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What is this course about ?

A survey of theoretical approaches that explicitly treat the time evolution of an atomic nucleus J

Non equilibrium initial condition Evolution of the system in time
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Nuclear time scales

large molecule motion: 1 picosecond (10_123)

electronic excitation: 1 femtosecond (10_155)

shortest laser pulse: 1 attosecond (10_183)
nuclear motion: 1 zeptosecond (10_213)

10 zs 1 zs = 1021s 0.1zs

- : - -

. Low energy
Fission collision GDR V(r)

Co & *

&d Direct measurement of a time dependent process not yet achieved
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large molecule motion: 1 picosecond (10_123)

electronic excitation: 1 femtosecond (10_155)
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nuclear motion: 1 zeptosecond (10_213)
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&d Direct measurement of a time dependent process not yet achieved

Tip: 300 fm/c >~ 1 zs
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Why treating explicitly the dynamics ?
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Why treating explicitly the dynamics ?

X To predict observables as a function of time

X To determine decay lifetimes

To predict the output of reactions

» with large number of output channels,
» and collective behaviors.
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Attosecond lasers, Q. Liu et al. J. Opt 20 (2018)
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Static versus time-dependent Schrodinger equations

Static Time-dependent
I:Iwn — n¢n Zﬁ@ﬂb — EW
1. Full diagonalization 1. Numerical integration on time
2. Dynamics for any initial condition 2. Dynamics for one initial condition
_ 1 ~
P(t=0) =D cnthn Pl +dt) = p(t) — - Hp ()
n

Y1) = cuthue !

n
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e In practice, dim > 102%° ( Eddington number: 108° ~ atoms in the univers)
« Choose what converges the fastest to predict a specific set of observables
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Which phenomena can we tackle whith dynamics

Sucessfull predictions in nuclear physics

o Collective vibrations:
o response to a gamma excitation

o cross section for (72, ) reactions 10zs 12s=10%'s 0.1zs
Fission: = T ’ '
' _ Fission owllgqergy GDR V()
o mass and charge yields cotision -~ r~5fm

o fragments characteristics @
* Heavy ion collision (low energy): @
o fusion barriers

o nucleon transfer
o fusion/fission versus quasi-fission
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Related fundamental questions

How were the heavy elements synthetized ?

Lead (82) — s
Platinum -

R-process 1847

Barium,

Telluium Mass number 195

T Mass number 130

Nickel (28)— ses b 5 ...
m b Bela-decay \y__,

Neutron capture

Numberof protons ——Je

Number of NEUITONS  m—i
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Related fundamental questions

Is there a superheavy island of stability ?

Protons

-----------
R ~
»
4

~
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~ -
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--------

3000 measured nuclei

—> Neutrons
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How to approximate the dynamics ?

Multi-Config ions TDHF TD2RDM

TDBCS, TDHFB

Time dependent mean field
TDHF, TDEDF
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Main references

Review papers

» Time-dependent density-functional description of nuclear dynamics
T. Nakatsukasa ef al., Rev. Mod. Phys, 88 (2016)

» Heavy-ion collisions and fission dynamics with the time-dependent hartree-Fock theory and its extensions
C. Simenel, A.S. Umar, Prog. Part. Nucl. Phys. 103 (2018)

» The time-dependent generator coordinate method in nuclear physics
M. Verriere, D. Regnier, Front. Phys. 8 (2020)

Books

e Quantum theory of finite systems
J.-P. Blaizot, G. Ripka, MIT Press (1985)
e The nuclear many-body problem
P. Ring, P. Schuck, Springer science (2004)

Lectures

e Microscopic approaches for nuclear Many-body dynamics
C. Simenel et al., arXiv:0806.2714v2 (2009)

g D. Regnier, Time dependent approaches in nuclear physics, PHENIICS lecture, June 12-16 2023 10/ 52




Table of contents

|. Time dependent variational principles
ll. Time dependent Hatree-Fock equation of motion
lll. Collective vibrations
V. Additional comments on time-dependent Hartree-Fock
V. Low-energy heavy-ion collisions

V1. Nuclear fission

@ D. Regnier, Time dependent approaches in nuclear physics, PHENIICS lecture, June 12-16 2023




Time dependent variational principle(s)

Astate |1)(t)) € [ti,t¢] — H is solution of the time dependent Schrédinger equation

. 0 A
RO (0) = (1)),
'if and only if it makes an action S||¢(t))] : [t;, tf] X H — C stationary:
65 |y = 0.

The simplest possible action of the system for normalized states is:

S{w(E), W) = [ (we)ling — Hlw(e)ds
Remarks:

« Stationary # extremal or minimal
» Several choices of action yield the time dependent Schrodinger equation
e Some variational principle do not give any information on the phase or the norm of the state

P. Kramer, M. Saraceno, Geometry of the Time-Dependent Variational Principle in Quantum Mechanics (1981)
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Variational principle(s) as an approximation

We build an approximation of the solution of the Shrodinger equation by:

1. defining a subspace [t;,t¢] x  C [t;,ts] X H,
2. defining the action S[|¥(t))] : [ti, tf] x Q@ — C,

3. deriving the equation of motion from the condition that Sis stationary,
4. solving the equation of motion.

— Schrodinger evolution under the constraint that the state stays in {2 at all time
(infinite potential in directions perpendicular to (2).

Usual cases:

« ()is a sub-vector space of H
9 - .
ifis [9(1)) = (PoHPY) [4(2)
« We know a real/complex parameterization of §2:
%(¢)) = [(z1(),- - -, zr(2)))

V. I. Arnold, Mathematical method of classical mechanics (1989)
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Time Dependent Hartree-Fock

We look for the equation of motion under the constraint that:

e the state is a normalized N-fermions Slater determinant at all times.

1 N
¢(7“1, "y, t) — W Z sign(a) H ¢0(i) (Tia t)
) 1=1

oc{N-permutation}
with

(9:(t)|#;(¢)) = dij.
Remarks on Slater determinants:

e One body density matrix:
N
p(r,r) = di(r)¢; (')
i=1

e One body local density:
p(r) = p(r,r" =r)

021
018
015
012
009
006
003
000

Local density of 20Ne
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Derivation of the TDHF equation

The action of interest reads:

S[¢1(T,t) "'¢N(Ir7t)] — [f

i

N
dt [ihzwwm »(t) | H[(t)) Z)‘zy (¢3]¢5)
i—1

We consider here:

. 1 _
B[ tonddelr)+ 3 [ Snmnnc ()l (r)elrelrn)
Tirjrk"rl

’I’i’l“j

where c! () creates a single particle at position .

The energy of the Slater reads

wlE©) - [

riTo

1
tT‘1T2pT27’1 T35 Prsri1Vrirarsra Prars -
2 r
1727374
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Derivation of the TDHF equation

Making the action stationary consists here in finding the single particle states ¢;(r) and the A;; such that Vi, j <

A :
Bi(rt) " Bgi(r) e

This yields the system

ihei(rt) = hlp]di(rt) + Z Aij@j(rt)
(9i(t)]9;(t)) =

Using the first equation we notice that

¢z|¢3 Z ¢z’¢k )‘kj zk<¢k‘¢3>]
k

Taking )\ij = 0 and starting with orthonormal states gives one solution.
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The usual equation of motion

A system of A non linear coupled equations:
0 |-¢1 (I‘,O‘, t)-‘ I-h[p]¢1(r707 t)-‘

Zha e — e
[60(r,0,1) )

\ﬁ[p]cbn(ra 7, t)J

A picture of this first order evolution:

-
- ~
.~~. '¢¢
Smm”

€0, © ;
) !
¢ &0 N
The mean field Hamiltonian reads in this case
- oF

e p] = dpy

= tpp + / Urpyr'ry Prory
rir2

Break: Let us write down a pseudo-code that solves TDHF for N spinless particles
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Application to collective vibrations

Quadrupole excitation of 160
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Application to collective vibrations

Monopole excitation of 160

Time = 0.000 zs

w5, T 1 W s
iy s o]

:,1‘,_\[‘ Pt [
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Mean field evolution of multipole moments

Quadrupole moment of 160 from TDHF Strength function of 26Ne
2 Ax=1fm —— 6 _ n Total
o 151 Ax=0.75 fm - e
= 5L

£ 1} 2 0 Ne

E N

P 0.5} &

2 of o 37

2 B

& 057 = 2

= =

v -1ﬂ @ oL

15 : : : - 0 Lo L
0 200 400 600 800 0 5 10 15
time [fm/c] E[MeV]

For a given multipol excitation:

The associated strength function is the Fourier transform of the time evolution of the expectation
value of the multipol observable after the excitation.

Don't forget: 300 fm/c >~ 1 zs
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How to build the initial state for these calculations ?
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How to build the initial state for these calculations ?

Solution 1:
Perform a constrained mean field calculation at a non equilibrium point.
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How to build the initial state for these calculations ?

Solution 1:
Perform a constrained mean field calculation at a non equilibrium point.

Solution 2:
Boosting the mean field ground state for a specific one body observable:

(¢ = 0)) = e "9|4gs).

In the TDHF case it reduces to applying the operator on all single particle states:

Vi: |t =0)) = e #|$;cs).
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Comparison to linear response (RPA)

Random Phase Approximation (RPA) >~ TDHF in the limit of
small fluctuations in the neighborhood of the Hartree-Fock ground state

2'-.]{]“ ! I ! I ! 1 ! I T I

I 154 |
2000 Sm -
1500
1000

200 Fgs

Sis(E) [e*fm? /MeV]

()

E [MeV]

Strength function of the isoscalar quadrupol giant resonance of Sm154.
TDBCS (symbols) is compared to QRPA (lines).

G. Scamps et al., PRC 89 (2014)
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(Very) recent highlights

Generalized time-dependent generator coordinate method for small and large amplitude collective motion
B. Li, et al., arXiv:2304.13369v1, (April 26 2023)

= 5.1 F T '_IB(DBETM
=, 56 : + -
m 5-5 i [ | i ] ] T ] ] ] ]
30 | " | " 1 1 " 1 " |
— = TDGCM
w PPPb )} 137 Mev ¢ ! 13.7 MeV {:.. tooeT
x 151 T .
— 0 2 | 2 2 ] 2
10 15 20 10 15 20
Excitation energy [MeV]
&J Time-dependent Hartree-Fock underestimates the damping of the oscillation J
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(Very) recent highlights

Quantum fluctuations induce collective multi-phonons in finite Fermi liquids
P. Marevic, et al., arXiv:2304.0738v1, (April 14 2023)

L I——-ITDDIFr -] N S I S R LA RN S R S R —
—— MC-TDDFT | | 0.16 — = TDDFT m— MC-TDDFT
E 1 _I T I T T T I ! 1 -
& 0.12 0.00 =+ &
s m o o
L S _
E 0.08 0.004 - -
T 0.04 0005526 28 56 -
£ Energy [MeV] |
S
S e/ N\
° 0'00_ ] 1 1 1 il- 1 1 1 1 -I ] I| 1 1 1
10 20 30 40 50 60 70 80
0.0 05 10 15 20 25 30 Energy [MeV]
Time [107% 5]
&d Time-dependent Hartree-Fock misses multi-phonons J
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Take away messages

Small amplitude collective vibrations in nuclei
o Comparison dynamics vs static approaches

State-of-the-art
« Time-dependent Bardeen-Cooper-Schrieffer Aq (brour (g, 1)) Ag
— giant resonance frequency e ,

e Some current limitations:

o underestimate damping
o missing multi-phonons

On going work

> —
e Approximation on a larger variational space t g(q7t>
(MC-TDDFT)
e Second RPA
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Some properties of the TDHF equation

» Equation of motion of the one body density:

ih%p = [h[p; p]

e Conservation of the norm:

.0
i ((O)(2) = 0

» Conservation of energy:

0 - OF

—(H) = .r’r

8t< > rr! apr’rp
= Tr(h[plp)

= ~Tr(hlpl [ps hlpl]) = 0

We used here Tr(ABC) = Tr(BCA)
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Some more properties of the TDHF equation

o Ehrenfest theorem for one body observables:
0

0= [ Onel(r)e(r), (0) = Tr(0p) ihi . (0) = ([Rlel; O])

Observables that commute with the mean field Hamiltonian are constants of the motion
(e.g. Number of particles, spatial symmetries).

» Equation of continuity:
If H = Kinetic 1 bdy + zero-range 2 bdy interaction,

Op(r) .
5 — Vi)

with the current density of particles

A
h

(1) = — Vor — Vi
3(1) = 5 D18V — Vil

k=1

29 /52
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Including pairing correlation / superfluidity

TDHF GJ TDBCS, TDHFB, TDSLDA

» Exactly the same methods as in static calculations
e Can be treated:

o at the Bardeen-Cooper-Schrieffer level (numerical cost >~ x4)
o at the Hartree-Fock-Bogoliubov level (numerical cost >~ X dim(one-body basis))

e |s crucial to make simulation of fission !

Blackboard explanation ? J

/A, The continuity equation is not satisfied with BCS
& The system has not a good particle number anymore
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Predicting heavy-ion collisions with TDHF

elastic
/4 scattering
O"
L4

o Let us focus on low energy heavy-ion collisions

. B mmmm===T_emmmEsg inelastic ~
@ ........ ™ E}, >~ Bcoulomb

scattering

Major improvement of the TDHF codes in the last decade: unrestricted spatial symmetries

t=0.04 zs =1 337< t=5.33 zs

t=9.87 zs 8 =1 TS O

t=6.67 zs

Quasi-fission of 4°Ca + 238U, with the Sky3D code, ~ few days.CPU
Oberacker et al., PRC 90 (2014)
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Fusion cross section

One of the first applications of TDHF in nuclear physics in the 1970’s.

1 T
1500 F i
qncu.,m-cu
§ TDWF - FORCE 1 i
1 TOMF-FORCE TI
I TOWF-FORCE II
000§ EXPERIMENT } -
pt
5
E
5 i }
500 | § -
f i e
i
r //
0 L ~ | - ' ; 4 i
100 50 200
E _(MeV)

Lab

P. Bonche et al., PRC 17 (1978)

How to predict this quantity from TDHF dynamics ?
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The starting point

1. Compute static HF states for the two reaction partners

2. Place them in the simulation box for the collision
simulation

3. Increase their relative momentum by applying a boost
\v/z c [1’ Al] . qﬁ;(’]") — e’l:mvl-f'qsi(,r,)
\V/Z e [1’ Az] . ¢;(’]”) — e'l:mV2-f'¢i(,r.)

C. Simenel et al.. arXiv:0806.2714v2 (2009)
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Determination of the fusion barrier

Case of a head on collision 160 + 208pp
(from C. Simenel et al.Joliot Curie School (2008))

' | | ! | |
—~ 40 -
_ <
£z Separation
£ 30| -
&
& R
BT 74.44 MeV'|
8 | 74.2 MeV
Top: Center of mass energy 74.44 MeV. g ol |
Bottom: Same with 74.45 MeV z | 5 MeV = _
Fusion
0 I 2(|)0 I 4(|)0 I 6(|)0 I 8(|)0 I 10100 I 12|()0
time (fm/c)

Note:
The fusion barrier depends on the initial impact parameter
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Reconstruction of the fusion cross section

1. Find the fusion barrier for various impact parameters with TDHF
2. Reconstruct the cross section as a sum over the impact parameters that can fuse for a given energy

e Ere) =2 3 (20+1) (4a)
I

~ [(z,+1)2_(z{+1)2]. (4b)
lab

C. Simenel et al.. arXiv:0806.2714v2 (2009)
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Reconstruction of the fusion cross section

1. Find the fusion barrier for various impact parameters with TDHF
2. Reconstruct the cross section as a sum over the impact parameters that can fuse for a given energy

e Ere) =2 3 (20+1) (4a)
I

~ [(z,+1)2_(z{+1)2]. (4b)
lab

C. Simenel et al.. arXiv:0806.2714v2 (2009)

Take away messages:

 TDHF has a classical behavior for the expectation values of one-body observables
(here the distance between the two fragments)
» We need to add collective fluctuations to reproduce cross sections

For recent applications see: K. Sekizawa, Front. in Phys., Mini Review (2019)
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Simulating the fission dynamics

Fission
’
fragments .-

’

b & /
/ \
J '
ll‘ 1 n 1
!
H g
v g i v
. 0 % ’ . N
. R
/ \
i \
/ V
H o el
k) 1 l’ ~,
. as - \ / , \
1ielas H R o i |
K NI H \
! g - 3 3
\ v
Y(A,Z,KE N\ ; ;M
( &=y ---) . ’ ~ o4

N _____
°
'SR
0 102 108 10 10 t(s)
Initial Neck Fragments Prompt Prompt B decay
nucleus rupture acceleration neutrons Y-rays
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Fission with TDBCS

y (Frm)
20 1::1 ? -1|n 20
154= i | | =15 rho (fm-3)
0,07
1058 10
5+ -+ £0,05
0 = (frr =
T = 0.03 Fission of a 2°Fm
5 L &
0B Sy 0.02
1518 | | | 15 =0,001
20 10 0 10 -20
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Fission with TDHF: the need for pairing

2014: First fission simulations 2°%Fm, 204Fm (no pairing)
C. Simenel et al., PRC 89 (2014)

2015: 2°8Fm with pairing (TDBCS)
G. Scamps et al., PRC 92 (2015)

» 60 to 80% of the fragments excitation energy is generated during the rapid descent to scission

2016: 24°Pu with pairing (full TDHFB)
A. Bulgac et al., PRL 11 (2016)

» Reproduction of the experimental total kinetic energies within 3%

2021-2022: First prediction of the fragments spins and orbital moment
A. Bulgac et al., PRL 126 (2021)
A. Bulgac et al., PRL 128 (2022)

Method Numerical cost for 10-20 zs
few days, few CPU
TDBCS |1 week, few CPU

TDHFB | 10h, 1700 GPU
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Recent highlight with TDHFB

0,100

0075

0,030

0.025 -

0,000

0. 100 -

0.075 -

|ﬂ.r| 2

0.025 -

0.000

First prediction of the distribution of intrinsic and orbital spin distribution of a fission of 252 cf

139 (5.4) - SealL1{T)
1248 (4.4} Skh* {0}

115 {385 - Seal.L1 {5) 1

110 (5.5 - SkM* (S)

0.030 -

L

I
14.9 {4.6) - SeaLL1 {T)
96 (4.1) -SkMY(T) ]
B0 (4.1) - Seal L1 (8)
T {5.8) - SkM* (5

A. Bulgac et al., PRL 128 (2022)
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Limitations of the time dependent mean-field picture

Too sharp distributions for the fragment No tunneling through the
observables fission/Coulomb barrier
) T - T 280 > mgs. e 1 e
-4-:71 Egs. t(zs) _
=S r _ 270
= S _
. [ Em..
= = 260}
ey o
‘-C-G-/ i EBZSU =
b
— Lﬁ -
§ 2401
2301 \ it
40 B s i) sl el sl e M O O AR
7 ¥ 0 10 11 12 13 14 15
R (fm)
Charge distribution in one fragment for 3 TDBCS C. Simenel et al., PRC 89 (2014)

simulations of 258 fission
G. Scamps et al., PRC 92 (2015)
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A side step toward TDGCM
Multi-CMons TDHF .F TD2RDM

Time Dependent GCM

i TDBCS, TDHFB
/. ®

an Fler&

1 ! Time dependent mean field
ﬁ ‘ c! : TDHF, TDEDF

—= Balian

Antlsymmetrlz |

Molecular Dynamics b
. r.l.\ ‘.” h‘}.-
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L
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Another variational approach tailored for fission !
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Time Dependent Generator Coordinate Method

A multi-reference ansatz

(1)) = / #(¢,8)16(2))

A two step process:

1. Generate an ensemble of deformed quasi-particule vacua |¢)
2. Solve the evolution equation for the mixing function f (g, t)

f(q,t) follows a time dependent Schrédinger equation !

V(1)) =f1(1)] F )+ fo (1) 5 )+ -

Constrained HFB solutions with # shapes,
time independent
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Exampleofan+ 239py fission

1. Choose the collective variables:

o elongation (Y99 in b),
o mass asymmetry (Qso in b®/?)
2. Calculate potential energy surface and inertia tensor

3. Define initial wave packet
4. Compute its time evolution 0

5. Extract probability to have a certain split >
Q
0 §®
8/0/7 300 o_;b
96%/7 90 &
(6) 0
500 <
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w g v e v
Evolution of the collective wavepacket f(q,t) N &

Time: 6.2 e-21 s
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Large shape fluctuations

TT LI | LI B | rrrrrryrrrrprrr rTrrrryrrry 12IIII'..,,|,,,,|....|....||||||||||||lll|llllll"'
10 » 4 Sc-hll-lebeeckx(1992) -  + e Derengowski (1970)
g I A NlSh>1kO (1995) 240Pu i ’_\10- = = Simon (1990) 236U .
N al =—a SkM . 8 | 4 s Baba (1997)
_8 e-¢ DI1S N ¥ GCM+GOA, D1S
(o 3 8 1
QO o]
N 6t . N
© = 6k -
= s
= [
o 4} . S
£ E gl -
- S
T ol 1 2
'>l:: 2 >" 2_ -
%O 90 100 110 120 130 140 150 160 & 6~80 00 100 110 120 130 140 150 160 170
Mass Mass

Correct width of the fission fragment mass distribution for actinides !
/. Pb with the energy balance
&d no perfect approach yet...
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Table of contents

|. Time dependent variational principles
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A landscape of theoretical methods

Multl-Com'ons TDHF TD2RDM

/

Time Dependent GCM

: - TDBCS, TDHFB
./- ¥
£ "-er -
an Fleld

1 ‘! Time dependent mean field
‘I ! . ‘ TDHF, TDEDF

Antlsymmetrlze
Molecular Dynamlcs

11 A o
MO o T e RN .:E«‘;g

» Balian-Veneroni: variance of one-body observables
o TD-2RDM: evolution of the 2-body density matrix
o MC-TDHF: mix of TDHF and TDGCM
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Overall comparison

Single reference

Semi-classical ensemble

Multi-configuration

O o T
| | |
b 1t b R
¥ifmi

i
[ L Fpd
TDHFE |

@ Diabatic dynamics

@ Misses collective
fluctuations

@ Breaks symmetries

@ No collective
tunnelling

@ More collective

fluctuations
(standard deviation of
1-body observables)

@ Low cost, parallel

algorithms

@ Misses quantum

interferences

Quantum fluctuations,
probability distribution

Difficulty to get both
fluctuations and diabatic
motion

High cost, parallel
algorithms in some cases

Issue with EDF kernels

We count on you to develop the ultimate approach !
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Bonus

Some open source codes for nuclear dynamics

e Sky3D-1.1
B. Schuetrumpf et al., CPC 229 (2018):
The reference Skyrme TDHF+BCS open source code
e LISE
S. Jin et al.,, CPC 269 (2020):
A Skyrme full TDHFB package
e FELIX-2.0
D. Regnier et al, CPC 225 (2018):
A time dependent Schrodinger equation solver for TDGCM+GOA purposes
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Thank you for your attention !

CRAIYON: 'Atomic nucleus in the quantum realm'
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