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Courtesy Daniele Steer 
https://indico.math.cnrs.fr/event/5761/contributions/4578/attachments/2769/3550/lecture2.pdf

Gravitational Waves in an Expanding Universe

https://indico.math.cnrs.fr/event/5761/contributions/4578/attachments/2769/3550/lecture2.pdf
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L. Parker, Particle creation in expanding universes, Physical Review Letters, 21 (8), p. 562 (1968). 

L. Parker, Particle Creation by the Expansion of the Universe, Fundamentals of cosmic physics, 7, p. 201-239 (1982).

Analogue Cosmology at Low Cost with a Varying Length Pendulum ?



The Varying Length Pendulum
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Charles Bossut’s Varying Length Pendulum
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C. Bossut, Sur le mouvement d'un pendule dont la longueur est 
variable, Mémoires de l’Académie Royale des Sciences de 

Paris, lû le 5 Septembre 1778, p. 199-209 (1778). 
J.-N. Haton de La Goupillière, Oscillations des bennes non 

guidées, Annales des mines, 15 (10), p. 531-577, Juin (1909). 
https://patrimoine.mines-paristech.fr/ 
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« This pit, packed at the bottom of a hollow... seemed to have the evil air of a greedy beast, crouching there 
to eat the world. And the Voreux, at the bottom of his hole, with his pile of wicked beasts, 

crushed himself more, breathed with bigger and longer breath, 
looking embarrassed by his painful digestion of human flesh. » 

Emile Zola, Germinal (1885).
Cuffat : Wooden tub, suspended from a cable and used in mine shafts  

to transport material and personnel. 
Until the middle of the 19th century, the miner descended into a cuffat, a sort of wooden half-barrel, 

surrounded by iron, forming both a basket for the personnel and a container for the coal, a cuffat 
suspended at the end of the extraction cable and circulating in the well without vertical guidance. 

E. Schneider, Le Charbon (1945).7



The Path of the Pendulum
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Dr A. Riembault, Hygiène des  ouvriers mineurs  
dans les exploitations houillères (Paris, 1861). 9



Bossut-Lemaître-Hubble ``Friction’’ in Classical Mechanics

Blue-shifting 
if shortening

Red-shifing 
if lengthening

https://melusine.eu.org/syracuse/G/pstricks/pendules/10

Positive ``Friction’’

Negative ``Friction’’

Path of  
the Pendulum 
x = l(t).sinθ(t) 

y = -l(t).cosθ(t)

https://melusine.eu.org/syracuse/G/pstricks/pendules/


Edgar Allan Poe’s Linearly Varying Length Pendulum
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Path of the Pendulum
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1911 Solvay Conference

13

Mr. Lorentz recalls a conversation he had with Mr. Einstein some time ago, in which there 
was talk of a simple pendulum that could be shortened by holding the wire between two 
fingers and sliding towards the down. Suppose that, at the beginning, the pendulum has 

exactly one element of energy such that it corresponds to the frequency of its oscillations, 
it then seems that at the end of the experiment its energy will be less than the element 

which corresponds to the new frequency. 

Mr. Einstein. — If we modify the length of the pendulum infinitely slowly, the energy of the 
oscillation remains equal to hν, if it was originally equal to hν: it varies proportionally to the 

frequency.

La Théorie du Rayonnement et les Quanta, report of the 1911 Solvay Conference, Gauthier-Villars, 1912, p. 450.
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Ȧ = � !̇

2!
A

A =
C

!1/2

E =
1

2
mA2!2

İ
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Conservation of Action (Ehrenfest’s Adiabatic Theorem)
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P. Ehrenfest, Over adiabatische veranderingen van een stelsel in verband met e theorie de quanta,  

Verslagen Kon. Akad. Amsterdam, 25 pp. 412—433 (1916).



All inertial coordinates are related by a Lorentz transformation  
in a flat Minkowski space-time. 

Hence, all possible vacuum states are the same, and so is the number operator. 
Basis modes of particle wave-function can be decomposed into ``proper vibrations’’ 

that are classified as either of positive- or negative-frequency (or energy) types. 
Different observers agree in their observations of the same number of particles. 

In a general space-time, modes can no more be classified as 
either of positive- or negative-frequency types. 

Different sets of basis modes may be found but without a preferred one:  
the notion of vacuum and number operator now depends on the chosen set. 

Different observers will disagree in their observations of the number of particles. 
The concepts of particle and vacuum are not global i.e. they are observer dependent.

More (Vacua) is Different (Number of Particles)
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Y. B. Zel’dovich, Creation of particles by gravitational field, Physics of the Expanding Universe, 
Cracow School on Cosmology Jodłowy Dwór, September 1978 Poland, p. 60-80 (1978).

Reflexion/Scattering of Light in a Homogeneous Space or 
Creation/Production of Particles in an Expanding Universe

E. Schroedinger, The proper vibrations of the expanding universe, Physica, 6 (7-12), p. 899-912 (1939).
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Simple Pendulum
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ȧ
! 1

18



Adiabatic  
Pendulum
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The particle number in the limit of a smooth and  
slow expanding universe is an adiabatic invariant. 

Particles are NOT created.
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Non-Adiabatic  
Pendulum
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L. Parker, Particle creation in expanding universes, Physical Review Letters, 21 (8), p. 562 (1968). 
L. Parker, Particle Creation by the Expansion of the Universe, Fundamentals of cosmic physics, 7, p. 201-239 (1982).

Mean Number of Particles and Mode Mixing
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E. Schroedinger, The proper vibrations of the expanding universe, Physica, 6 (7-12), p. 899-912 (1939).

Mutual Adulteration culpable alteration with regard to  
a given system of values and norms
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Celia Viermann, Cosmological particle production and curved spaces in an ultracold quantum gas, Doctoral dissertation, June (2022).

Matching the Different Vacua

No adulteration Mutual adulteration No adulteration

A scalar field  
in an  

expanding  
flat space
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F. P. Bretherton and C. J. Garrett, Wavetrains in inhomogeneous moving media, Proc. Roy. Soc. A. 302, p. 529-554 (1968)

Conservation de l’Action d’Onde
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Green’s Law (1838)
No flow current.  

Changing bathymetry.

G. Green, On the motion of waves in a variable canal of small width and depth, 
Transactions of the Cambridge Philosophical Society, Vol. VI, Part IV., p. 457 (1838).
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Courtesy Paul Dellar28



https://browse.arxiv.org/pdf/2203.07262.pdf 29



From Thibault Mergault Master Thesis under the supervision of Germain Rousseaux (Poitiers University, 2023).
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Inflation with a Scalar Field for a Constant Light Speed
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P. Emanuel and A. Feigel, Turbulence and capillary waves on bubbles, Physical Review E, 104 (2), 025108 (2021).

Oscillations or Instability
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A. Prosperetti, Viscous effects on perturbed spherical flows, 
Quarterly of Applied Mathematics, 34(4), p. 339-352 (1977).34
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The little lamb(da)
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In meteorology, a baroclinic flow is one in which the density 
depends on both temperature and pressure. A barotropic 

flow allows for density dependence only on pressure, so that 
the curl of the pressure-gradient force vanishes.

37
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``The waters I step into have never been crossed by anyone.’’ 
A. A. Friedman

https://www.ilorentz.org/history/Friedmann_archive/

A. Friedmann, Über 
die Krümmung des 
Raumes. Z. Phys., 

10, 377–386 
(1922). 

English translation: 
“On the 

curvature of space” 
in Gen. Rel. Grav., 31, 
1991–2000 (1999).

A. Friedmann, A. 
Über die Möglichkeit 

einer Welt mit 
konstanter negativer 

Krümmung des 
Raumes, Z. Phys., 
21, 326–332 

(1924).  
English translation: 

“On the Possibility of 
a World with 

Constant Negative 
Curvature of Space”. 
Gen. Rel. Grav. 1999, 
31, 2001–2008.38



G. Lemaître, Un univers homogène de masse constante et de rayon croissant, rendant compte de la vitesse 
radiale des nébuleuses extra-galactiques. Annales de la Société Scientifique de Bruxelles, 47A, 49–59 (1927). 
English translation: “A homogeous universe with constant mass and increasing radius accounting for the 
radial velocities of the radial velocities of the extra-galactic nebulae,” Gen. Rel. Grav., 45, 1635–1646 (2013).

G. Lemaître, The expanding universe, Mon. Not. R. Astron. Soc., 41, 491–501 (1931).
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A. N. Malmi-Kakkada & D. Thirumalai, Generalized Rayleigh-Plesset Theory for Cell Size 
Maintenance in Viruses and Bacteria, bioRxiv preprint 552778 (2019).

Visco-Elastic Rayleigh-Plesset Equation

40

Hypothesis: 
Incompressible flow of  
a compressible liquid 

(cf. Friedmann’s 1922 
PhD Thesis).
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Manipulating the Friedman-Lemaître Equations
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G. Rousseaux & S. C. Mancas, Visco-elastic cosmology for a sparkling universe?, General Relativity and Gravitation, 52(6), 1-8 (2020).42
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G. Lemaître, unpublished, red notebook circa 1927.
https://archives.uclouvain.be/atom/index.php/archives-de-georges-lemaitre46




