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Acoustic Black Holes in BECS
and

Analogue Hawking Radiation

V < c : subsonic region
V > c : supersonic region
V = c : acoustic horizon

Emission from the horizon
of pairs of correlated and

entangled phonons
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Experimental Acoustic Black Holes in BECs

Steinhauer [2016, 2019]

Waterfall configuration
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The two-point density correlation function

G(2)(x , x ′) = 〈: n̂(x , t)n̂(x ′, t) :〉 − 〈n̂(x , t)〉〈n̂(x ′, t)〉

Analogue HR in BEC

Experiments
Steinhauer [2019]

Simulations
Isoard [2020]
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Why studying Bell’s inequalities in ABH ?

⇒ first time with matter waves (continuous variables) in ABH
⇒ propose realistic experimental observables
⇒ test the quantum non-locality of our ABH
⇒ theoretical tools to do it
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BELL’S INEQUALITIES
EPR 1935⇒ Bell 1964

Hidden variables and local realism [CHSH 1969]

A = ±1 A′ = ±1 B = ±1 B′ = ±1

Ccorr(A,B,A′,B′) = (A + A′)B + (A− A′)B′ = ±2

|〈Ĉcorr(A,B)〉| ≤ 2

Quantum Evaluation with maximally entangled states

Â = ~̂σ.~a Â′ = ~̂σ.~a′

B̂ = ~̂σ.~b B̂′ = ~̂σ.~b′ |〈Ĉ〉| = 2
√

2
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Â = ~̂σ.~a Â′ = ~̂σ.~a′

B̂ = ~̂σ.~b B̂′ = ~̂σ.~b′

|〈Ĉ〉| = 2
√

2

Giorgio CILIBERTO Univ. of Paris-Saclay and Freiburg Quantum Information in Analogue Black Holes



BELL’S INEQUALITIES
EPR 1935⇒ Bell 1964

Hidden variables and local realism [CHSH 1969]

A = ±1 A′ = ±1 B = ±1 B′ = ±1

Ccorr(A,B,A′,B′) = (A + A′)B + (A− A′)B′ = ±2
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Linearizing the Gross-Pitaevskii equation :
the Bogoliubov approximation

i∂t Φ̂(x , t) = −1
2
∂2

x Φ̂(x , t) + [U(x) + gn̂ − µ]Φ̂(x , t)

with n̂ = Φ̂†Φ̂

Fluctuations around the condensate stationary profile

Φ̂(x , t) = 〈Φ̂(x)〉+ δΨ̂(x , t)

δΨ̂(x , t) =
∑
q`

[
u`(x ,q`)e−iωt b̂q`

+ v∗` (x ,q`)eiωt b̂†q`

]
L
(

u`
v`

)
= ε(q`)

(
u`
v`

)
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Doppler shifted Bogoliubov dispersion relation

(ε(q`)− Vq`)2 = ω2
B(q`) with ωB(q`) = q`

√
1 +

q2
`

4

Scattering (ingoing and outgoing) modes

ĉ = S b̂ outgoing : ĉ = (ĉ0, ĉ1, ĉ
†
2)T

ingoing : b̂ = (b̂0, b̂1, b̂
†
2)T
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Wigner Function of Gaussian States

q̂i =
1√
2

(ĉi + ĉ†i ) p̂i =
1

i
√

2
(ĉi − ĉ†i )

R̂ = (R̂0, R̂1, ..., R̂5)T =
√

2(q̂0, p̂0, q̂1, p̂1, q̂2, p̂2)T

Covariance Matrix

σkl =
1
2
〈R̂k R̂l + R̂lR̂k 〉 − 〈R̂k 〉〈R̂l〉

Wigner function of the density matrix ρ̂

Wρ̂(q,p) =
1

π3
√

detσ
exp

{
−1

2
RTσ−1R

}
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(ĉi + ĉ†i ) p̂i =
1

i
√

2
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Violation of Bell’s inequalities
in an Acoustic Black Hole

Components of the
covariance matrix

〈ĉ†i ĉi〉 |〈ĉ0ĉ†1〉| |〈ĉi ĉ2〉|

three-mode pure state

|0〉b ∝ e
(

X02ĉ†
0 +X12ĉ†

1

)
ĉ†

2 |0〉c

squeezed vacuum

two-mode mixed state

ρ(ij) = Tr(k){|0〉 b 〈0|}
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Two-mode violation of Bell’s inequalities
in an Acoustic Black Hole

Hawking-Partner at T = 0
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Two-mode violation of Bell’s inequalities
in an Acoustic Black Hole

Hawking-Partner at kBT/mc2
u = 0.1
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Two-mode violation of Bell’s inequalities
in an Acoustic Black Hole

Hawking-Partner at kBT/mc2
u = 0.2
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Two-mode violation of Bell’s inequalities
in an Acoustic Black Hole

Companion-Partner at T = 0
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in an Acoustic Black Hole
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Three-mode violation of Bell’s inequalities
in an Acoustic Black Hole

Maximization of a three-measurement correlation

Ccorr(A,B,D,A′,B′,D′) > 2⇐⇒ violation

Maximized violation
at T = 0

Maximized violation at
kBT/mc2

u = 0.3
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To sum up

⇒ violation of Bell’s inequalities in a two-mode ABH
⇒ violation resilient to temperature
⇒ hope for experiments with matter waves in ABH config.
⇒ generalization of Bell’s violation to three-modes

Beyond analogy with GR : testing QM predictions
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Pseudo-Spins [GKMR 2004]

continuous variables

|Ei〉 =
1√
2

(|qi〉+ |−qi〉) |Oi〉 =
1√
2

(|qi〉 − |−qi〉)

ÎEi =
∫∞

0 dqi |Ei〉 〈Ei | ÎOi =
∫∞

0 dqi |Oi〉 〈Oi |

Ŝ(i)
z = ÎEi − ÎOi

Ŝ(i)
z |ψe〉 = + |ψe〉

Ŝ(i)
z |ψo〉 = − |ψo〉

[Ŝ(i)
r , Ŝ(i)

s ] = 2iεrst Ŝ
(i)
t

{Ŝ(i)
r , Ŝ(i)

s } = 2δrs Î
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GKMR pseudo-spins and their Wigner functions

|E〉 =
1√
2

(|q〉+ |−q〉) |O〉 =
1√
2

(|q〉 − |−q〉)

Ŝz =
∫∞

0 dq |E〉 〈E| −
∫∞

0 dq |O〉

Ŝx =
∫∞

0 dq |E〉 〈O|+
∫∞

0 dq |O〉 〈E|

Ŝy = i
∫∞

0 dq |O〉 〈E| − i
∫∞

0 dq |E〉 〈O|

WŜz
(qi ,pi) = π δ(qi)δ(pi)

WŜy
(qi ,pi) = i δ(qi)

∫ +∞
−∞ dq′i sgn(q′i )e

−2ipi q′
i

WŜx
(qi ,pi) = sgn(qi)
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Wigner Function of Gaussian States

Averaging Observables

〈Â〉 = Tr{ρ̂Â} =

∫ +∞

−∞
dq
∫ +∞

−∞
dp Wρ̂(q,p) WÂ(q,p)

WÂ(q,p) =

∫ +∞

−∞
dz eipz 〈q − 1

2
z| Â |q +

1
2

z〉

Averaging the pseudo-spin correlations

three-mode pure state

〈Ŝ(i)
r ⊗ Ŝ(j)

s ⊗ Ŝ(k)
t 〉

two-mode mixed state

〈Ŝ(i)
r ⊗ Ŝ(j)

s 〉
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Hawking radiation in GR

Quantum Field Theory in Curved Space-Time

Massless Real Scalar Field : ∇µ∇µϕi = 0

∇µ∇µϕi =
1√
−g

∂µ
(√
−ggµν∂νϕi

)
Hawking Radiation (1974) with Planck Spectrum at TH

φ̂ =
∑

i

[ϕi âi + ϕ∗i â†i ] =
∑

i

[ψi b̂i + ψ∗i b̂†i ]

b̂i =
∑

j

[α∗ij âj − β∗ij â
†
j ]

〈0in| â†i âi |0in〉 = 0 〈0in| b̂†i b̂i |0in〉 =
∑

j |βij |2 =
1

e~ωi/kBTH − 1
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1D Acoustic BH in BECs : The Analogue Metric

Gross-Pitaevskii equation

i~∂tφ = − ~2

2m
∂2

xφ+ [U + g|φ|2]φ

φ =
√
ρ0 + ρ1ei(θ0+θ1) ≈ √ρ0eiθ0

(
1 +

ρ1

2ρ0
+ iθ1

)
1√
−g

∂µ
(√
−ggµν∂νθ1

)
= 0

gµν =
ρ0

mc

([
c2 − v2] −v
−v −1

)
where v = ~

m∂xθ0 and mc2 = ρ0g.
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The Mapping

ANALOGUE HAWKING RADIATION

Gravitational Black Hole ←→ Acoustic Black Hole

light speed c sound speed c(x)

radius rs = 2GM/c2 xh such that V (xh) = c(xh)

surface gravity κ = c2/2rs κac ∝ ∂x (c2 − V 2)|xh

temperature TH ∝ κ TH |Acoustic ∝ κac
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Fitting Su,d2 with a thermal occupation number

Π0 = −
∫ Ω

0

dω
2π

~ω|Su,d2(ω)|2

Γ× nTH (ω) = Γ× 1

exp
(

~ω
kBTH

)
− 1

Γ = 1.143 kBTH
mc2

u
= 0.067
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