

ω − Ek1k2k3 + iη
+

(
D̄k1k2k3

a

)∗ D̄k1k2k3
b

ω + Ek1k2k3 − iη

}

, (77)

where

Ck1k2k3
a ≡ 1√

6

[
Mk1k2k3

a − Pk1k2k3
a − Rk1k2k3

a

]
, (78a)

Dk1k2k3
a ≡ 1√

6

[
N k1k2k3

a − Qk1k2k3
a − Sk1k2k3

a

]
. (78b)

Notice that from Eqs. (71) and (72) follow C̄k1k2k3
a =

+ηa Ck1k2k3
ã and D̄k1k2k3

a = −ηa Dk1k2k3
ã . All other second-order
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Notice that the latter relationship can be also obtained from the
conjugate of Eq. (61) by using properties of Gorkov amplitudes
and self-energies. Equations (61) or (62) and their solutions are
independent of auxiliary potential U , which canceled out. This
leaves proper self-energy contributions only, which eventually
act as energy-dependent potentials. The self-energies depend,
in turn, on amplitudes U k and Vk such that Eqs. (61) or (62)
must be solved iteratively. At each iteration the chemical
potential µ must be fixed such that Eq. (18) is fulfilled, which
translates into the necessity for amplitude V to satisfy

N =
∑

a

ρaa =
∑

a,k

∣∣Vk
a

∣∣2
, (63)

where ρab is the (normal) one-body density matrix (54a).
As demonstrated in Appendix A, the spectroscopic am-

plitudes solution of Eq. (61) or (62) fulfill normalization
conditions

∑

a

∣∣Xk
a

∣∣2 = 1 +
∑

ab

Xk†
a

∂#ab(ω)
∂ω

∣∣∣∣
+ωk

Xk
b, (64a)

∑

a

∣∣Yk
a

∣∣2 = 1 +
∑

ab

Yk†
a

∂#ab(ω)
∂ω

∣∣∣∣
−ωk

Yk
b, (64b)

where only the proper self-energy appears because of the
energy independence of the auxiliary potential.

B. First-order self-energies

In Fig. 1, first-order diagrams contributing to normal and
anomalous self-energies are displayed. Diagrammatic rules
appropriate to the computation of Gorkov’s propagators and
for the evaluation of self-energy diagrams are discussed in
Appendix B, while the % derivability of the presently used
truncation scheme is addressed in Sec. VI.

The four first-order self-energies diagrams are computed in
Eqs. (B8), (B10), (B12), and (B13) and read

#
11 (1)
ab = +

∑

cd

V̄acbd ρdc ≡ +&ab = +&
†
ab, (65a)

#
22 (1)
ab = −

∑

cd

V̄b̄dāc ρ∗
cd = −&∗

āb̄
, (65b)

#
12 (1)
ab = 1

2

∑

cd

V̄ab̄cd̄ ρ̃cd ≡ +h̃ab, (65c)

#
21 (1)
ab = 1

2

∑

cd

V̄ ∗
bācd̄

ρ̃∗
cd = +h̃

†
ab, (65d)

where the normal (ρab) and anomalous (ρ̃ab) density matrices
have been defined in Eqs. (54).

FIG. 1. First-order normal #11 (1) (left) and anomalous #21 (1)

(right) self-energy diagrams. Double lines denote self-consistent
normal (two arrows in the same direction) and anomalous (two
arrows in opposite directions) propagators while dashed lines embody
antisymmetrized matrix elements of the NN interaction.

C. HFB limit

Neglecting higher-order contributions to the self-energy,
Eqs. (61) and (65) combine to give

∑

b

(
Tab + &ab − µ δab h̃ab

h̃
†
ab −T ∗

āb̄
− &∗

āb̄
+ µ δāb̄

) (
U k

b

Vk
b

)

= ωk

(
U k

a

Vk
a

)

, (66)

which is nothing but the HFB eigenvalue problem in the case
where time-reversal invariance is not assumed. In such a limit,
U k and Vk define the unitary Bogoliubov transformation [59]
according to

aa =
∑

k

U k
a βk + V̄k∗

a β
†
k , (67a)

a†
a =

∑

k

U k∗
a β

†
k + V̄k

a βk. (67b)

Moreover, normalization condition (64b) reduces in this case
to the well-known HFB identity

∑

a

∣∣Yk
a

∣∣2 =
∑

a

∣∣U k
a

∣∣2 +
∑

a

∣∣Vk
a

∣∣2 = 1. (68)

Let us now stress that, despite the energy independence of first-
order self-energies, some fragmentation of the single-particle
strength is already accounted for at the HFB level such that
one deals with quasiparticle degrees of freedom. In particular,
one can deduce from Eq. (68) that (generalized) spectroscopic
factors defined in Eq. (51) are already smaller than one. Such
a fragmentation is an established consequence of static pairing
correlations that are explicitly treated at the HFB level through
particle number symmetry breaking.

Finally, let us underline again that, whenever higher orders
are to be included in the calculation, first-order self-energies
(65) are self-consistently modified (in particular, through
the further fragmentation of the quasiparticle strength) such
that they no longer correspond to standard Hartree-Fock and
Bogoliubov potentials, in spite of their energy independence.
They actually correspond to the energy-independent part of
the (dynamically) correlated self-energy.

D. Second-order self-energies

Let us now discuss second-order contributions to normal
and anomalous (irreducible) self-energies.

In Figs. 2 and 3 the four types of normal and anomalous
self-energies are depicted. The evaluation of all second-order
diagrams is performed in Appendix B. Before addressing their

FIG. 2. Second-order normal self-energies #11 (2′) (left) and
#11 (2′′) (right). See Fig. 1 for conventions.
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2.3 Gorkov equations

its grand-canonical version as

Ω = T + U − µZ − µN︸ ︷︷ ︸
≡ ΩU

+ V − U︸ ︷︷ ︸
≡ ΩI

, (2.31)

where now U represents an explicitly symmetry-breaking auxiliary one-body potential. The
latter can be written as

U =
∑

αβ

[
uαβ a†

αaβ + 1
2uan.

αβ a†
αa†

β + 1
2(uan.

αβ )∗ aαaβ

]
, (2.32)

where uαβ = u∗
βα and uan.

αβ = −uan.
βα without loss of generality. As a result, both the

unperturbed Hamiltonian ΩU and the perturbation ΩI are symmetry-breaking operators.
The perturbative expansion of Gorkov propagators is then devised following the stan-

dard approach of defining an unperturbed propagator, g0(t − t′), according to defini-
tions (2.14) but with operators defined in interaction picture (cf. Eq. (1.8)), where now
H0 is replaced by the one-body grand potential ΩU . After Fourier transform to frequency
domain, one finds

g0(ω) = [ωI − ΩU ]−1 , (2.33)

where single-particle and Nambu indices are implicit and the matrix inversion is performed
with respect to both. One then exploits the interaction picture to construct a perturbative
expansion of the full propagator, Eq. (2.17), that can be represented as a series of Feynman
diagrams in powers of the perturbation ΩI [57]. Doing so, the standard Dyson equation
for the exact propagator is generalised to a set of coupled Gorkov equations for the four
propagators (2.20). Using Nambu’s matrix notation, the equations read as

gαβ(ω) = g0 αβ(ω) +
∑

γ δ

g0 αγ(ω) Σ%
γδ(ω) gγβ(ω) , (2.34)

where the four self-energies

Σ%
αβ(ω) ≡




Σ% 11

αβ (ω) Σ% 12
αβ (ω)

Σ% 21
αβ (ω) Σ% 22

αβ (ω)



 (2.35)

include all possible one-particle irreducible diagrams stripped of their external legs. As for
the Dyson case, the remaining reducible diagrams are then generated in a non-perturbative
way through the all-orders resummation generated by Eq. (2.34).

In standard perturbation theory, a given approximation to Σ%(ω) is a functional of the
unperturbed propagators g(0)(ω) and hence depends directly on the choice of the reference
state associated with ΩU . In SCGF theory, the series of diagrams to be resummed is
further restricted to skeleton diagrams displaying no self-energy insertion, provided that
all propagator lines are replaced by the interacting propagator g(ω). Since the full Dyson-
Gorkov series is included in such a propagator, the SCGF procedure not only reduces the
number of Feynman diagrams that need to be dealt with but it implicitly accounts for
higher-order terms that are beyond the perturbative truncation chosen for the self-energy.
The self-energy becomes a functional of the interacting propagator, Σ%[g; T, V ] and no
longer depends on the unperturbed state. The price to pay for such improvements is that
diagrams expressed in terms of g(ω) are more demanding to deal with, due to the rich
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Chapter 2 Gorkov formalism

It is useful to introduce a Nambu representation also for the Lehmann form of the
propagators by defining the two-component vectors

Xk†
α ≡ 〈Ψk|A†

α|Ψ0〉 =
(

Uk∗
α Vk∗

α

)
, (2.25a)

Yk
α ≡ 〈Ψk|Aα|Ψ0〉 =

(
V̄k∗

α

Ūk∗
α

)

, (2.25b)

where A and A† have been introduced in Eq. (2.15), which leads to writing

gαβ(ω) =
∑

k





Xk

α Xk†
β

ω − ωk + iη +
Yk

α Yk†
β

ω + ωk − iη




 . (2.26)

Note that vectors (2.25) contain equivalent physics information and are transformed into
each other by

Xk
α =

(
0 -1
1 0

)

Yk
ᾱ

∗
. (2.27)

Once the spectral representation (2.20) is known, it is possible to extract normal and
anomalous one-body density matrices according to

ραβ ≡ 〈Ψ0|c†
βcα|Ψ0〉 = 1

π

∫ 0

−∞
Im g11

αβ(ω) dω =
∑

k

V̄k
α

∗ V̄k
β , (2.28a)

ρ̃αβ ≡ 〈Ψ0|c̄βcα|Ψ0〉 = 1
π

∫ 0

−∞
Im g12

αβ(ω) dω =
∑

k

V̄k
α

∗ Ūk
β . (2.28b)

The expectation value of any one-body operator O is given by

〈Ψ0|O|Ψ0〉 =
∑

αβ

oαβρβα , (2.29)

whereas the Migdal-Galitski-Koltun energy sum rule is generalised to

Ω0 = 1
2π

∫ 0

−∞
dω

∑

αβ

[
tαβ − µδαβ + ωδαβ

]
Im g11

βα(ω) (2.30)

in the case of a Hamiltonian with up to two-particle interactions. Spectral functions,
its variants and its moments are also easily generalised in analogy with their Dyson
counterparts introduced in Sect. 1.5.

2.3 Gorkov equations
Following the discussion of Sect. 2.1, the Gorkov framework aims at devising approx-
imate (and possibly particle-number symmetry breaking) solutions to the many-body
Schrödinger equation (or, more specifically, to the exact one-body propagator). The cru-
cial step to achieve this consists in generalising the splitting of the Hamiltonian10 (1.6) to
10The formalism presented here is limited to a Hamiltonian with two-body forces only. Gorkov equations

with explicit three-body forces (as well as the Gorkov effective interaction formalism) have been
worked out [125] but introduce a substantial amount of technicalities, which is outside the scope of
this manuscript. The procedure through which three-nucleon forces are included in Gorkov SCGF
calculations is outlined in Sect. 3.2.
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Spectral representation

[Somà, Duguet, Barbieri 2011]

✗ Missing step: symmetry restoration

○ Correct particle number on average

○ Observables “contaminated”

○ Effect depends on nucleus and observable



Gorkov self-energy has the general form

Algebraic diagrammatic construction

Dynamical part has also a spectral representation
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Match ADC(n) to n-th order perturbation theory

➪ ADC: re-organisation of the perturbative series

○ Systematic set of approximations ADC(n)

○ Infinite partial resummations  [from ADC(3)]

○ Analytic structure preserved  ←  causality
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Chapter 2 Gorkov formalism

pole structure of Eqs. (2.20). Furthermore, Σ!(ω) and the Gorkov equations (2.34) have
to be computed and solved repeatedly through an iterative procedure.

The most general structure of the Gorkov self-energy can be written as

Σ!
αβ(ω) = −U + Σ(∞)

αβ + Σ̃αβ(ω) , (2.36)

where the auxiliary potential term U arising from ΩI at first order is separated from the
proper part of the self-energy. The term Σ(∞) embodies the limit of the proper self-energy
to ω → ±∞ and represents the mean field experienced by a particle in the correlated
medium. It reduces to the Hartree-Fock-Bogoliubov (HFB) potential for a self-consistent
first-order truncation of Σ!(ω) but otherwise it includes additional in-medium corrections
at higher orders. Hence, it is referred to as the correlated HFB (cHFB) potential.

The components of the dynamic self-energy Σ̃(ω) also have a spectral representation
analogous to Eqs. (2.20). In this case, the poles of the Lehmann representation are
associated to intermediate state configurations (ISCs) combining different quasiparticle
excitations {|Ψk〉;ωk}. In order to write the most general form of the dynamic self-energy,
let us employ a generic index r to label all possible ISCs. Thus, the general form reads
as

Σ̃11
αβ(ω) =

∑

r r
′




Cα,r

[
1

ωI − E + iη

]

r,r
′
C†

r
′
,β

+ D̄†
α,r

[
1

ωI + ET − iη

]

r,r
′
D̄r

′
,β




 , (2.37a)

Σ̃12
αβ(ω) =

∑

r r
′




Cα,r

[
1

ωI − E + iη

]

r,r
′
D∗

r
′
,β + D̄†

α,r

[
1

ωI + ET − iη

]

r,r
′
C̄T

r
′
,β




 , (2.37b)

Σ̃21
αβ(ω) =

∑

r r
′




DT
α,r

[
1

ωI − E + iη

]

r,r
′
C†

r
′
,β

+ C̄∗
α,r

[
1

ωI + ET − iη

]

r,r
′
D̄r

′
,β




 , (2.37c)

Σ̃22
αβ(ω) =

∑

r ‘r′




DT
α,r

[
1

ωI − E + iη

]

r,r
′
D∗

r
′
,β + C̄∗

α,r

[
1

ωI + ET − iη

]

r,r
′
C̄T

r
′
,β




 , (2.37d)

where Er,r
′ denote the elements of an energy matrix associated with an interaction among

ISCs r and r′. The matrix E is Hermitian, so that ET = E∗. The coupling matrices C
and D couple single-particle and ISC spaces, with the elements of the barred matrices
defined as

C̄α,r = ηαCα̃,r , (2.38a)
D̄r,α = − ηαDr,α̃ . (2.38b)

By exploiting the spectral representation of g(ω) in Eq. (2.34) and extracting each pole
ωk separately, Gorkov’s equations can be transformed into an energy-dependent eigenvalue
equations for vectors (Uk,Vk) of the form [57]

ωk




Uk

α

Vk
α



=
∑

β





tαβ − µδαβ + Σ(∞) 11
αβ + Σ̃11

αβ(ω) Σ(∞) 12
αβ + Σ̃12

αβ(ω)

Σ(∞) 21
αβ + Σ̃21

αβ(ω) −tαβ + µδαβ + Σ(∞) 22
αβ + Σ̃22

αβ(ω)








Uk

β

Vk
β



 .

(2.39)

The eigenvalue problem of Eq. (2.39) provides a form that is amenable to iterative solu-
tions, i.e., repeated re-evaluations and diagonalisations of the matrix containing kinetic
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Algebraic diagrammatic construction (ADC) postulates

Gorkov ADC
○ ADC(2) derived & implemented

○ ADC(3) derived

[Somà, Duguet, Barbieri 2011]

[Barbieri, Duguet, Somà 2022]



⦿ ADC ➝  rewrite Gorkov equation as an energy-independent eigenvalue problem

Algebraic diagrammatic construction

2.3 Gorkov equations

its grand-canonical version as

Ω = T + U − µZ − µN︸ ︷︷ ︸
≡ ΩU

+ V − U︸ ︷︷ ︸
≡ ΩI

, (2.31)

where now U represents an explicitly symmetry-breaking auxiliary one-body potential. The
latter can be written as

U =
∑

αβ

[
uαβ a†

αaβ + 1
2uan.

αβ a†
αa†

β + 1
2(uan.

αβ )∗ aαaβ

]
, (2.32)

where uαβ = u∗
βα and uan.

αβ = −uan.
βα without loss of generality. As a result, both the

unperturbed Hamiltonian ΩU and the perturbation ΩI are symmetry-breaking operators.
The perturbative expansion of Gorkov propagators is then devised following the stan-

dard approach of defining an unperturbed propagator, g0(t − t′), according to defini-
tions (2.14) but with operators defined in interaction picture (cf. Eq. (1.8)), where now
H0 is replaced by the one-body grand potential ΩU . After Fourier transform to frequency
domain, one finds

g0(ω) = [ωI − ΩU ]−1 , (2.33)

where single-particle and Nambu indices are implicit and the matrix inversion is performed
with respect to both. One then exploits the interaction picture to construct a perturbative
expansion of the full propagator, Eq. (2.17), that can be represented as a series of Feynman
diagrams in powers of the perturbation ΩI [57]. Doing so, the standard Dyson equation
for the exact propagator is generalised to a set of coupled Gorkov equations for the four
propagators (2.20). Using Nambu’s matrix notation, the equations read as

gαβ(ω) = g0 αβ(ω) +
∑

γ δ

g0 αγ(ω) Σ%
γδ(ω) gγβ(ω) , (2.34)

where the four self-energies

Σ%
αβ(ω) ≡




Σ% 11

αβ (ω) Σ% 12
αβ (ω)

Σ% 21
αβ (ω) Σ% 22

αβ (ω)



 (2.35)

include all possible one-particle irreducible diagrams stripped of their external legs. As for
the Dyson case, the remaining reducible diagrams are then generated in a non-perturbative
way through the all-orders resummation generated by Eq. (2.34).

In standard perturbation theory, a given approximation to Σ%(ω) is a functional of the
unperturbed propagators g(0)(ω) and hence depends directly on the choice of the reference
state associated with ΩU . In SCGF theory, the series of diagrams to be resummed is
further restricted to skeleton diagrams displaying no self-energy insertion, provided that
all propagator lines are replaced by the interacting propagator g(ω). Since the full Dyson-
Gorkov series is included in such a propagator, the SCGF procedure not only reduces the
number of Feynman diagrams that need to be dealt with but it implicitly accounts for
higher-order terms that are beyond the perturbative truncation chosen for the self-energy.
The self-energy becomes a functional of the interacting propagator, Σ%[g; T, V ] and no
longer depends on the unperturbed state. The price to pay for such improvements is that
diagrams expressed in terms of g(ω) are more demanding to deal with, due to the rich
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It is useful to introduce a Nambu representation also for the Lehmann form of the
propagators by defining the two-component vectors

Xk†
α ≡ 〈Ψk|A†

α|Ψ0〉 =
(

Uk∗
α Vk∗

α

)
, (2.25a)

Yk
α ≡ 〈Ψk|Aα|Ψ0〉 =

(
V̄k∗

α

Ūk∗
α

)

, (2.25b)

where A and A† have been introduced in Eq. (2.15), which leads to writing

gαβ(ω) =
∑

k





Xk

α Xk†
β

ω − ωk + iη +
Yk

α Yk†
β

ω + ωk − iη




 . (2.26)

Note that vectors (2.25) contain equivalent physics information and are transformed into
each other by

Xk
α =

(
0 -1
1 0

)

Yk
ᾱ

∗
. (2.27)

Once the spectral representation (2.20) is known, it is possible to extract normal and
anomalous one-body density matrices according to

ραβ ≡ 〈Ψ0|c†
βcα|Ψ0〉 = 1

π

∫ 0

−∞
Im g11

αβ(ω) dω =
∑

k

V̄k
α

∗ V̄k
β , (2.28a)

ρ̃αβ ≡ 〈Ψ0|c̄βcα|Ψ0〉 = 1
π

∫ 0

−∞
Im g12

αβ(ω) dω =
∑

k

V̄k
α

∗ Ūk
β . (2.28b)

The expectation value of any one-body operator O is given by

〈Ψ0|O|Ψ0〉 =
∑

αβ

oαβρβα , (2.29)

whereas the Migdal-Galitski-Koltun energy sum rule is generalised to

Ω0 = 1
2π

∫ 0

−∞
dω

∑

αβ

[
tαβ − µδαβ + ωδαβ

]
Im g11

βα(ω) (2.30)

in the case of a Hamiltonian with up to two-particle interactions. Spectral functions,
its variants and its moments are also easily generalised in analogy with their Dyson
counterparts introduced in Sect. 1.5.

2.3 Gorkov equations
Following the discussion of Sect. 2.1, the Gorkov framework aims at devising approx-
imate (and possibly particle-number symmetry breaking) solutions to the many-body
Schrödinger equation (or, more specifically, to the exact one-body propagator). The cru-
cial step to achieve this consists in generalising the splitting of the Hamiltonian10 (1.6) to
10The formalism presented here is limited to a Hamiltonian with two-body forces only. Gorkov equations

with explicit three-body forces (as well as the Gorkov effective interaction formalism) have been
worked out [125] but introduce a substantial amount of technicalities, which is outside the scope of
this manuscript. The procedure through which three-nucleon forces are included in Gorkov SCGF
calculations is outlined in Sect. 3.2.
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Exploit analytic structure of Σ
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➟ Iterative solution

➟ Matrix dimensions increase at every iteration

(Hermitian) energy-independent eigenvalue problem

Energy-dependent eigenvalue problem



Implementation: practical steps

1. Derive working equations

○ From diagrams to algebraic expressions

2. Choose (one-body) basis  ➝  rewrite working equation in this basis

○ Symmetries of the problem may be exploited to devise reduced basis

3. Implement numerical code

○Usually in C++ or Fortran

4. Get 2N & 3N interaction matrix elements

○Non-trivial task, very recently public routines becoming available

5. Benchmark & optimise

○ Test against different implementation

○ Parallelisation to exploit high-performance computing resources

○Optimisation usually method-specific



Uncertainties
⦿ From basis & many-body truncations

○ Truncation of one-body Hilbert space
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FIG. 5. Ground-state energy computed at the ADC(2) level with
the NN+ 3N(lnl) and NNLOsat Hamiltonians as a function of the
harmonic oscillator spacing h̄! and for increasing size emax of the
single-particle model space for the cases of 36Ca (a) and 68Ni (b).
Rms radii from the same calculations are displayed for 36Ca and 68Ni
in panels (c) and (d) respectively.

Charge radii also show their usual convergence pattern, with
the h̄! dependence decreasing as the model space trunca-
tion increases. For emax = 13 calculations, the NN + 3N(lnl)
curves are already rather flat in an interval including both
the energy minimum and smaller values of h̄!. Results with
NNLOsat, on the other hand, still present a manifest h̄! depen-
dence. Hence, a precise determination of the rms charge radius
would require the use of extrapolation techniques. As the
conclusions of the large-scale systematic analyses presented
in this work would not be impacted, such extrapolation is not
performed here and is left for future studies.

C. Many-body convergence

Next, let us investigate convergence with respect to the
many-body truncation. In Fig. 6, energies per nucleon and rms
charge radii computed within ADC(1), ADC(2), and ADC(3)
approximations are displayed for the same two representa-
tive cases of 36Ca and 68Ni. A clear convergence pattern
is visible in all cases. For ground-state energies, ADC(1)
results depend strongly on the interaction, with the softer
NN + 3N(lnl) more bound than NNLOsat. ADC(2) calcula-
tions are already sufficient to grasp the bulk of correlation
energy. Interestingly, ADC(2) values from the two interactions
are similar, which reflects the ability of this self-consistent
scheme to resum relevant many-body contributions even in
the presence of an SRG-unevolved (though relatively soft)
interaction. Going from ADC(2) to ADC(3) results in a further
gain in correlation energy, which shows that the ADC(3)
truncation level is necessary for precise estimates of total
ground-state energies even when evolved or soft interactions

FIG. 6. Ground-state energies per particle (top panels) and rms
charge radii (bottom panels) of 36Ca and 68Ni computed within
different ADC(n) truncation schemes. Results for the NNLOsat and
NN+ 3N(lnl) interactions are displayed.

are employed. Quantitatively, when going from ADC(2) to
ADC(3), one gains 7.6 MeV (9.2 MeV) absolute energy in
36Ca and 16.2 MeV (20.1 MeV) in 68Ni with NN + 3N(lnl)
(NNLOsat).3 Extrapolating this convergence sequence, one
may expect ADC(n) with n ! 4 to add as little as ≈1%
correlation energy. As discussed further in Secs. IV D and
IV E, while corrections from ADC(3) are important when
confronting total ground-state energies, they tend to remain
rather constant across whole isotopic chains. This implies
that ADC(2) already yields reliable predictions for trends
and differential quantities such as two-nucleon separation
energies. On the other hand, the ADC(3) is also known to
be important to reproduce affinities and ionization spectra
in molecules [85] and, correspondingly, it gives significant
corrections to the spectra of dominant quasiparticle states
discussed in Sec. IV F.

In the case of calculations performed in the Gorkov frame-
work, an additional source of error comes from the fact that
the broken U(1) symmetry is not presently restored. While the
number of particles remains the correct one on average, this
leads to a dispersion in N and/or Z depending on the open-
shell nature of neutron or protons. Here, only calculations in
semimagic nuclei are reported, for which the proton variance
remains zero. At the ADC(2) level, the maximum variance in
neutron number amounts to σ 2

N ≈ 1.2, 1.6, and 1.9 for oxygen,
calcium, and nickel chains respectively (independently of the
employed interaction).

3This corresponds to a 7.9% (4.5%) increase of correlation energy
in 36Ca and a 9.0% (4.7%) increase in 68Ni with NN+ 3N(lnl)
(NNLOsat).
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We propose a novel storage scheme for three-nucleon (3N) interaction matrix elements relevant for the
normal-ordered two-body approximation used extensively in ab initio calculations of atomic nuclei. This scheme
reduces the required memory by approximately two orders of magnitude, which allows the generation of 3N
interaction matrix elements with the standard truncation of E3max = 28, well beyond the previous limit of 18.
We demonstrate that this is sufficient to obtain the ground-state energy of 132Sn converged to within a few MeV
with respect to the E3max truncation. In addition, we study the asymptotic convergence behavior and perform
extrapolations to the un-truncated limit. Finally, we investigate the impact of truncations made when evolving
free-space 3N interactions with the similarity renormalization group. We find that the contribution of blocks
with angular momentum Jrel > 9/2 to the ground-state energy is dominated by a basis-truncation artifact, which
vanishes in the large-space limit, so these computationally expensive components can be neglected. For the
two sets of nuclear interactions employed in this work, the resulting binding energy of 132Sn agrees with the
experimental value within theoretical uncertainties. This work enables converged ab initio calculations of heavy
nuclei.

DOI: 10.1103/PhysRevC.105.014302

I. INTRODUCTION

With recent progress in constructing two-nucleon (NN)
and three-nucleon (3N) interactions [1,2], solving the nu-
clear many-body problem [3–9], and rapid increases in
computational power, the range of applicability of ab ini-
tio calculations of atomic nuclei has exploded over the past
decade [10]. On the side of nuclear interactions, it has become
clear that a consistent treatment of NN scattering and finite nu-
clei requires the inclusion of 3N forces [11–15], where chiral
effective field theory [1,2,16] provides a path to a consistent
and systematic treatment.

On the many-body side, polynomially scaling methods,
such as coupled-cluster theory [6], self-consistent Green’s
functions [7], and in-medium similarity renormalization
group (IMSRG) [8] have been used to treat systems of up
to A ≈ 100 particles [17–19]. In all of these calculations,
the wave function is expanded on a set of basis functions—
typically the eigenstates of the harmonic oscillator—and the

*tmiyagi@triumf.ca
†stroberg@uw.edu
‡navratil@triumf.ca
§kai.hebeler@physik.tu-darmstadt.de
‖jholt@triumf.ca

NN and 3N matrix elements in that basis are needed as an
input. The number of single-particle basis states in a calcu-
lation is given by the truncation e = 2n + ! ! emax, with the
radial quantum number n and angular momentum l . Achiev-
ing convergence in both the infrared (IR) and ultraviolet (UV)
for medium-mass nuclei typically requires emax ! 12. At even
emax = 12, however, storing the full set of 3N matrix elements
would require approximately 10 TB of memory with single-
precision floating point numbers, which considerably exceeds
the available RAM per node on a typical supercomputer. It
is therefore necessary to impose some additional truncation
on the 3N matrix elements, typically taken as e1 + e2 + e3 !
E3max. Ideally, the value of E3max is increased until conver-
gence is achieved for a given observable.

The current limit of E3max " 18 is the primary bottleneck
preventing ab initio calculations from reaching much beyond
A ≈ 100 [18,20–22]. Overcoming this limit would signifi-
cantly increase the reach of ab initio theory, e.g., to searches
for physics beyond the standard model using heavy isotopes of
xenon, tellurium, cesium, or mercury [23–29]. Furthermore,
potential controlled calculations of 208Pb would provide the
best experimentally accessible link between finite nuclei and
nuclear matter, particularly in light of recently reported parity-
violating electron scattering experiments [30–32]. Ab initio
predictions would even be possible for the astrophysically rel-
evant, but experimentally challenging, N = 126 region below
208Pb [33–35].

2469-9985/2022/105(1)/014302(14) 014302-1 ©2022 American Physical Society
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Uncertainties
⦿ From basis & many-body truncations

○ Truncation of one-body Hilbert space

○ Truncation of three-body matrix elements
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FIG. 2. Ground-state energy of 132Sn as a function of E3max, com-
puted in many-body perturbation theory to second and third order and
in IMSRG(2).

within a few MeV. For all points in Fig. 2, the 3N matrix
elements are stored and read in using half-precision float-
ing point numbers to reduce the memory footprint. Up to
E3max = 24, we can use single-precision numbers to check
the impact of this choice. At emax = 14, E3max = 24, the half-
precision calculation yields HF energies shifted by −2.14
MeV, while the second- and third-order MBPT corrections
are changed by 0.68 MeV and 0.11 MeV, respectively, yield-
ing a total difference up to third order of −1.35 MeV. This
is completely negligible compared with uncertainties arising
from many-body truncations (which we expect to be on the
order of 20 MeV here)3 and the interaction itself. We also
show in Fig. 2 the convergence with respect to emax. At
E3max = 28, the third-order energies for emax = 14, 16, 18, are
−1115.85 MeV, −1117.61 MeV, and −1118.16 MeV, respec-
tively, demonstrating convergence at the 1 MeV level.

Since the second-order correction of ≈ −300 MeV is much
larger than third-order correction of ≈ −20 MeV, the corre-
lation energy is dominated by second-order correction. This
supports the claim that the extrapolation formula Eq. (21)
based on the second-order energy correction is applicable in
the case of the HF-MBPT(3) and IMSRG, which includes
correlations beyond second order. In Fig. 3(a), we show
n = 2, 4, 6 curves of Eq. (21) fitted with the HF-MBPT(2)
and IMSRG energy results at emax = 14, indicated by the
solid symbols in the panel. We see that Eq. (21) works for
IMSRG energies as well. Figures 3(b) and 3(c) show the
extrapolated energies to E3max = 28, which is the largest value
we can calculate. Since the extrapolated point is finite, the
uncertainty of all the fitting parameters can propagate to un-

3This estimate is based on the difference between the MBPT(2),
MBPT(3), and IMSRG(2) energies, and is consistent with Ref. [60]
where the error at MBPT(3) for similarly soft interactions was found
to be 0.1–0.2 MeV per particle. We have further corroborated this
estimate with MBPT(4) calculations in a smaller emax space.

FIG. 3. (a) The ground-state energy of 132Sn computed in
MBPT(2) and IMSRG(2), as a function of E3max, and the extrapolated
energies for (b) MBPT(2) and (c) IMSRG. The points used in the
fitting procedure are indicated by the solid symbols in (a). The
dashed and solid curves are obtained by fitting the functions using
n = 2, 4, 6 in Eq. (21) with the data points of MBPT(2) (emax = 14)
and IMSRG (emax = 14) results, respectively. In (b) and (c), the
energies are extrapolated to E3max = 28. The error bars indicate the
standard deviation of the distribution, which are obtained with 104

samples drawn from the covariance matrix of the fit.

certainty of the extrapolated energies. The uncertainty of the
energy is estimated as the standard deviation of the 10000
samples generated with the covariance matrix from the fit.
Comparing the extrapolated and calculated energies, we see
that n = 2 (Gaussian) reproduces the energies for both HF-
MBPT(2) and IMSRG cases, and n = 2 is the most likely
to reproduce the convergence behavior in this case. With
n = 2 formula, we observed that the extrapolated energy to
E3max = 42 is −1110.57(2) [−1097.13(2)] MeV using the
IMSRG [HF-MBPT(2)] data 18 ! E3max ! 23. As already
mentioned in Sec. I, we have observed a lack of conver-
gence with respect to E3max in some calculations of heavier
systems. One particular example is 127Cd as discussed in

014302-6

[Miyagi et al. 2022]

T. MIYAGI et al. PHYSICAL REVIEW C 105, 014302 (2022)

FIG. 1. File size of the three-body matrix elements with the
single-precision floating point numbers. The horizontal dashed line
indicates 100 GB, which is a typical limit of the memory per node in
usual work stations.

One way to overcome this limitation is to apply an im-
portance truncation and/or tensor factorization [36,37] to the
3N matrix elements, which would dramatically reduce the
required RAM while retaining sufficient accuracy. Before
resorting to these techniques, however, we observe that the
most of today’s practical calculations are based on the normal-
ordered two-body (NO2B) approximation [38]. This means
we do not need the full set of 3N matrix elements in actual
applications, particularly in the heavy-mass region. In this
work, we demonstrate the efficiency of generating and storing
only those combinations of 3N matrix elements involved in
the NO2B approximation and discuss the E3max convergence
of heavy nuclei around 132Sn.

The structure of this paper is as follows. In Sec. II, we
introduce a novel procedure to store the 3N matrix elements
relevant to the NO2B approximation. In Sec. III, the asymp-
totic behavior with respect to E3max is discussed. In Sec. IV,
we demonstrate large E3max calculations around 132Sn, using
the well-established NN+3N 1.8/2.0 (EM) interaction [39].
We also discuss the uncertainty from free-space 3N similarity
renormalization group (SRG) evolution and present results for
132Sn with the chiral NN+3N(lnl) interaction [40]. Finally, we
conclude in Sec. V.

II. CALCULATION OF 3N MATRIX ELEMENTS

In Fig. 1 we show the estimated file size of the 3N matrix
elements as a function of E3max for a fixed emax = 16. The
curve “full” illustrates that the typical basis-size limit is ap-
proximately E3max = 16–18 for a memory limit of about 100
GB. This limit, however, is typically not sufficient to obtain
converged results for nuclei beyond A = 100 as discussed in
Refs. [18,20–22,41], and which we also demonstrate below.
Towards heavier systems, the contributions of the residual
3N interactions is expected to be comparable to the trunca-
tion error of the many-body method [42]. Since the memory
requirement for storing the full set of 3N matrix elements
is prohibitive, we instead aim to exploit the simplifications

offered by the NO approximation. In order to identify the min-
imal subset of 3N matrix elements for the NO2B Hamiltonian,
we begin by reviewing the normal-ordering procedure.

A. NO2B 3N matrix elements

Our starting Hamiltonian in second-quantized form is

H =
∑

p′ p

tp′ pa†
p′ap + 1

4

∑

pp′qq′

V NN
p′q′ pqa†

p′a†
q′aqap

+ 1
36

∑

pp′qq′rr′

V 3N
p′q′r′ pqra†

p′a†
q′a†

r′araqap, (1)

where tp′ p, V NN
p′q′ pq, and V 3N

p′q′r′ pqr are the one-, two-, and
three-body matrix elements, respectively. The index p
labels the single-particle orbit with quantum numbers
{np, !p, jp, mp, tzp} corresponding to the radial quantum num-
ber, orbital angular momentum, total angular momentum,
total angular momentum projection, and isospin projection,
respectively. Performing normal ordering with respect to a
reference state characterized by a one-body density matrix
ρp′ p = 〈a†

p′ap〉 and discarding the residual 3N part, we obtain
the NO2B Hamiltonian:

H (NO2B) = E0 +
∑

p′ p

fp′ p{a†
p′ap}

+ 1
4

∑

pp′qq′

#p′q′ pq{a†
p′a†

q′aqap}, (2)

where the braces {. . .} indicate that the enclosed string of
creation and annihilation operators are normal ordered with
respect to the used reference state. The Hamiltonian is now
expressed in terms of a zero-body part

E0 =
∑

p′ p

ρp′ ptp′ p + 1
2

∑

pp′qq′

ρp′ pρq′qV NN
p′q′ pq

+ 1
6

∑

pp′qq′rr′

ρp′ pρq′qρr′rV 3N
p′q′r′ pqr, (3)

a normal-ordered one-body part

fp′ p = tp′ p +
∑

q′q

ρq′qV NN
p′q′ pq + 1

2

∑

qq′rr′

ρq′qρr′rV 3N
q′r′ p′qr p, (4)

and a normal-ordered two-body part

#p′q′ pq = V NN
p′q′ pq +

∑

r′r

ρr′rV 3N
p′q′r′ pqr . (5)

The accuracy of the NO2B approximation has been investi-
gated for ground-state energies [38,42,43], where it was found
that by 16O the error is at the level of 1% of the binding energy.
With increasing mass number, this error should decrease as a
fraction of the total binding energy.1

1The approximation also breaks translational invariance [43], but
this is only important for light nuclei (i.e., A ! 16), where the NO2B
truncation is not necessary and convergence in E3max can be obtained
by conventional methods.
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3. Probe the limits of SU(2)-conserving correlation expan-
sion methods in the description of doubly open-shell
nuclei.
It is observed that the description of experimental data
deteriorates for certain sets of nuclei away from singly-
magic calcium. It is conjectured that this might signal
the onset of significant quadrupole correlations, i.e. static
deformation. A careful scrutiny indeed reveals a correla-
tion between the inaccuracy of the results (quantified in
terms of deviation from experimental data) and an esti-
mate of the deformation.

Developing the above points, the manuscript is organised as
follows. First, the theoretical and computational scheme is
briefly recalled in Sect. 2. Section 3 is devoted to the study
of ground-state energies, in the form of either total (Sect. 3.1)
or differential (Sects. 3.2 and 3.3) binding energies. Further,
a discussion of three-point mass differences is presented in
Sect. 3.4. The impact of (expected) nuclear deformation on
calculated ground-state energies is investigated in Sect. 3.5.
Finally, a systematic survey of nuclear radii and a selection
of representative charge density distributions are presented
in Sect. 4. Conclusions and perspectives follow in Sect. 5.

2 Computational set-up

All calculations presented here were performed within the
Gorkov self-consistent Green’s function approach at second
order in the algebraic diagrammatic construction expansion
[ADC(2)] [25,41]. An extensive study of oxygen, calcium
and nickel isotopes has been recently carried out in the same
computational scheme and published in Ref. [8]. Hence, only
the most salient features are recalled here and the reader is
referred to [8] for more computational and technical details.

Two different two- plus three-nucleon (2N+3N) Hamil-
tonians were employed in the present study. The first one,
labelled NN+3N (lnl), is based on the next-to-next-to-next-
to-leading order (N3LO) nucleon-nucleon potential from
Entem and Machleidt [42,43] complemented with the N2LO
3N interaction for which a combination of local and nonlo-
cal regulators is used [8]. Low-energy constants were fitted
to A = 2, 3, 4 systems. This Hamiltonian is further SRG-
evolved to a low-momentum scale of λ = 2 fm−1. The sec-
ond one, labelled NNLOsat, was introduced in Ref. [40] with
the explicit goal of providing an improved description of satu-
ration properties. To achieve this, in contrast to NN+3N (lnl),
low-energy constants were simultaneously fitted to few-body
systems as well as selected ground-state energies and radii
of carbon and oxygen isotopes. This Hamiltonian is SRG-
unevolved.

Three-nucleon forces are treated following the formalism
developed in Ref. [44]. In practice, the three-body Hamilton

operator is self-consistently convoluted with the correlated
one-body density matrix and contributes to one- and two-
body effective interactions [45]. The contributions result-
ing from contracting two- and many-body density matrices
were seen to be negligible for our purposes [46,47]. Note
that we discard interaction-irreducible diagrams containing
three-body vertices. The formalism needed to include these
at the ADC(3) level was presented in Ref. [48] and their
contribution is estimated to be comparable, in terms of both
importance and required computing resources, to ADC(5)
computations with only two-nucleon interactions. The proce-
dure used in this paper generates an A-dependent symmetry-
conserving Hamiltonian that can be viewed as a generalisa-
tion of the particle-number-conserving normal-ordered two-
body approximation discussed in Ref. [49].

As for the k-body basis used to expand k-body opera-
tors, a k-fold tensor product of one-body harmonic oscil-
lator (HO) bases is presently employed. The latter include
states up to emax ≡ max (2n + l) = 13. While the basis
used for two-body operators is consistently truncated at
e2max = 2 emax = 26, three-body basis states are further
restricted1 to e3max = 16 < 3 emax due to computational
requirements. For some representative (closed-shell, singly
open-shell and doubly open-shell) isotopes, a variation of
the HO frequency h̄ω was performed in order to locate the
optimal value for binding energies and radii. Based on this
analysis, h̄ω = 18 MeV for both energies and radii for
NN+3N (lnl), and h̄ω = 14 MeV for radii for NNLOsat were
identified as optimal values for all isotopic chains. This anal-
ysis confirms what was found in Ref. [8] for semi-magic
nuclei. All results presented in the following were obtained
with these model space parameters.

Given an input Hamiltonian, various types of method
uncertainties affect the calculation of a given quantity. These
different sources of theoretical error are scrutinised in Table 1
for the observables considered in this study. Uncertainties
related to model-space truncation were deduced by varying
the emax and e3max parameters for selected closed- and open-
shell isotopes. The error due to the second-order truncation
in the ADC expansion is computed by comparing ADC(2)
and ADC(3) results in closed-shell calcium isotopes [8].
Although ADC(3) might introduce additional correlations
in open-shell systems, the particle-hole excitations already
probed in closed-shell nuclei are expected to dominate for
bulk properties such as energies and radii. Hence, the overall
ADC(3) shift is assumed to be of the same order of magni-
tude in closed- and open-shell isotopes. This conjecture will
have to be corroborated by explicit GSCGF-ADC(3) calcu-
lations in the future. To estimate errors originating from the

1 This automatically imposes the same restriction on the e2max at play

in three-body operators, for which then
(
e3-body

1max , e3-body
2max , e3-body

3max

)
=

(13, 16, 16).

123

PHYSICAL REVIEW C 105, 014302 (2022)

Converged ab initio calculations of heavy nuclei

T. Miyagi ,1,* S. R. Stroberg ,2,† P. Navrátil ,1,‡ K. Hebeler ,3,4,5,§ and J. D. Holt 1,6,‖
1TRIUMF, 4004 Wesbrook Mall, Vancouver, BC V6T 2A3, Canada

2Department of Physics, University of Washington, Seattle, Washington 98195, USA
3Technische Universität Darmstadt, 64289 Darmstadt, Germany

4ExtreMe Matter Institute EMMI, GSI Helmholtzzentrum für Schwerionenforschung GmbH, 64291 Darmstadt, Germany
5Max-Planck-Institut für Kernphysik, Saupfercheckweg 1, 69117 Heidelberg, Germany

6Department of Physics, McGill University, 3600 Rue University, Montréal, QC H3A 2T8, Canada

(Received 13 April 2021; revised 3 November 2021; accepted 7 December 2021; published 3 January 2022)

We propose a novel storage scheme for three-nucleon (3N) interaction matrix elements relevant for the
normal-ordered two-body approximation used extensively in ab initio calculations of atomic nuclei. This scheme
reduces the required memory by approximately two orders of magnitude, which allows the generation of 3N
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We demonstrate that this is sufficient to obtain the ground-state energy of 132Sn converged to within a few MeV
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extrapolations to the un-truncated limit. Finally, we investigate the impact of truncations made when evolving
free-space 3N interactions with the similarity renormalization group. We find that the contribution of blocks
with angular momentum Jrel > 9/2 to the ground-state energy is dominated by a basis-truncation artifact, which
vanishes in the large-space limit, so these computationally expensive components can be neglected. For the
two sets of nuclear interactions employed in this work, the resulting binding energy of 132Sn agrees with the
experimental value within theoretical uncertainties. This work enables converged ab initio calculations of heavy
nuclei.
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I. INTRODUCTION

With recent progress in constructing two-nucleon (NN)
and three-nucleon (3N) interactions [1,2], solving the nu-
clear many-body problem [3–9], and rapid increases in
computational power, the range of applicability of ab ini-
tio calculations of atomic nuclei has exploded over the past
decade [10]. On the side of nuclear interactions, it has become
clear that a consistent treatment of NN scattering and finite nu-
clei requires the inclusion of 3N forces [11–15], where chiral
effective field theory [1,2,16] provides a path to a consistent
and systematic treatment.

On the many-body side, polynomially scaling methods,
such as coupled-cluster theory [6], self-consistent Green’s
functions [7], and in-medium similarity renormalization
group (IMSRG) [8] have been used to treat systems of up
to A ≈ 100 particles [17–19]. In all of these calculations,
the wave function is expanded on a set of basis functions—
typically the eigenstates of the harmonic oscillator—and the
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NN and 3N matrix elements in that basis are needed as an
input. The number of single-particle basis states in a calcu-
lation is given by the truncation e = 2n + ! ! emax, with the
radial quantum number n and angular momentum l . Achiev-
ing convergence in both the infrared (IR) and ultraviolet (UV)
for medium-mass nuclei typically requires emax ! 12. At even
emax = 12, however, storing the full set of 3N matrix elements
would require approximately 10 TB of memory with single-
precision floating point numbers, which considerably exceeds
the available RAM per node on a typical supercomputer. It
is therefore necessary to impose some additional truncation
on the 3N matrix elements, typically taken as e1 + e2 + e3 !
E3max. Ideally, the value of E3max is increased until conver-
gence is achieved for a given observable.

The current limit of E3max " 18 is the primary bottleneck
preventing ab initio calculations from reaching much beyond
A ≈ 100 [18,20–22]. Overcoming this limit would signifi-
cantly increase the reach of ab initio theory, e.g., to searches
for physics beyond the standard model using heavy isotopes of
xenon, tellurium, cesium, or mercury [23–29]. Furthermore,
potential controlled calculations of 208Pb would provide the
best experimentally accessible link between finite nuclei and
nuclear matter, particularly in light of recently reported parity-
violating electron scattering experiments [30–32]. Ab initio
predictions would even be possible for the astrophysically rel-
evant, but experimentally challenging, N = 126 region below
208Pb [33–35].
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Uncertainties
⦿ From basis & many-body truncations

○ Truncation of one-body Hilbert space

○ Truncation of three-body matrix elements

○ Approximate treatment of 3N forces

showing deviations below 1%. For! ¼ 0:08 fm4 the NO2B
approximation yields "310ð2Þ MeV and "472ð1Þ MeV
as compared to "309ð1Þ MeV and "468ð1Þ MeV for the
Nmax ¼ 8 ground-state energy with the exact NN þ
3N-induced and NN þ 3N-full Hamiltonians, respectively.

For a comprehensive picture of its anatomy, we analyze
the expectation values of the 3N interaction at different
levels of the NOnB approximation using IT-NCSM eigen-
states obtained with the exact 3N interaction for 4He, 16O,
and 40Ca for fixed Nmax. Figure 2 summarizes these expec-
tation values of the 3N interaction for a set of NN þ
3N-induced and NN þ 3N-full Hamiltonians. For 16O
and 40Ca a similar pattern emerges: The NO2B approxi-
mation does reproduce the expectation value of the exact
3N interaction very well, both for the NN þ 3N-induced
and the NN þ 3N-full Hamiltonian. The pattern observed
for the sequence of NOnB approximations is different for
both types of Hamiltonians. For NN þ 3N-induced the 1B
and 2B contributions of the normal-ordered Hamiltonian
have opposite sign, with the 1B contribution being signifi-
cantly larger, whereas for the NN þ 3N-full Hamiltonian
the 1B and 2B contributions are both attractive and of
similar size. In all cases the 0B contribution is the largest
and overestimates the exact 3N expectation value. For 4He
the pattern is different. The 0B term does not provide the
largest contribution and underestimates the 3N expectation
value. The signs and relative sizes of the 1B and 2B terms
again depend on the Hamiltonian, and the NO2B approxi-
mation still shows a sizable deviation from the exact 3N
expectation value, contrary to the single example presented
in Ref. [8].

This case study shows that there is no universal pattern
and no hierarchy in the individual NOnB contributions.
The size of the individual terms and also the deviation of
the NO2B approximation from the exact 3N result depends
on the Hamiltonian, the nucleus, and the oscillator fre-
quency. Nonetheless, the 3N expectation values in Fig. 2
and the ground-state energies in Fig. 1 demonstrate that the
NO2B approximation works very well beyond the lightest
nuclei.
Application in coupled-cluster theory.—After validating

the NO2B approximation, we are now applying it in ground-
state calculations for heavier closed-shell nuclei in the
framework of the coupled-cluster method. Coupled-cluster
theory is a natural framework since normal-ordering of the
Hamiltonian with respect to a reference state is inherent to
the formulation of the approach. We have developed an
efficient coupled-cluster code using the J-coupled scheme
discussed in Ref. [23], which enables us to go to very large
model spaces. We limit ourselves to coupled cluster with
singles and doubles excitations (CCSD), which has been
shown to be a good approximation for soft SRG-evolved
interactions [23]. An additional approximation present in
the CCSD calculations for technical reasons is a truncation
of the 3N matrix elements entering the NO2B to harmonic-
oscillator principal quantum numbers e1 þ e2 þ e3 &
E3max ¼ 14.
In a first step, we confront the CCSD results for 16O

with the previous IT-NCSM results, both using the NO2B
approximation. Figure 3 shows the convergence of the
ground-state energies in both methods using the NN þ
3N-induced and NN þ 3N-full Hamiltonian. We observe
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FIG. 2 (color online). Anatomy of the NOnB approximation of
the ground-state energies of 4He, 16O, and 40Ca. The bar charts
show the expectation values of the 3N interaction computed at
different levels of the normal-ordering approximation, i.e.,
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3N-induced and NN þ 3N-full Hamiltonians, each with two
values of ! (see labels). We use the eigenstates obtained for
the exact 3N interaction in Nmax ¼ 10 for 4He and 16O and
Nmax ¼ 8 for 40Ca, all at @! ¼ 20 MeV.
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FIG. 5. Ground-state energy computed at the ADC(2) level with
the NN+ 3N(lnl) and NNLOsat Hamiltonians as a function of the
harmonic oscillator spacing h̄! and for increasing size emax of the
single-particle model space for the cases of 36Ca (a) and 68Ni (b).
Rms radii from the same calculations are displayed for 36Ca and 68Ni
in panels (c) and (d) respectively.

Charge radii also show their usual convergence pattern, with
the h̄! dependence decreasing as the model space trunca-
tion increases. For emax = 13 calculations, the NN + 3N(lnl)
curves are already rather flat in an interval including both
the energy minimum and smaller values of h̄!. Results with
NNLOsat, on the other hand, still present a manifest h̄! depen-
dence. Hence, a precise determination of the rms charge radius
would require the use of extrapolation techniques. As the
conclusions of the large-scale systematic analyses presented
in this work would not be impacted, such extrapolation is not
performed here and is left for future studies.

C. Many-body convergence

Next, let us investigate convergence with respect to the
many-body truncation. In Fig. 6, energies per nucleon and rms
charge radii computed within ADC(1), ADC(2), and ADC(3)
approximations are displayed for the same two representa-
tive cases of 36Ca and 68Ni. A clear convergence pattern
is visible in all cases. For ground-state energies, ADC(1)
results depend strongly on the interaction, with the softer
NN + 3N(lnl) more bound than NNLOsat. ADC(2) calcula-
tions are already sufficient to grasp the bulk of correlation
energy. Interestingly, ADC(2) values from the two interactions
are similar, which reflects the ability of this self-consistent
scheme to resum relevant many-body contributions even in
the presence of an SRG-unevolved (though relatively soft)
interaction. Going from ADC(2) to ADC(3) results in a further
gain in correlation energy, which shows that the ADC(3)
truncation level is necessary for precise estimates of total
ground-state energies even when evolved or soft interactions

FIG. 6. Ground-state energies per particle (top panels) and rms
charge radii (bottom panels) of 36Ca and 68Ni computed within
different ADC(n) truncation schemes. Results for the NNLOsat and
NN+ 3N(lnl) interactions are displayed.

are employed. Quantitatively, when going from ADC(2) to
ADC(3), one gains 7.6 MeV (9.2 MeV) absolute energy in
36Ca and 16.2 MeV (20.1 MeV) in 68Ni with NN + 3N(lnl)
(NNLOsat).3 Extrapolating this convergence sequence, one
may expect ADC(n) with n ! 4 to add as little as ≈1%
correlation energy. As discussed further in Secs. IV D and
IV E, while corrections from ADC(3) are important when
confronting total ground-state energies, they tend to remain
rather constant across whole isotopic chains. This implies
that ADC(2) already yields reliable predictions for trends
and differential quantities such as two-nucleon separation
energies. On the other hand, the ADC(3) is also known to
be important to reproduce affinities and ionization spectra
in molecules [85] and, correspondingly, it gives significant
corrections to the spectra of dominant quasiparticle states
discussed in Sec. IV F.

In the case of calculations performed in the Gorkov frame-
work, an additional source of error comes from the fact that
the broken U(1) symmetry is not presently restored. While the
number of particles remains the correct one on average, this
leads to a dispersion in N and/or Z depending on the open-
shell nature of neutron or protons. Here, only calculations in
semimagic nuclei are reported, for which the proton variance
remains zero. At the ADC(2) level, the maximum variance in
neutron number amounts to σ 2

N ≈ 1.2, 1.6, and 1.9 for oxygen,
calcium, and nickel chains respectively (independently of the
employed interaction).

3This corresponds to a 7.9% (4.5%) increase of correlation energy
in 36Ca and a 9.0% (4.7%) increase in 68Ni with NN+ 3N(lnl)
(NNLOsat).
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Fig. 4 Progress in microscopic nuclear structure calculations over the past 25 years (see also Ref. [46]). Data taken from Figure
4 in Ref. [18]. See also the main text for details.
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for calculations to be tractable. For instance, the lowest non-trivial truncations of CC and IMSRG scale roughly
as N 6, where N is the number of included single-particle orbitals. Demanding that the single-particle basis is
sufficiently extended in coordinate space to capture the spatial extent of the nucleus, and sufficiently extended
in momentum space to capture relevant momentum modes up to the resolution scale in the nuclear potentials,
one can use semi-classical arguments to show that N scales as !3, with the resolution scale !.

The bottom line is that even a modest reduction in !, such as that in going from the hard phenomenological
nuclear force models to the softer chiral interactions, can have a profound impact on the viability of these
approximate many-body methods. The impressive progress shown in Fig. 4 would not have been possible
without the computational simplifications afforded by soft (and even softer RG-evolved) chiral interactions.
That said, it is ironic that the softness that has been so central to the many-body progress is a consequence of
inconsistencies in Weinberg power counting that prevent one from taking the cutoff to larger values—see the
discussion in Ref. [47].

The advancement of ab initio theory well into the medium-mass region is an impressive feat, but the
physics value lies in the fact that such calculations are becoming increasingly precise. Figure 5 is one such
illustration, where a wide variety of many-body methods starting from the same SRG-evolved chiral NN and
3N potential are in good agreement with experiment and each other for the oxygen isotopes. Note that “good
agreement” in the present context is somewhat ill-defined since the calculations do not come with error bars
reflecting the uncertainties in the input chiral interactions and the subsequent many-body approximations.

[Drischler, Bogner 2021]
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Figure 5.2 Square root of the proton and neutron-number variance in a Gorkov SCGF
calculation along the calcium isotopic chain. Two different levels of approximation are
displayed, namely ADC(1) and ADC(2) (for neutrons; for protons the distribution is
unchanged in the two calculations).

235]. Moreover, formal difficulties arise because of the lack of the symmetry restoration
step for SCGF theory, as discussed in the next section.

5.3 Symmetry restoration
When exploiting the breaking of one or more symmetries to capture strong correlations
in finite systems, one of the prices to pay is the loss of (some) good symmetry quantum
numbers in the final solution. This can be viewed as a wave packet that spans different
irreducible representations of the symmetry group instead of a proper eigenstate of the
Hamiltonian with well-defined quantum numbers. In the case of rotational symmetry, the
solution will have components corresponding to different angular momenta. In the case
of particle-number symmetry, the solution will be a superposition of states with different
numbers of protons and/or neutrons4. In either case, observables corresponding to one
(or two) given eigenstate(s) will be polluted in practice by the presence of other wave
function components, and their precision affected.

The error introduced when using a symmetry-breaking solution can depend significantly
both on the observable and on the symmetry. For particle-number breaking and bulk
properties like total energies or r.m.s. radii, the error is expected to be small. Since the
distribution of the different components tends to be symmetric around the targeted value,
compensation will occur for those quantities especially at mid shell, whereas the error
increases in the vicinity of a shell closure. On the contrary, the breaking of rotational
symmetry will have a strong impact on specific observables that involve states with definite
quantum numbers, e.g., transition matrix elements.

An indication of the amount of symmetry breaking can be deduced from the variance of
4Because of the structure of Gorkov propagators, even- or odd-number parity is always conserved, such

that the superposition runs over either odd or even particle numbers.
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the valley of β stability and perpendicular to it.) Consistent
with this, the neutron pairing bands and the constant-Tz pair-
ing band have the smallest curvature because they are oriented
mainly along the valley of β stability.

D. Estimating energy gains from particle number projection

There is another interesting application of Eq. (44). Cal-
culations based on nuclear energy density functionals [44,45]
or Hamiltonians [46,47] often do not employ particle number
projections. Then, one really computes a symmetry-breaking
state (with a fixed orientation in gauge space), which consists
of a superposition of states with different numbers of pairs.
Such a localized state clearly has too much kinetic energy in
gauge space, and the formula (36) allows one to estimate this.
Using 〈N̂〉 = N0 and "N2 ≡ 〈(N̂ − N0)2〉, and similar for Ẑ ,
one finds

"E = 1
8a

〈"N2〉 + 1
8b

〈"Z2〉 + 1
4c

〈"N"Z〉. (47)

Here, the coefficients a, b, and c may be determined from
computations or data via Eqs. (45) and (46).

As an example, I take the computation of semimagic
64Ni within Bogoliubov many-body perturbation theory in
Ref. [48]. The number variance is about "N2 ≈ 16 (see
Fig. 9 of that work), and (2a)−1 ≈ 0.72 MeV [from data using
Eq. (32)]. This yields "E ≈ 2.9 MeV.

V. SUMMARY

This paper revisited pairing rotations in a model-
independent way within an effective field theory. It followed
the standard approach to emergent symmetry breaking via
a nonlinear realization of the broken phase symmetry. This
led to pairing rotational bands in semimagic nuclei and to a
pairing elliptical paraboloid in systems where paired protons
and neutrons interact. Coupling a fermion to the superfluid
extends the theory to odd semimagic nuclei. The expansion
of the effective Hamiltonians is in powers of differences of
Cooper-pair numbers, and subleading corrections are sup-
pressed by inverse powers of the maximum number of pairs
in a shell. The key input for the effective field theory con-
sist of the matrix containing the pairing rotational constants.
The eigenvalues of this model-independent quantity are given
by the curvatures of the nuclear ground-state energies as a
function of proton and neutron numbers. A comparison with
data shows that the leading-order theory is accurate (within
uncertainty estimates) for heavy semimagic nuclei and for
nuclei sufficiently far away from shell closures.

The theory predicts that pair transfer is constant for nuclei
in a pairing rotational band. For nuclei on a pairing ellipti-
cal paraboloid, the nuclear matrix element for pair transfer,
double charge-exchange reactions, and α particle knockout or
capture are nucleus independent and related to each other.

It is interesting to compare the effective theory of this
work with the those for deformed nuclei [27,39,49–51]. For
axially symmetric deformations, one exploits the emergent
symmetry breaking of rotational SO(3) down to axial SO(2).
Then the coset spaces is the two-sphere and Nambu-Goldstone
modes parametrize that manifold. Finite ground-state spins
and fermions introduce couplings to gauge potentials (which
usually are referred to as Coriolis forces). The treatment of
pairing is technically somewhat simpler than deformation be-
cause the broken-symmetry groups are Abelian. Otherwise,
however, one follows the same path.

One could combine both approaches, simultaneously cap-
turing deformation and superfluidity. Then, the low-energy
physics of nuclei away from shell closures becomes extremely
simple: The pattern of the emergent symmetry breaking—
from a product of rotational SO(3) times pairing U(1) × U(1)
down to axial SO(2)—is all that matters. The symmetries
are realized nonlinearly, and low-lying excitations are the
quantized excitations of the corresponding Nambu-Goldstone
modes in finite systems. Each nucleus exhibits a ground-state
rotational band and pairing rotations connect ground-state
energies of different nuclei. While there are, of course, many
nuclear models that break symmetries or incorporate the
effects of symmetry breaking, the effective field theory ap-
proach makes it front and center, is aware about its breakdown
scale, and allows one to make systematic improvements and
uncertainty estimates.
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Fig. 2. Ground-state energies and point-proton rms radii for selected medium-mass 
isotopes obtained in IM-SRG for NN+3N interaction at N3LO with ! = 500 MeV for a 
range of cD parameters from −3.0 (blue) to +4.0 (red) in steps of 1.0. Experimental 
data is indicated by black bars [5,37–39].

cD ≈ 2 corresponding to the green symbols in Fig. 2. The devia-
tion of the cD = 2 ground-state energies from experiment is larger 
than the expected theory uncertainties at this order (cf. Fig. 4). The 
nuclear-matter studies reported in Ref. [21] extract cD ≈ −3 from 
the saturation behavior for the N3LO interaction with the same 
cutoff, but for a regulator with n = 4. This value leads to a sig-
nificant underbinding of medium-mass nuclei, as was also shown 
in Ref. [24]. Understanding the apparent discrepancy between nu-
clear matter and medium-mass nuclei will be an important task 
for future studies.

6. Selecting cD in many-body systems

We can repeat the above analysis for the N2LO and N3LO inter-
actions with all three cutoff values and we always find the same 
basic behavior discussed in Fig. 2. We can select an optimal cD
for each chiral order and cutoff, such that the ground-state energy 
of 16O is reproduced in simple IM-SRG calculations. Note that we 
only vary cD in steps of 1.0 for this selection, since the many-body 
uncertainty of the IM-SRG calculations does not allow for a more 
precise fit. Stated differently, the uncertainty of the 16O ground-
state energy translates to an uncertainty of cD larger than ±1.0. 
The resulting values for the low-energy constants are summarized 
in Table 1. In addition to the interactions with consistent chiral or-
ders in the NN and 3N sector, denoted by N2LO and N3LO, we also 
considered the case of NN interactions at N3LO combined with 3N 
interaction at N2LO, denoted by N3LO’. The optimal cD values show 
two interesting systematics: (i) they are similar for all different or-
ders with a fixed cutoff, (ii) they are rather large for the smallest 
cutoff but decrease systematically with increasing cutoff. Table 1
also reports the ground-state energy and radius of 4He obtained 
with the respective interactions.

7. Medium-mass nuclei and uncertainties

Based on this set of interactions we can address the various 
sources of theory uncertainties. There is already some experience 
in assessing the uncertainties of the many-body method itself. Var-
ious comparisons of different many-body methods for a fixed SRG-
evolved Hamiltonian, e.g. in Refs. [14,40–42], typically indicated an 
uncertainty of 1–2%, e.g., due to the restriction to normal-ordered 
two-body terms in the IM-SRG formulation. For a complete quan-
tification of the many-body uncertainties, we explore the impact 
of the truncation of the free-space SRG evolution at the three-
body level and of the truncation of three-body matrix elements 

Table 1
Values of the 3N low-energy constants obtained from considering the 16O ground-
state energy. The values for the two-pion LECs are (c1, c3, c4) = (−0.74, −3.61,

2.44) GeV−1 for N2LO and (−1.07, −5.32, 3.56) GeV−1 for N3LO and N3LO’, taken 
from [23]. We use isospin-averaged values for CS = (−4.60, −4.78, −4.56) fm2 and 
CT = (−0.010, −0.163, −0.069) fm2 for the three cutoffs (450, 500, 550) MeV.

! [MeV] cD cE E(4He) [MeV] Rrms(4He) [fm]

N2LO 450 10.0 0.909 -29.46 1.498
N3LO 450 9.0 -0.152 -29.05 1.475
N3LO’ 450 9.0 0.544 -29.50 1.499

N2LO 500 5.0 -0.159 -29.42 1.475
N3LO 500 4.0 -1.492 -29.12 1.453
N3LO’ 500 4.0 -1.481 -29.41 1.497

N2LO 550 2.0 -0.966 -29.45 1.459
N3LO 550 3.0 -1.745 -29.60 1.437
N3LO’ 550 1.0 -3.412 -29.64 1.477

Fig. 3. Ground-state energies and point-proton radii for selected medium-mass iso-
topes form IM-SRG calculations using the NN+3N interaction at N3LO for ! =
500 MeV. The left-hand panels show different single-particle basis truncations 
emax = 12, 14 and 3N matrix element truncations E3max = 14, 16, 18 with α =
0.04 fm4. The right-hand panels show different SRG flow parameters α for emax =
12, E3max = 14.

with respect to the total energy quantum number E3 max. We in-
vestigate these truncations in Fig. 3. Evidently, the energies and 
radii are converged already for emax = 12, and E3max = 16 is suffi-
cient up into the nickel isotopic chain—up to 40Ca even E3max = 14
would be enough. The dependence on the SRG flow parameter is 
surprisingly small, i.e., SRG-induced many-body forces beyond the 
3N level play a minor role. Based on these findings, we estimate 
the total many-body uncertainty in IM-SRG calculations to be 2%.

More significant are the uncertainties resulting from the chi-
ral interaction itself. As we have a sequence of interactions from 
LO to N3LO for three different cutoff values each, we can ex-
plicitly quantify the uncertainties due to the chiral interactions. 
We use the order-by-order behavior of the observables at fixed 
cutoff to determine an uncertainty following Refs. [18–20]. The 
uncertainty of an observable XN3LO at order N3LO e.g., is given 
by max(Q |XN3LO − XN2LO|, Q 2 |XN2LO − XNLO|, Q 3 |XNLO − XLO|, 
Q 5 |XLO|). The expansion parameter Q is estimated by the ratio 
of a typical momentum scale in the medium-mass regime over the 
breakdown scale, which results in Q ≈ 1/3. A detailed discussion 
of these scale estimates can be found in Ref. [20]. The cutoff de-
pendence is used to validate the uncertainty estimate—ideally, we 
expect the different cutoffs to give results compatible within un-
certainties. An investigation of more comprehensive schemes, e.g., 
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with respect to the total energy quantum number E3 max. We in-
vestigate these truncations in Fig. 3. Evidently, the energies and 
radii are converged already for emax = 12, and E3max = 16 is suffi-
cient up into the nickel isotopic chain—up to 40Ca even E3max = 14
would be enough. The dependence on the SRG flow parameter is 
surprisingly small, i.e., SRG-induced many-body forces beyond the 
3N level play a minor role. Based on these findings, we estimate 
the total many-body uncertainty in IM-SRG calculations to be 2%.

More significant are the uncertainties resulting from the chi-
ral interaction itself. As we have a sequence of interactions from 
LO to N3LO for three different cutoff values each, we can ex-
plicitly quantify the uncertainties due to the chiral interactions. 
We use the order-by-order behavior of the observables at fixed 
cutoff to determine an uncertainty following Refs. [18–20]. The 
uncertainty of an observable XN3LO at order N3LO e.g., is given 
by max(Q |XN3LO − XN2LO|, Q 2 |XN2LO − XNLO|, Q 3 |XNLO − XLO|, 
Q 5 |XLO|). The expansion parameter Q is estimated by the ratio 
of a typical momentum scale in the medium-mass regime over the 
breakdown scale, which results in Q ≈ 1/3. A detailed discussion 
of these scale estimates can be found in Ref. [20]. The cutoff de-
pendence is used to validate the uncertainty estimate—ideally, we 
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FIG. 1. (Color online) Energy per particle E/A of pure neutron matter (x = 0) and asymmetric nuclear matter for three proton fractions,
x = 0.05, 0.1, and 0.15, as a function of density n. The bands estimate the uncertainty of our calculations (see text for details). Where available,
we compare our results to the Brueckner-Hartree-Fock energies of Ref. [38] [Zuo (2013)] and to the energies obtained from in-medium chiral
perturbation theory [Fiorilla et al. (2012)] [18].

functions of species τi = n,p, and S and T denote the
two-body spin and isospin, with projections MS and MT . For
MT = 0, Eq. (5) implies that τ1 = n and τ2 = p. The energy
involves a spin-summed antisymmetrized matrix element
of the NN interaction with antisymmetrizer A12 = 1 − P12,
where the particle-exchange operator P12 = P k

12 P σ
12 P τ

12 acts
on momentum, spin, and isospin.

The integral over the center-of-mass momentum in Eq. (5)
can be performed separately, as the NN interaction matrix
element is independent of P. The integration results in a
function f MT(k), which is given in Appendix A, Sec. 1.
Expanding the NN matrix element in partial waves, the MS

sum can be performed explicitly. This gives, for the NN
Hartree-Fock energy density,

E
(1)
NN

V
= 1

8π4

∫ kn
F

+k
p
F

2

0
dk k2

∑

l,S,J

(2J + 1)

×
[
f nn(k) 〈k|V J,S,MT =−1

l,l |k〉(1 − (−1)l+S+1)

+ f np(k) 〈k|V J,S,MT =0
l,l |k〉(1 − (−1)l+S)

+ f np(k) 〈k|V J,S,MT =0
l,l |k〉(1 − (−1)l+S+1)

]
, (6)

where we have neglected the pp contribution according to
approximation (4) and f MT =0 ≡ f np. The orbital and total

angular momentum are labeled l and J , respectively, and the
factor (1 − (−1)l+S+T ) takes into account the exchange term.

D. Second-order NN contribution

The second-order NN contribution to the energy density
reads

E
(2)
NN

V
= 1

4

∑

S,MS,MS′ ,T ,MT

∫
dk dk′ dP

(2π )9

×
nτ1

P
2 +k nτ2

P
2 −k

(
1 − n

τ3
P
2 +k′

) (
1 − nτ4

P
2 −k′

)

(k2 − k′2)/m

× |〈kSMST MT |A12VNN |k′SM ′
ST MT 〉|2, (7)

where k′ = (k3 − k4)/2 and we use an averaged nucleon mass
m = 938.92 MeV. In addition, for MT = 0 also τ3 = n and
τ4 = p. Expanding the NN matrix elements in partial waves
and after spin sums, we have [12]

∑

S,MS,M ′
S

|〈kSMST MT |A12VNN |k′SM ′
ST MT 〉|2

=
∑

L,S

∑

J,l,l′

∑

J̃ ,̃l,̃l′

PL(cos θk,k′)(4π )2 i(l−l′+̃l−̃l′) (−1)l̃+l′+L

× CL0
l0̃l′0C

L0
l′0̃l0

√
(2l + 1)(2l′ + 1)(2̃l + 1)(2̃l′ + 1)

025806-3

[Drischler et al. 2014]
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⦿ From the input Hamiltonian

Calculated values of BΛð5ΛHeÞ are listed in Table III for
λ ¼ 4 fm−1 and as extrapolated to λ → ∞. To extrapolate to
λ → ∞, the calculated BðλÞ values can be fitted by a power
series in the small parameter Q=λ:

BðλÞ
Bð∞Þ

¼
!
1þ α

Q
λ
þ β

"
Q
λ

#
2

þ γ

"
Q
λ

#
3

þ % % %
$
: ð7Þ

The extrapolation uncertainties listed in Table III for the
asymptotic values BΛðλ → ∞Þ were derived by comparing
two- and three-parameter fits of this form. These uncer-
tainties are also shown as gray bands in Fig. 1. The table
demonstrates how ΛN version χLO, of all versions, is close
to reproducing Bexp

Λ ð5ΛHeÞ for λ ¼ 4 fm−1, whereas ver-
sions Alexander[B] and χNLO (see also Fig. 1) do so only
in the limit λ → ∞.
The sign and size of the three-body contributions play a

crucial role in understanding the cutoff λ dependence of the
calculated BΛð5ΛHeÞ. The nuclear NNN term first changes
from weak attraction at λ ¼ 1 fm−1 in 3H and 4He, similar
to that required in phenomenological models [38], to strong
repulsion at λ ¼ 2 fm−1, which reaches maximal values
around λ ¼ 4 fm−1. However, for larger values of λ it
decreases slowly. The ΛNN contribution follows a similar
trend, but it is weaker than the NNN contribution by a
factor of roughly 3 when repulsive. The transition of the
three-body contributions from long-range weak attraction

to relatively strong repulsion for short-range interactions is
correlated with the transition seen in Fig. 1 from strongly
overbinding 5

ΛHe to weakly underbinding it. We note that
for λ≳ 1.5 fm−1 all of the three ΛNN components are
repulsive, as required to avoid a Thomas collapse, imposing
thereby some constraints on the ΛNN LECs.
Finally, using the =πEFT LECs derived here to

evaluate BΛ in symmetric nuclear matter (SNM), we have
found within a simple Fermi gas model that for version
Alexander[B], e.g., BΛðSNMÞ ≤ 27 MeV at nuclear satu-
ration density, ρA ¼ 0.16 fm−3, for any cutoff value λ.
Although this value is only a lower bound on the binding
energy of Λ in SNM, the acceptable value being ≈30 MeV
[1], it is encouraging that our =πEFT does not lead to
excessive binding. This calls for more rigorous evaluations
of BΛðSNMÞ using perhaps advanced Monte Carlo varia-
tional techniques.
Summary and outlook.—The present work was moti-

vated by the 1–3 MeV persistent overbinding of 5
ΛHe in

most of the few-body calculations reported to date, includ-
ing recent LO EFT model calculations [8]. To this end, we
have applied the =πEFT approach at LO to s-shell Λ
hypernuclei within precise few-body SVM calculations,
extending recent =πEFT studies of light nuclei [20–23]. This
required five LECs at LO: two ΛN LECs, related here to
spin-triplet and spin-singlet ΛN scattering lengths in
several ΛN interaction models, and three ΛNN LECs fitted
to the three available BΛ values in the A ¼ 3,4 hypernuclei.
With these five fitted LECs, for each of the momentum
scale parameters λ chosen, the Λ separation energy
BΛð5ΛHeÞ) was evaluated. Our main finding is that, while
5
ΛHe is overbound indeed by up to 3 MeV for relatively
long-range ΛN and ΛNN interactions, say, at λ ∼ 1 fm−1, it
quickly becomes underbound by less than 1 MeV for
λ ∼ 2–3 fm−1. For most of the ΛN scattering-length ver-
sions studied here, Bcalc

Λ ð5ΛHeÞ approaches slowly in the
limit λ → ∞ the value Bexp

Λ ð5ΛHeÞ ¼ 3.12& 0.02 MeV,
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FIG. 1. BΛð5ΛHeÞ (MeV) as a function of the cutoff λ (fm−1) in LO =πEFT calculations with ΛN scattering-length input listed in Table II.
Solid lines mark a two-parameter fit aþ b=λ, starting from λ ¼ 4 fm−1. Gray horizontal bands mark λ → ∞ extrapolation uncertainties.
Dashed horizontal lines mark the value Bexp

Λ ð5ΛHeÞ ¼ 3.12& 0.02 MeV.

TABLE III. BΛð5ΛHeÞ values (MeV) in LO =πEFT calculations
for several ΛN scattering-length versions from Table II. The
uncertainties listed for cutoff λ ¼ 4 fm−1 are due to subtracting
Bð4HeÞ from Bð5ΛHeÞ, whereas those for λ → ∞ are mostly from
extrapolation, with fitting uncertainties ≲10 keV.

λ (fm−1) Alexander[B] NSC97f χLO χNLO

4 2.59(3) 2.32(3) 2.99(3) 2.40(3)
→ ∞ 3.01(10) 2.74(11) 3.96(08) 3.01(06)
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Total ~ 5 - 10%



Uncertainties
⦿ From basis & many-body truncations

○ Truncation of one-body Hilbert space

○ Truncation of three-body matrix elements

○ Approximate treatment of 3N forces

○ Truncation of self-energy expansion

○ Symmetry breaking

○ Non-unitarity of SRG transformation

Few percent each Total ~ 5 - 10%

○ Past

○ Present

○ Future

➪ Test different input interactions (not systematic)

➪ Hamiltonians in WPC available at different orders

➪ Renormalisable Hamiltonians ➝ EFT truncation error
➪ Interplay between many-body & renormalisation

⦿ From the input Hamiltonian

Estimates ~ 5 - 10%
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⦿ Accuracy of chiral potentials steadily improving

Rms deviations approaching phenomenological approaches

○ Ground-state energies  ➝   rms deviation around 3 MeV (~ 1-1.5%)

○ Charge radii  ➝  rms deviation around 0.02 fm (~ 0.5-1%)
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⦿ Magic numbers: extra-stable combinations of N & Z
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Fig. 1 Total binding energies along Z = 18 − 24 isotopic chains
computed at the ADC(2) level with the NN+3N (lnl) interaction (sym-
bols joined by solid lines). For comparison, experimental data (mea-
sured [37,39,52–54], full symbols and extrapolated [52], empty sym-
bols) are displayed. Both calculated and experimental values are shifted
by (20− Z)×20 MeV for a better readability. For closed-shell calcium
isotopes, available ADC(3) results [8] are displayed as horizontal lines

and titanium up to 19 MeV for chromium. This addition-
ally points to a possible specific deficiency (besides generic
third-order terms) related to a poor account of quadrupole
correlations, as elaborated on in the following.

3.2 One- and two-nucleon separation energies

Systematically accessing successive nuclides along isotopic
or isotonic chains allows to investigate some of the most
fundamental properties of atomic nuclei such as the limits of
their existence as bound states or the emergence (and evolu-
tion) of magic numbers. Such properties are best studied by
looking at total ground-state energy differences. Two-neutron
separation energies

S2n(N , Z) ≡ |E(N , Z)| − |E(N − 2, Z)| (2)

are first considered. Their values computed from the total
energies of Fig. 1 are shown in Fig. 2, together with available
and extrapolated experimental data. The overall agreement
with experiment is remarkable, with computed values fol-
lowing the main trends of measured data. R.m.s. deviations
amount to 2.9, 1.5, 2.0 and 2.2 MeV for argon, calcium,
titanium and chromium respectively. The two neutron magic
numbers N = 20 and N = 28, associated with sudden drops
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Fig. 2 Two-neutron separation energies along Z = 18−24 isotopic
chains computed with the NN+3N (lnl) interaction (symbols joined by
solid lines), compared to experimental (measured, full symbols and
extrapolated, empty symbols) data. Both calculated and experimental
values are shifted by (Z−20) × 5 MeV for a better readability

of S2n, are visible in all theoretical curves. The N = 28 gap
is very well reproduced across all isotopic chains, with the
good description carrying over to larger neutron numbers for
most chains. On the contrary, the gap at N = 20 turns out to
be overestimated, with the comparison to experiment wors-
ening when departing from proton magic number Z = 20.
The description deteriorates also in other regions, e.g. for
argon isotopes between N = 20 and N = 28 or more gener-
ally for chromium isotopes. The latter observation reflects in
the differences between the r.m.s. deviations reported above.
As discussed further below, it might originate in the poorer
description of the strong quadrupole correlations character-
ising doubly open-shell systems.

The neutron dripline, i.e. the position of the last bound
system in a given isotopic chain, can be also read from two-
neutron separation energies as unbound nuclei are charac-
terised by negative values of S2n. None of the computed
neutron rich isotopes shown in Fig. 2 results unbound, i.e.
the dripline is predicted to be located beyond N = 40 for
all considered chains3. The smallest S2n value are reached
for 56−57Ar and are as low as 100 keV. However, one must
remark that continuum coupling is likely to play an impor-
tant role when binding energies are so close to the neu-
tron emission threshold. Presently, the continuum is crudely

3 Present calculations could not be extended beyond N = 40 due to
convergence issues, see discussion in Ref. [8] for more details.
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Other isotopes have similar speeds of convergence, e.g., the
same variation of the model space induces a change of 1 MeV
in 40Ca. Thus, one expects convergence errors to cancel to a
large extent when calculating two-neutron separation energies
S2n ≡ EZ,N

0 − EZ,N−2
0 . To test this we performed exponential

extrapolations of the calculated binding energies of a few
nuclei, using the last few odd values of Nmax. We found
variations of at most ≈500 keV with respect to the value
calculated at Nmax = 13. Hence, we take this as an estimate
of the convergence error on computed S2n. In the following
we present our results calculated for Nmax = 13 and !! =
28 MeV, which corresponds to the minimum of the curve
in Fig. 1. For isotopes beyond N = 32, appropriate extrap-
olations and larger model spaces are required and will be
considered in future works.

The accuracy of the many-body truncation of the self-
energy at second order must also be assessed. To this extent,
we consider the standard (Dyson) formulation of SCGF
implemented within the third-order algebraic diagrammatic
construction [ADC(3)], which goes beyond the full third
order [26,27]. The comparison in closed-shell isotopes 40Ca,
48Ca, and 52Ca (top panel of Fig. 2) shows that the correction
from third- and higher-order diagrams is rather constant along
the chain. Respectively, in Nmax = 9 we obtain E

ADC(3)−Dys
0 −
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FIG. 2. (Color online) Experimental (solid squares) [28–30] and
calculated ground-state energies of Ca isotopes. Top panel: Second-
order Gorkov and Dyson-ADC(3) results for 40,48,52Ca obtained with
a Nmax = 9 model space and the full Hamiltonian. Bottom panel:
Second-order Gorkov results with NN plus induced (crosses) and
NN plus full (open squares) 3NFs and Nmax = 13. Full 3NF Gorkov
results corrected for the ADC(3) correlation energy extracted from
the top panel (dotted line with solid triangles). IM-SRG results [12]
are for the same 3NF and are extrapolated to infinite model space
(diamonds with error bars).

E2nd−Gkv
0 = −10.6, −12.1, and −12.6 MeV, which correspond

to ≈2.7% of the total binding energy. Assuming that these
differences are converged with respect to the model space, we
add them to our second-order Gorkov results with Nmax=13
and display the results in the bottom panel of Fig. 2. Resulting
values agree well with IM-SRG calculations of 40Ca and
48Ca based on the same Hamiltonian [12]. This confirms the
robustness of the present results across different many-body
methods. The error due to missing induced 4NFs was also
estimated in Ref. [12] by varying the SRG cutoff over a
(limited) range. Up to ≈1% variations were found for masses
A ! 56 (e.g., less than 0.5% for 40Ca and 48Ca) when changing
λ between 1.88 and 2.24 fm−1. We take this estimate to be
generally valid for all the present calculations.

A first important result of this work appears in the bottom
panel of Fig. 2, which compares the results obtained with
NN plus induced 3NFs and NN plus full 3NFs. The trend
of the binding energy of Ca isotopes is predicted incorrectly
by the induced 3NFs alone. This is fully amended by the
inclusion of leading chiral 3NFs. However, the latter introduce
additional attraction that results in a systematic overbinding of
ground-state energies throughout the whole chain. Analogous
results are obtained for Ar, K, Sc, and Ti isotopic chains (not
shown here), leading to the same conclusion regarding the role
of the initial chiral 3NF in providing the correct trend and in
generating overbinding at the same time.

The NN plus induced 3N interaction, which originates
from the NN -only N3LO potential, generates a wrong slope
in Fig. 2 and exaggerates the kink at 40Ca. The corresponding
two-nucleon separation energies are shown in Fig. 3 and
are significantly too large (small) for N ! 20 (N > 20).
Including chiral 3NFs corrects this behavior to a large extent
and predicts S2n close to the experiment for isotopes above
42Ca. Figure 3 also shows results for microscopic shell
model [19,30] and coupled-cluster [9] calculations above
41Ca and 49Ca, respectively, which are based on similar chiral
forces. Our calculations confirm and extend these results
within a full-fledged ab initio approach for the first time.
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FIG. 3. (Color online) Two-nucleon separation energies, S2n , of
Ca isotopes. Gorkov calculations are shown for the induced (crosses)
and full (open squares) Hamiltonians and are compared to the exper-
iment (solid squares) [28–30]. Results from shell-model calculations
with chiral 3NFs (solid line) [19,30] and coupled cluster (dashed
line) [9] are also shown.
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8

A. Ground-state energies

Computed ground-state energies for Ar, K, Ca, Sc, Ti,
V and Cr isotopic chains are displayed in Fig. 11 and
compared to experimental (measured and extrapolated)
data. The global behaviour is well captured by the calcu-
lated energies across all values of Z and N . Underbind-
ing with respect to experiment is observed for all chains,
with the absolute di↵erence between computed and mea-
sured data increasing with mass number along a given
chain. As demonstrated for Ca and Ni isotopes in Figs. 3
and 4, ADC(3) correlations are expected to correct to a
large extent for this underbinding. Thus, one can con-
clude that bulk properties are reasonably well described
by the NN+3N(lnl) interaction consistently across the
medium-mass region of the nuclear chart.

Systematically accessing successive nuclides along an
isotopic chain allows investigating some of the most fun-
damental properties of atomic nuclei such as the limits
of their existence as bound states or the emergence (and
evolution) of magic numbers. Such properties are best
studied by looking at total ground-state energy di↵er-
ences, e.g. at two-neutron separation energies

S2n(N,Z) ⌘ |E(N,Z)|� |E(N � 2, Z)| (2)

or their di↵erences, usually referred to as neutron gaps

�2n(N,Z) ⌘ S2n(N,Z)� S2n(N + 2, Z) . (3)
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FIG. 12. Two-neutron separation energies along Z = 18� 24
isotopic chains computed within the ADC(2) approximation
with the NN + 3N(lnl) interaction, compared to experimen-
tal (measured and extrapolated) data. Both calculated and
experimental values are shifted by (Z � 20) ⇥ 5 MeV for a
better readability.
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FIG. 13. Relative errors on total binding energies along Z =
18, 20, 22 and 24 isotopic chains computed within the ADC(2)
approximation with the NN + 3N(lnl) interaction.

S2n computed from total energies of Fig. 11 are shown
in Fig. 12 together with available and extrapolated ex-
perimental data. The overall agreement with experiment
is good, with computed values following the main trends
of measured data. The two main gaps, relative to neu-
tron magic numbers N = 20, 28 and associated with sud-
den drops of S2n, are visible in all theoretical curves.
The N = 28 gap is very well reproduced across all iso-
topic chains, with the good description carrying over to
larger neutron numbers for most chains. On the contrary,
the N = 20 turns out to be overestimated in all cases,
with the comparison to experiment worsening when de-
parting from proton magic number Z = 20. The de-
scription worsens also in other regions, e.g. for argon
isotopes between N = 20 and N = 28 or more gener-
ally for chromium isotopes. In such systems both pro-
tons and neutrons have an open-shell character. The
absence of a closed-shell, which normally maintains the
nucleus at or near sphericity, is likely to lead to a de-
formed ground-state. Present calculations are however
restricted to spherical solutions, and the employed many-
body truncation is not expected to be high enough to
capture su�cient correlations related to deformation (e.g.
quadrupole correlations).

To substantiate the above observations let us plot, in
Fig. 13, di↵erences between computed and experimen-
tal ground-state energies per nucleon for the four even-
Z isotopic chains considered here. One notices that for
calcium isotopes (Z = 20), characterised by good closed-
shell protons, calculations are the closest to experiment.
Argon and titanium isotopes, with two protons less and

[Somà et al. 2021]

➪ Magic numbers emerge “ab initio”

➪ Their evolution qualitatively captured
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⦿ Reproduction of data deteriorates when moving away from (semi-)magic systems

Footprint of deformation

V. Somà et al.: Moving away from singly-magic nuclei with Gorkov Green’s function theory 9

16 20 24 28 32 36 40
0

0.1

0.2

0.3

Cr

β

N

(d)

16 20 24 28 32 36 40

Ti

N

(c)

Ti

ΔE/A β Np x Nn

16 20 24 28 32 36 40

Ca

N

(b)

16 20 24 28 32 36 40
0

0.1

0.2

0.3

0.4

0.5

Ar

Δ
E/

A
 [M

eV
]

N

(a)

Fig. 9. Relative errors on total binding energies per nucleon for Z = 18, 20, 22 and 24 isotopes (full symbols and solid lines,
taken from Fig. 8, referring to the left vertical axis). Theoretical results are compared to the simple estimate Np ⇥Nn, following
Ref. [66] (crosses and dotted lines, arbitrarily normalised) and the deformation parameter � computed via EDF calculations [67]
(empty symbols and dashed lines, referring to the right vertical axis).

static deformation. ADC(3) deviations, available for cal-
cium isotopes with sub-shell closures, are also displayed
in the figure. They illustrate the typical gain achieved by
the inclusion of higher-order correlations in semi-magic
systems.

The hypothetical correlation with deformation is fur-
ther examined in Fig. 9, where the four curves of Fig. 8 are
plotted separately and compared to two di↵erent quantities
measuring the e↵ects of deformation in phenomenologi-
cal approaches. First, we consider the simple estimate
Np ⇥Nn, where Np (Nn) is the number of valence proton
(neutron) pairs in a mean-field picture. Such a quantity
has been shown to provide a good estimate of the so-called
deformation energy in (single-reference) energy density
functional (EDF) calculations [66]. Second, we plot the ac-
tual deformation parameter � obtained in (multi-reference)
EDF calculations [67]. These two estimates of deforma-
tion provide a similar picture throughout the four isotopic
chains. This is consistent with the idea that deformation is
mean-field dominated, with beyond-mean-field correlations
accounting for additional fluctuations on top. Turning to
our results, one observes that the correlation between the
theoretical error �E/A and the two phenomenological esti-
mates is striking for all chains. The deformation parameter
�, with smoother variations across sub-shell closures, seems
to provide a slightly better account of our theoretical er-
ror. An exception is visible for light argon isotopes, with
the mean-field estimate Np ⇥Nn better capturing the be-
haviour of �E/A around N = 20. This analysis eventually
supports the intuition that the collective quadrupole cor-
relations arising in doubly-open shell systems can hardly
be captured by present SU(2)-conserving calculations.

Even if in principle all correlations can be accounted
for in the current theoretical scheme, one would need to
include very high orders in the expansion in order to grasp
such quadrupole static correlations. Indeed, for spherical
bases, these are typically associated with the coherent
superposition of many particle-many hole excitations that
are not included in the low-order many-body truncation
schemes currently at reach. Extending beyond the ADC(3)
approximation involves a factorial increase in the numbers

of diagrams and would need a shift of paradigm in which
all contributions are dealt with at once through stochastic
sampling [68]. An alternative solution is the extension
of existing expansion methods towards SU(2)-breaking
schemes that will enable an e�cient description of static
deformation from the outset.

4 Radii

Among the basic nuclear properties addressed by ab initio
calculations in the past few years, the size of medium-mass
nuclei has typically represented (and, to a good extent,
still represents) one of the main challenges. The first sets
of calculations that successfully reproduced ground-state
energies of oxygen isotopes failed to provide, at the same
time, a good description of charge radii [35]. The NNLOsat

Hamiltonian, specifically introduced to cure this issue [40],
very much improved the description of radii although dis-
crepancies for neutron-rich systems have been shown to
persist [35, 69]. An unsatisfactory account of nuclear sizes
remains for several Hamiltonians that are currently em-
ployed in state-of-the-art calculations [74, 8]. Very recently,
new generations of chiral interactions have been proposed
and shown to provide promising results for charge radii of
closed-shell [75] as well as some open-shell [30] medium-
mass nuclei. The behaviour along isotopic chains around
calcium remains however to be investigated. In Ref. [8]
charge radii of oxygen, calcium and nickel isotopes have
been systematically investigated with the NN+3N(lnl)
and NNLOsat Hamiltonians. The study confirmed the good
performance of NNLOsat up to the nickel chains. Here, in
addition to a more refined analysis of calcium isotopes,
charge radii along argon, titanium and chromium chains
are presented.

Mean square (m.s.) charge radii are computed starting
from m.s. point-proton radii hr2pi as follows

hr2chi = hr2pi+ hR2
pi+

N

Z
hR2

ni+ hr2iso +
3~2

4m2
pc

2
. (7)
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Fig. 7. Three-point mass di↵erences, Eq. (6), along
Z = 18, 20, 22 and 24 isotopic chains computed with the
NN+3N(lnl) interaction (symbols joined by solid lines), com-
pared to experimental (measured, full symbols and extrapolated,
empty symbols) data. Both calculated and experimental values
are shifted by (Z � 20)⇥ 2 MeV for a better readability.

pared to experiment. This feature is particularly visible for
N 2 [21, 27] isotopes in all considered chains, as well as be-
yond N = 34 for calcium and chromium. Keeping in mind
the possible deficiency of the currently used Hamiltonian,
this result likely points to missing higher-order correlations.
The ADC(2) truncation scheme employed here already in-
cludes both the lowest-order pairing term and the induced
interaction resulting from the exchange of unperturbed
particle-hole excitations. However, it does not account for
the collective vibrations that are thought to be responsible
for the remaining pairing strength [61, 62, 63, 64]. Conse-
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the odd-even staggering present at the mean-field level
(not shown here), but it does not significantly change the
amplitude of the pairing gap. The extension of GSCGF to
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that such a truncation does indeed seize important features
of collective fluctuations and of their e↵ect on superfluidity.
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to the anomalous part of the self-energy (i.e. the pairing
gap) but rather to its normal part (i.e. the e↵ective mean-
field) [55, 65]. The qualitative evolution of this staggering
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quadrupole fluctuations become truly collective, i.e. as one
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3.5 E↵ects of deformation

For several of the quantities discussed above, the poorer
agreement with theoretical data when departing from semi-
magic calcium has been ascribed to an ine�cient descrip-
tion of quadrupole correlations. To substantiate this ob-
servation, di↵erences between computed and experimental
ground-state energies per nucleon are displayed in Fig. 8
for four isotopic chains. The best agreement with experi-
mental values is found for calcium isotopes. Other chains
perform generally worse, with the quality of the descrip-
tion deteriorating in particular for neutron-rich argon and
chromium isotopes. In all cases a clear minimum is visible
at N = 20 and a maximum around N = 24, which suggests
a correlation with the closed- or open-shell character of
the neutrons and the associated absence or presence of
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static deformation. ADC(3) deviations, available for cal-
cium isotopes with sub-shell closures, are also displayed
in the figure. They illustrate the typical gain achieved by
the inclusion of higher-order correlations in semi-magic
systems.

The hypothetical correlation with deformation is fur-
ther examined in Fig. 9, where the four curves of Fig. 8 are
plotted separately and compared to two di↵erent quantities
measuring the e↵ects of deformation in phenomenologi-
cal approaches. First, we consider the simple estimate
Np ⇥Nn, where Np (Nn) is the number of valence proton
(neutron) pairs in a mean-field picture. Such a quantity
has been shown to provide a good estimate of the so-called
deformation energy in (single-reference) energy density
functional (EDF) calculations [66]. Second, we plot the ac-
tual deformation parameter � obtained in (multi-reference)
EDF calculations [67]. These two estimates of deforma-
tion provide a similar picture throughout the four isotopic
chains. This is consistent with the idea that deformation is
mean-field dominated, with beyond-mean-field correlations
accounting for additional fluctuations on top. Turning to
our results, one observes that the correlation between the
theoretical error �E/A and the two phenomenological esti-
mates is striking for all chains. The deformation parameter
�, with smoother variations across sub-shell closures, seems
to provide a slightly better account of our theoretical er-
ror. An exception is visible for light argon isotopes, with
the mean-field estimate Np ⇥Nn better capturing the be-
haviour of �E/A around N = 20. This analysis eventually
supports the intuition that the collective quadrupole cor-
relations arising in doubly-open shell systems can hardly
be captured by present SU(2)-conserving calculations.

Even if in principle all correlations can be accounted
for in the current theoretical scheme, one would need to
include very high orders in the expansion in order to grasp
such quadrupole static correlations. Indeed, for spherical
bases, these are typically associated with the coherent
superposition of many particle-many hole excitations that
are not included in the low-order many-body truncation
schemes currently at reach. Extending beyond the ADC(3)
approximation involves a factorial increase in the numbers

of diagrams and would need a shift of paradigm in which
all contributions are dealt with at once through stochastic
sampling [68]. An alternative solution is the extension
of existing expansion methods towards SU(2)-breaking
schemes that will enable an e�cient description of static
deformation from the outset.

4 Radii

Among the basic nuclear properties addressed by ab initio
calculations in the past few years, the size of medium-mass
nuclei has typically represented (and, to a good extent,
still represents) one of the main challenges. The first sets
of calculations that successfully reproduced ground-state
energies of oxygen isotopes failed to provide, at the same
time, a good description of charge radii [35]. The NNLOsat

Hamiltonian, specifically introduced to cure this issue [40],
very much improved the description of radii although dis-
crepancies for neutron-rich systems have been shown to
persist [35, 69]. An unsatisfactory account of nuclear sizes
remains for several Hamiltonians that are currently em-
ployed in state-of-the-art calculations [74, 8]. Very recently,
new generations of chiral interactions have been proposed
and shown to provide promising results for charge radii of
closed-shell [75] as well as some open-shell [30] medium-
mass nuclei. The behaviour along isotopic chains around
calcium remains however to be investigated. In Ref. [8]
charge radii of oxygen, calcium and nickel isotopes have
been systematically investigated with the NN+3N(lnl)
and NNLOsat Hamiltonians. The study confirmed the good
performance of NNLOsat up to the nickel chains. Here, in
addition to a more refined analysis of calcium isotopes,
charge radii along argon, titanium and chromium chains
are presented.

Mean square (m.s.) charge radii are computed starting
from m.s. point-proton radii hr2pi as follows

hr2chi = hr2pi+ hR2
pi+

N

Z
hR2

ni+ hr2iso +
3~2

4m2
pc

2
. (7)
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and shown to provide promising results for charge radii of
closed-shell [75] as well as some open-shell [30] medium-
mass nuclei. The behaviour along isotopic chains around
calcium remains however to be investigated. In Ref. [8]
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➪ Extension to SU(2)-breaking scheme required for doubly open-shell nuclei

Behaviour consistent throughout isotopic chains Correlation with measures of deformation



Spectroscopy of mid-mass nuclei
⦿ Odd-even neighbours reached via one-nucleon addition/removal (example: 48Ca)
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Spectroscopy of mid-mass nuclei
4.3 Spectroscopy of odd-even nuclei
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Figure 4.5 One-nucleon addition and removal spectra from/to 54Ca. Available experi-
mental values are displayed as black thick lines, in the left column of each panel. Gorkov
ADC(2) calculations are represented by blue (second column) and green (third column)
thick lines for NNLOsat and NN+3N(lnl) respectively. The red thin lines are ADC(3)
energies for both Hamiltonians, with shaded areas connecting the corresponding ADC(2)
and ADC(3) values where available. For 55Ca, states obtained via one-neutron removal
from 56Ca in the ADC(2) approximation are also shown. Low-lying states with Ex < 5
MeV and spectroscopic factor larger than 10% are displayed. The figure is taken from
Ref. [82].

The isotopes studied in Fig. 4.5 are of particular interest, with experiments that either
have been recently performed or that are planned for the near future. These endeavours,
which are complementing the currently scarce data in the region, aim at characterising,
among other points, the N = 32, 34 subshell gaps [188, 198], the behaviour of calcium
isotope towards N = 40 [86] and the spin inversion of potassium ground states [83]. In
53Ca, two excited states have been measured around 2 MeV with tentative spin-parity
assignments of 5/2− and 3/2− [199, 200]. SCGF calculations produce the two states and
support the spin assignments. Among the two employed interactions, NN+3N(lnl) does a
better job in reproducing both the position and the energy splitting between the two levels.
NNLOsat results also show a larger uncertainty originating from the self-energy truncation.
In 55Ca, in addition to one-neutron addition states to 54Ca, one-neutron removal states
from 56Ca in the ADC(2) approximation are shown. The spectra generated by the two
interactions display the same low-lying states, although the one from NNLOsat is more
compressed than the one from NN+3N(lnl). In both cases the excited state corresponding
to the main one-neutron addition quasiparticle, with spin-parity 9/2+, shows a large
correction from ADC(3). Recently, states in 55Ca were studied experimentally via a proton
removal reaction from 56Sc [86]. A low-lying excited state with spin assignment 1/2− was
identified at 673 keV, somehow in between the SCGF predictions with the two different
interactions. In 53K the predictions from the two Hamiltonians differ the most, with a
different ground state obtained with NNLOsat and NN+3N(lnl). The latter result agrees
with the recent experimental assignment of 3/2+ [83] and also succeeds in reproducing the
energy of the first excited 1/2+ state at about 800 keV. Finally, in 55Sc it is the first excited
states to be different, with NNLOsat and NN+3N(lnl) predicting, respectively, 3/2− and
5/2− states on top of the 7/2− ground state. From these comparisons it emerges that ab
initio SCGF calculations, already at the ADC(2) level, are able to provide a quantitative
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⦿ Odd-even neighbours reached via one-nucleon addition/removal (example: 54Ca)

Evolution of ground- & first excited state
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Figure 4.6 Left: evolution of ground and first excited states along even N potassium
isotopes, depicted as the energy difference between lowest-energy 1/2+ and 3/2+ states.
Gorkov ADC(2) calculations performed with three different interactions are compared to
existing experimental data. Right: same as in the left panel but for chlorine isotopes (and
without the NN+3N(400) interaction). The figures have been adapted from Refs. [82, 83,
85].

description of low-lying excited states populated via direct reactions5. Specific cases can be
exploited to probe the performances of chiral interactions, possibly correlating excitation
spectra with other, e.g. ground-state, observables in the same region as done in Ref. [76].

The identification of the ground-state spin in 53K is part of a series of experimental
efforts devoted to determine the peculiar spin inversion (and re-inversion) along potassium
isotopes. From 37K up to 45K, the ground-state spins have been known to be 3/2+, as a
naive shell model picture would suggest. Several years back, 47K was instead shown to
have a 1/2+ ground state via a laser spectroscopy experiment [201], with 3/2+ becoming
a low-lying excited state at 360 keV. About ten years ago, high-resolution collinear laser
spectroscopy measurements determined that the ground-state spin inversion is maintained
in 49K but a re-inversion occurs for 51K [202]. Very recently, the re-inversion was confirmed
and extended to 53,55K by Refs. [83, 86], where firm spin assignments for ground- and first
excited states were established, with the 1/2+ energy stabilising between 0.5 and 1 MeV.

Available experimental data are summarised in Fig. 4.6 (left), where the energy differ-
ence between 1/2+ and 3/2+ states is displayed for potassium isotopes with even neutron
number. At the time of the laser spectroscopy experimental campaign reported on in
Ref. [202], Gorkov SCGF calculations were performed with the NN+3N(400) interac-
tion [178], which resulted in the red curve displayed in the figure. Although the calcu-
lations parallel the experimental trend, the energy gap between the two states is largely
overestimated, and the spin inversion in 47K is absent. The same spectra have then
been computed in Ref. [76] using the more recent interactions NNLOsat and NN+3N(lnl).
NNLOsat captures the trend as N increases, but presents a shift compared to data that
generates the inversion already at 43K. After that, the ground-state is predicted to have al-
ways spin-parity 1/2+. Instead, NN+3N(lnl) succeeds in reproducing experimental data,
including the inversion and re-inversion of the ground-state spin-parity and the position

5In general, associated spectroscopic factors also follow the trends determined in the experimental
analysis, thus establishing a consistent picture (see, e.g., Refs. [83, 86]).
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Lepton-nucleus scattering
⦿ Modelling neutrino-40Ar cross section crucial for next-gen neutrino experiments (e.g. DUNE)

Liquid argon time-projection chambers
Inclusive lepton-nucleus cross section at fixed beam energy

Inclusive electron-nucleus cross section at Ee ⇠ 1 GeV, as a function of !.

  Meson exchange 
currents

The different reaction mechanisms, contributing to the cross section at
different values of !, can be easily identified.

Noemi Rocco (INFN) Role of MEC in the production of 2p2h June 27, 2016 7 / 50

[Figure: N. Rocco]

➪  Cross section needed over a large energy range

➪  Different processes to be modelling

➪  Nuclear structure input needed



Lepton-nucleus scattering
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⦿ Modelling neutrino-40Ar cross section crucial for next-gen neutrino experiments (e.g. DUNE)

⦿ Quasielestic peak  ➝  Impulse approximation 
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➪  Reaction process ≈ Incoherent scattering on nucleons weighted by spectral function
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with poorer efficiencies than protons. For this reason, based on
the observation that the neutron spectrum of 40Ar is mirrored
by the proton spectrum of Ti isotopes, titanium data have
been used to gain indirect information on the neutron spectral
function of argon.

In this Rapid Communication we show the results obtained
using the spectral functions of Ar and Ti computed within a
state-of-the-art ab initio theory. In order to tackle these open-
shell nuclei, the self-consistent Green’s function (SCGF) for-
malism has been recently generalized in the framework of
Gorkov’s theory. The SCGF is a polynomially scaling many-
body method that allows us to efficiently describe nuclei with
mass number up to A ≈ 100 . Using the accurate predictions
obtained for proton and neutron spectral functions of 40Ar and
48Ti, we calculate quasielastic electron scattering cross sec-
tions and validate them against the JLab experiment to assess
their quality. We then compare the theoretical neutron spectral
distribution of 40Ar with the protons in 48Ti to quantify the
accuracy of the isospin symmetry assumption and provide pre-
dictions for neutrino-Ar scattering at the energies relevant to
DUNE. We find that modeling neutrons in Ar upon the proton
distribution in Ti is a well-justified approximation, once the
relative shifts in the two energy spectra are taken into account.

Theory. The double-differential cross section for inclusive
lepton-nucleus scattering can be written as [17]

(
dσ

dE ′d"′

)

#

= C#

E ′
k

Ek
LµνW µν, (1)

where Lµν is the leptonic tensor and k = (Ek, k) and k′ =
(E ′

k, k′) are the laboratory four-momenta of the incoming and
outgoing leptons, respectively. The factor C# = α/(k − k′)4

for electrons and C# = G/8π2 for neutrinos, where G = GF
for neutral current (NC) and G = GF cos θc for charged cur-
rent (CC) processes. The electroweak coupling constants are
α ≈ 1/137, GF = 1.1803 × 10−5 GeV−2 [18], and cos θc =
0.97425 [19].

The hadron tensor W µν encodes the transition matrix el-
ements from the target ground state |(A

0 〉 to the final states
|(A

f 〉 due to the hadronic currents, which include additional
axial terms for neutrino scattering. For the case of quasielastic
processes at moderate values of the momentum transfer (|q| !
500 MeV), the impulse approximation allows us to factorize
|(A

f 〉 → |p′〉 ⊗ |(A−1
n 〉 into the outgoing nucleon of momen-

tum p′ and the residual nucleus in a state |(A−1
n 〉. This leads

to [13,14]

W µν
1b (q,ω)

=
∫

d3p′ dE
(2π )3

m2
N

e(p′)e(p′ − q)
δ[ω + E − e(p′)]

×
∑

s

Sh
s (p′ − q, E )〈p′| jµs

†|p′ − q〉〈p′ − q| jνs |p′〉,

(2)

where ω represents the energy transfer, mN is the nucleon
mass, e(p) is the energy of a nucleon with momentum p,
the one-body current operators jµs depend on the spin-isospin
degrees of freedom s, and Sh

s (p, E ) is the one-hole spectral
function normalized to the total number of nucleons. For

two-body currents and hadron production, Eq. (2) extends
nontrivially in terms of one- and two-body spectral func-
tions [14,20–22].

Final-state interactions (FSIs) of the struck nucleon can be
accounted for using Glauber theory [22–26]. For the inclusive
processes discussed here we follow Ref. [26]

dσFSI(ω) =
∫

dω′ fq(ω − ω′ − UV )dσ (ω′), (3)

where UV and the function fq(ω) account for the shift in the
cross section and the redistribution of strength away from the
quasielastic peak due to interactions of the ejected nucleon
with the mean field of the residual system and rescattering
processes, respectively [26,27]. Since, to the best of our
knowledge, optical potentials for Ar and Ti are not available
in the literature, in the present work we use the one of 40Ca
taken from Ref. [28] and the folding function of Ref. [26].

The internal structure of the target is encoded in the diago-
nal part of the one-hole spectral function,

Sh
s (p, E ) =

∑

n

∣∣〈(A−1
n

∣∣cs(p)
∣∣(A

0

〉∣∣2
δ
(
E − EA

0 + EA−1
n

)
,

(4)

where cs(p) annihilates a nucleon with momentum p and
spin-isospin degrees of freedom s. For open-shell nuclei,
such as Ar and Ti isotopes, we extract the spectral func-
tion from the imaginary part of the normal one-body prop-
agator, Sh

s (p, E ) = −1
π

Im{Gh(p, p; µ − E )}, computed in ab
initio Gorkov self-consistent Green’s function (GGF) the-
ory [29–31]. The Gorkov formulation of propagator theory
breaks particle-number conservation explicitly and uses a
grand canonical Hamiltonian, "̂ = Ĥ − µpẐ − µnN̂ , with
chemical potentials µp,n tuned to recover the correct number
of protons and neutrons on average. Breaking of the particle-
number symmetry implies the appearance of both normal
and anomalous one-body propagators; however, it accounts
for pairing correlations and lifts the degeneracies that would
otherwise prevent microscopic calculations for open-shell sys-
tems. In GGF theory, the propagator is obtained as a solution
of Gorkov equations, which generalize the standard Dyson
equation and encode the many-body expansion in normal and
anomalous self-energy terms [29].

Results. In this work, we solve Gorkov equations using
14 major harmonic oscillator shells and vary the frequency,
h̄", to study the uncertainties resulting from the truncation
of the model space. The self-energy is expanded up to sec-
ond order in an optimized reference state (OpRS) propaga-
tor (see Refs [13,32] for details). This many-body trunca-
tion, normally referred to as ADC(2), includes triplets of
noninteracting Gorkov quasiparticles and it incorporates the
two-hole–one-particle (2h1p) configurations of the residual
nucleus |( (A−1)

n 〉 that lead to the 2p2h contributions to the
final state |(A

f 〉. Since lepton scattering is sensitive to matter
and momentum distribution of the target, we employ the
NNLOsat chiral interaction of Ref. [33] that has been shown
to reproduce accurately electron scattering on 16O [13] as
well as the radii and charge density distributions for isotopes
up to 48Ca [34–37]. From the analysis of Ref. [32], it is
known that the range h̄" = 14–20 MeV includes the optimal
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1. Tested on JLAB data (e- scattering)

2. Applied to σch for 1 GeV neutrinos



Perspectives
⦿ What is the microscopic origin of nuclear superfluidity?

Gorkov ADC(3)

○ Equations derived [Barbieri, Duguet, Somà 2022]

○ Computationally demanding

➝  Scaling increases to N6

➝  Gorkov matrix less sparse

○ Coupling to collective fluctuations

➝ Pairing strength too low compared to data

➝ ADC(2): lowest order + coupling to 1p1h

○ How much is accounted for at lowest order (i.e., how collective is it)?

[Som
à et al. 2021]

⦿ How to access excited states of the A-body system?
Gorkov polarisation propagator

○ Non-trivial extension
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approaches going beyond the simple summation of the ring
diagrams in the polarization propagator have been formulated:
extensions of the RPA with more complex excitation operators
[17–19] also at finite temperature [20], the particle-vibration
coupling methods such as the nuclear field theory [21] and the
quasiparticle-phonon model [22], the time-dependent density-
functional description of the nuclear dynamics [23,24], and
the extended theory of finite Fermi systems [25].

The theoretical approaches starting from realistic nuclear
interactions, both conventional and based on chiral effective
field theories, are mainly focused to light nuclei, as reviewed
in Refs. [26,27]. Recently, the scope of the ab initio many-
body methods capable of describing the nuclear excited spec-
tra was extended to nuclei with mass number A > 16. In
particular, a series of applications was put forward within the
coupled cluster approach combined with the Lorentz integral
transform (CC-LIT) method, with the computation of the E1
response of several nuclei, from 4He to 48Ca [28,29].

Preliminary calculations of the isovector E1 response
and dipole polarizability have also been performed using
the self-consistent Green’s function (SCGF) approach
[30]. Building on this first application, we present in this
work extensive calculations of the E1 response and related
quantities of medium-mass nuclei, within a formalism in
which the particle-hole propagator is treated at the RPA level.
Note that the SCGF formalism is based on expressing the
self-energy and particle-hole interaction kernels in terms of
skeleton diagrams and fully dressed propagator, rather than
mean-field reference states. The self-consistency requirement
is a useful feature because it is related to the dynamical
fulfillment of conservation laws, however, it is not achieved
by the dressed RPA (DRPA) many-body truncation used
in the present study. In this work, we exploit the accurate
saturation properties of a well-established chiral two-nucleon
(2N) plus three-nucleon (3N) interaction, NNLOsat [31]. This
chiral interaction is particularly suitable for the computation
of quantities related to the nuclear matter distribution and size
of the nuclei, because it contains carbon and oxygen radii in
the pool of fit observables, and reproduces accurately radii up
to the calcium isotopes [13,32].

Section II sets out a short review of the SCGF formalism
and the basic equations of the DRPA, with Sec. II B focused
on the isovector dipole nuclear response. After having dis-
cussed in Sec. III A the convergence of our calculations with
respect to the size and the features of the model space, we
present in the rest of Sec. III the results for the E1 photoab-
sorption cross sections and polarizabilites for several nuclei,
from 14O to 68Ni. For the closed-subshell nuclei considered
below, it is well established that the Dyson formulation of
SCGF provides accurate results even when the pairing effect
is not included explicitly [33,34]. Different choices of the
effective propagators for the DRPA are discussed in Sec. IV.
Finally, we draw our conclusions in Sec. V.

II. SCGF FORMALISM AND E1 NUCLEAR RESPONSE

Within the SCGF formalism [35–37] the single-particle
and the polarization propagators are obtained as the

solution of the Dyson and Bethe-Salpeter equations, respec-
tively. The polarization propagator gives direct access to the
nuclear response of an external operator. Hence, it provides
the spectroscopic (overlap functions) and dynamic (energies)
information required to compute the nuclear isovector electric
dipole response we are interested in.

The spectral information is especially apparent in the
Lehmann representation of these propagators. Given the
many-body Schrödinger eigenvalue problem for the A- and
A ± 1-nucleon systems,

Ĥ
∣∣!A(±1)

n

〉
= EA(±1)

n

∣∣!A(±1)
n

〉
, (1)

we consider for the propagation of a single nucleon in the
ground state |!A

0 〉, the one-body Green’s function,

gαβ (ω) =
∑

n

〈
!A

0

∣∣aα

∣∣!A+1
n

〉〈
!A+1

n

∣∣a†
β

∣∣!A
0

〉

h̄ω −
(
EA+1

n − EA
0

)
+ iη

+
∑

k

〈
!A

0 |a†
β

∣∣!A−1
k

〉〈
!A−1

k

∣∣aα

∣∣!A
0

〉

h̄ω −
(
EA

0 − EA−1
k

)
− iη

, (2)

where the poles give the excitation energies of the A ± 1
system with respect to the ground-state energy EA

0 ,

ε+
n ≡

(
EA+1

n − EA
0

)
, (3)

ε−
k ≡

(
EA

0 − EA−1
k

)
, (4)

and the transition amplitudes for the addition and removal of
a nucleon are

〈
!A+1

n

∣∣a†
α

∣∣!A
0

〉
≡ X n

α , (5)
〈
!A−1

k

∣∣aα

∣∣!A
0

〉
≡ Yk

α. (6)

The full expansion of the propagator (2) in terms of the
uncorrelated propagator g(0)

αβ (ω) is resummed through the
Dyson equation,

gαβ (ω) = g(0)
αβ (ω) +

∑

γ δ

g(0)
αγ (ω))*

γδ (ω)gδβ (ω), (7)

which is a nonlinear equation that iterates the irreducible
self-energy )*

γδ (ω). The effects of the medium on the particle
propagation are encoded in the self-energy with an organiza-
tion scheme, the algebraic diagrammatic construction (ADC),
in which the resummation of ring (particle-hole) and ladder
(particle-particle and hole-hole) diagrams is performed to all
orders [37,38].

The Lehmann representation of the polarization propagator
is

+γδ,αβ (ω) =
∑

nπ $=0

〈
!A

0

∣∣a†
δaγ

∣∣!A
nπ

〉〈
!A

nπ

∣∣a†
αaβ

∣∣!A
0

〉

h̄ω −
(
EA

nπ
− EA

0

)
+ iη

−
∑

nπ $=0

〈
!A

0

∣∣a†
αaβ

∣∣!A
nπ

〉〈
!A

nπ

∣∣a†
δaγ

∣∣!A
0

〉

h̄ω +
(
EA

nπ
− EA

0

)
− iη

, (8)

where nπ labels the excited states of the A system. In
the following, we will use the shorthand notation for the
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○ Formal derivation in progress
[Stellin, Duguet, Somà, in prep.]
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Figure 5.2 Square root of the proton and neutron-number variance in a Gorkov SCGF
calculation along the calcium isotopic chain. Two different levels of approximation are
displayed, namely ADC(1) and ADC(2) (for neutrons; for protons the distribution is
unchanged in the two calculations).

235]. Moreover, formal difficulties arise because of the lack of the symmetry restoration
step for SCGF theory, as discussed in the next section.

5.3 Symmetry restoration
When exploiting the breaking of one or more symmetries to capture strong correlations
in finite systems, one of the prices to pay is the loss of (some) good symmetry quantum
numbers in the final solution. This can be viewed as a wave packet that spans different
irreducible representations of the symmetry group instead of a proper eigenstate of the
Hamiltonian with well-defined quantum numbers. In the case of rotational symmetry, the
solution will have components corresponding to different angular momenta. In the case
of particle-number symmetry, the solution will be a superposition of states with different
numbers of protons and/or neutrons4. In either case, observables corresponding to one
(or two) given eigenstate(s) will be polluted in practice by the presence of other wave
function components, and their precision affected.

The error introduced when using a symmetry-breaking solution can depend significantly
both on the observable and on the symmetry. For particle-number breaking and bulk
properties like total energies or r.m.s. radii, the error is expected to be small. Since the
distribution of the different components tends to be symmetric around the targeted value,
compensation will occur for those quantities especially at mid shell, whereas the error
increases in the vicinity of a shell closure. On the contrary, the breaking of rotational
symmetry will have a strong impact on specific observables that involve states with definite
quantum numbers, e.g., transition matrix elements.

An indication of the amount of symmetry breaking can be deduced from the variance of
4Because of the structure of Gorkov propagators, even- or odd-number parity is always conserved, such

that the superposition runs over either odd or even particle numbers.
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Figure 1. Bowling-pin-shaped point-nucleon density of the
Bogoliubov state constrained to have the same average de-
formations (�̄v, �̄v, �̄v

30) as the ground state of 20Ne in the
PGCM calculation. The sub-plots show the thickness func-
tions, i.e., densities projected onto the plane following a strong
Lorentz contraction, from three di↵erent perspectives.

these lines already reveals a small theoretical error on
the collective flow of 16O+16O collisions due to the input
structure model [62]. Here, we simply address generic
consequences of the experimental (qualitative) fact that
20Ne has a much more deformed ground state than 16O.

Hydrodynamic simulations. We perform end-to-end
event-by-event hydrodynamic simulations of 20Ne+20Ne
and 16O+16O collisions by means of the Trajectum frame-
work [63, 64]. The calculations start with an input from
nuclear structure on event-by-event configurations of nu-
cleons in the colliding nuclei. For 16O, the results of
VMC calculations are available online [65]. For 20Ne, we
produce configurations from the density shown in Fig. 1,
which is employed, for each colliding ion, as a randomly-
oriented density of 20 independent nucleons. Each colli-
sion is then assigned to an impact parameter, participant
nucleons are selected, and energy density is deposited in
the transverse plane. Following a brief pre-equilibrium
phase, the system is evolved as a relativistic viscous
fluid. Hydrodynamic cooling lasts until the local tem-
perature reaches a critical value (T ⇠ 156 MeV), below
which hadronization occurs. Subsequent strong decays
and rescattering of hadrons lead to the detectable distri-

butions of particles in the final state. Eventually, these
distributions are analyzed on an event-to-event basis to
construct multi-particle azimuthal correlations, following
the experimental protocols. We refer to Ref. [36, 66] for
an exhaustive description of the model features.
The parameters of the model are chosen probabilis-

tically. They are sampled from the posterior proba-
bility distributions inferred in a Bayesian analysis of
208Pb+208Pb collision data at top CERN LHC energy
within the same model [66]. We use ten di↵erent sam-
ples of parameter space to quantify the systematical the-
oretical uncertainty on the results. In addition, simula-
tion runs are performed for high-probability (or Maxi-
mum A Posteriori, MAP) values of the parameters, i.e.,
the mean values of the posterior distributions. About 20
million full hydrodynamic calculations are performed, to
our knowledge the largest set of end-to-end simulations
ever performed in high-energy nuclear phenomenology.
We first analyze the rms elliptic flow, v2{2}, shown in

the upper-left panel of Fig. 2. Results for MAP param-
eters are displayed as grey symbols. We observe an en-
hancement in central 20Ne+20Ne collisions, where v2{2}
becomes larger than the 16O+16O result by as much as
20%, showing that the e↵ect of the elongated structure of
20Ne survives the large underlying event-by-event fluctu-
ation. The shaded bands represent the systematical un-
certainty, showing that model parameter variations may
in principle lead to almost overlapping 20Ne+20Ne and
16O+16O results. However, once the ratio between sys-
tems is taken (lower-left panel), the systematical uncer-
tainty shrinks to only a few percent, meaning that the
ratio is in fact una↵ected by model parameter variations:
it isolates the imprint of the shape of the colliding nuclei.
We see, then, that the di↵erence in v2{2} between

20Ne+20Ne and 16O+16O collisions is as large as the dif-
ference expected between peripheral (⇠60% o↵-central)
208Pb+208Pb collisions and central 16O+16O collisions
[35, 36]. Therefore, this result demonstrates the possibil-
ity of observing such a geometry-driven e↵ect as well in
the comparison of central collisions of light ions, thanks
to the extreme ground-state shape of 20Ne.
An additional sensitive probe of nuclear deformation

is the correlation between the mean squared elliptic flow,
v2{2}2, and the mean transverse momentum, hpti, where
hpti = 1

Nch

R
d2p pt

dNch
d2p , quantified via a Pearson coe�-

cient denoted by ⇢2 ⌘ ⇢(hpti, v2{2}2) [67] which reflects
the statistical correlation between the shape and the size
of the produced QGP [35, 68, 69]. Results for ⇢2 for the
MAP runs are reported as symbols in the upper-right
panel of Fig. 2. The strong suppression of the observable
observed in central 20Ne+20Ne collisions is a generic fea-
ture of collisions of well-deformed ions [54, 70–73], which
has been reported in 238U+238U [74] and 129Xe+129Xe
[75] experiments, demonstrating again that the impact of
the deformation of 20Ne on the initial states is perfectly
visible on top of the large underlying density fluctuations.

SU(2)-breaking (Gorkov) GFs

○ Computationally demanding (m-scheme)

➝  Ab initio PGCM   [Frosini et al. 2022]

➝  Exploit/develop optimisation tools

○ Builds on CEA expertise

Symmetry-restored GFs

○ Yet to be formalised

○ Differences to MBPT/CC pose challenge

⦿ Doubly open-shell nuclei require breaking of rotational symmetry

○ Routine in EDF calculations, few ab initio implementations

[Bally et al., in prep.]

20Ne

➝  Implementation on the way

 [Scalesi et al., in prep.]

⦿ Symmetry-restoration step still missing for GF theory

[Som
à et al., unpublished]

○ U(1) ➝ relatively small error, more problematic for SU(2)

Perspectives


